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QUANTUM BOUNDED SYMMETRIC DOMAINS 

Leonid L. Vaksman 
a brief description of contents 

1. INTRODUCTION 

An outline of the book. A history of research in quantum groups. 

2. QUANTUM DISC 

2.1. A warning for the pedants 

A review of some logical problems that may be caused by various 
inconsistencies in the standard mathematical texts. 

2.2. Topology 

2.2.1. Commutative C*-algebras 

The definition and basic properties of commutative C*-algebras. 

2.2.2. An elementary review of the general theory of C*-algebras. 
Basic facts on general C*-algebras are expounded. Examples are included. 

2.2.3. The Fock representation 

Irreducible representations of the *-algebra of polynomials on the quantum 
disc are described. 

2.2.4. A proof of Lemma 2.2.11 

2.2.5. Continuous functions on the quantum disc 

Some properties of the algebra of continuous functions on the quantum 
disc are discussed. 

2.2.6. Holomorphic functions on the quantum disc 

Some properties of the algebra of holomorphic functions on the quantum 
disc are discussed. 

2.2.7. A supplement on spectral sets 
Spectral sets and unitary dilations are discussed. 

2.3. Symmetry 

2.3.1. The Hopf algebras Ust 2 and ?7 9 5l 2 
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The general notion of a universal enveloping algebra of a Lie algebra is 
discussed, along with the simplest examples and the associated Hopf algebra 
structures. 

2.3.2. The Hopf *-algebras Usu^i, U$u 2 , U q $Ui^, U q $u 2 

The general notion of a Hopf *-algebra is discussed, along with some 
involutions in the simplest examples. 

2.3.3. L/qSl2-module algebras C[z] q , C[z*] q 

[/gS^-module algebra structures on polynomial algebras are discussed. 

2.3.4. The universal R- matrix 

Some properties of the universal R-matrix are discussed. 

2.3.5. The U q su^\- module *-algebra Pol(C) q 

An R-matrix is used to introduce the necessary structures. See 
math.QA/0410530. 

2.3.6. The quantum SL 2 

The Hopf algebra C[SL 2 ] q is investigated. 

2.3.7. A supplement on rings and modules of quotients 

Rings and modules of quotients are introduced; the Ore condition is 
discussed. 

2.3.8. A supplement on algebras and modules in tensor 
categories 

Some properties of algebras and modules in braided tensor categories are 
discussed. 

2.4. The invariant integral 

2.4.1. Invariant integrals and ^representations 

Some properties of invariant integrals on ^-module algebras are 
considered. 

2.4.2. Does there exist a nonzero nonnegative TJqS\ 2 - invariant 
integral? 

The question posed is answered in the negative in the case of Pol(C) g . 

2.4.3. Distributions and finite functions 
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The passage from Pol(C) g to finite functions and distributions. See 
math.QA/9808015. 

2.4.4. An invariant integral on D(D) g 

The existence and uniqueness of an invariant integral on is 
established. See math.QA/9808037. 

2.5. Differential calculi 

2.5.1. Differential forms with polynomial coefficients 

The general notion of a differential calculus over an algebra is discussed. 
See math.QA/0606499. 

2.5.2. Differential forms with finite coefficients 

The passage from Q(C) q to Q(D) g . 

2.5.3. Invariant Hermitian metrics and the invariant Laplacian 

Hermitian metrics on spaces of differential forms and the invariant 
Laplacian are discussed. See math.QA/9808015, math.QA/9808037. 

2.5.4. The radial part of the invariant Laplacian 

The radial part of the invariant Laplacian is introduced, and related special 
functions are considered. See math.QA/9808037, math.QA/9808047. 

2.5.5. Boundedness and invertibility of the invariant Laplacian 
The aforementioned properties are established. See math.QA/9808037. 

2.5.6. From functions to sections of linear bundles 
Some examples of ^-analogs of smooth sections of vector bundles. 

2.5.7. A supplement on (/-special functions 

Some (/-special functions and (/-differential operators are discussed. 

2.6. Integral representations. 

2.6.1. Algebras of kernels of integral operators 

Some properties of kernels and the associated integral operators are 
discussed. See math.QA/9511007. 

2.6.2. The Green function for the operator \3 q 

The Green function for the quantum invariant Laplacian is constructed. 
See math.QA/9808015. 
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2.6.3. Quantum cones 

A (/-analog of the function algebra on a cone is introduced. See 
math.QA/9808047. 

2.6.4. The eigenfunctions of the operator D q 
The eigenfunctions and eigenvalues of d q are described. 

See math.QA/9809002. 

2.6.5. Harmonic analysis 

A (/-analog of the non-Euclidean Fourier transform is produced. See 
math.QA/9808015. 

2.6.6. The Toeplitz operators in Bergman spaces 

Toeplitz and Hankel operators in (/-analogs of weighted Bergman spaces 
are discussed. See math.QA/9809018. 

2.6.7. The covariant symbols of linear operators 

Some properties of covariant symbols are discussed. See math.QA/9809018. 

2.6.8. The Berezin transform 

Some properties of the quantum Berezin transform are discussed. See 
math.QA/9809018. 

2.6.9. The Berezin quantization 

The Berezin deformation of Pol(C) 9 is considered. See math.QA/9904173. 

2.6.10. A supplement on von Neumann-Shatten classes 

Some standard facts about von Neumann-Shatten classes are expounded. 

2.7. On kernels of intertwining integral operators 

2.7.1. The embedding Pol(C) 9 C[w SU ltl ] q , x 

The canonical embedding of Pol(C) g is constructed and its properties are 
described. See math.QA/9808047. 

2.7.2. Invariant integrals 

Explicit forms for positive invariant integrals on the quantum principal 
homogeneous space C[woSUi y i] q and on the quantum cone are found. See 
math.QA/9808047. 

2.7.3. A proof of Lemma 2.6.6 
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2.7.4. The standard intertwining operators and the c-function of 
Harish-Chandra 

A ^-analog of Harish-Chandra's c-function is introduced. 
See math.QA/9808015. 

3. FOUNDATIONS OF THE QUANTUM THEORY OF 
BOUNDED SYMMETRIC DOMAINS 

3.1. A survey of known results on quantum universal enveloping 
algebras 

3.1.1. The Drinfeld-Jimbo algebras 

Classical and quantum universal enveloping algebras are described. 

3.1.2. The weight U q Q-modu\es 

The properties of weight [/^-modules are discussed. 

3.1.3. Monomial bases 

The Weyl group, root systems, and Lusztig automorphisms are considered. 
PBW bases in U q g are described. 

3.1.4. The universal R- matrix 

The universal R-matrix and the associated linear maps between tensor 
products of weight c/gg-modules are considered. 

3.1.5. Verma modules 

Verma modules are introduced, some properties are discussed. 

3.1.6. Central elements of the algebra U^q 

The extended algebra U^ xt Q is introduced. The center of this algebra and 
its action on Verma modules are described. 

3.1.7. Reduction to the case q = 1 

A method of reducing problems that involve [/^-modules to those related 
to t/g-modules. 

3.1.8. Locally finite dimensional [/^-modules 

Some useful facts on finite dimensional and locally finite dimensional U q Q- 
modules are recalled. The category of weight finite dimensional c/gg-modules is 
introduced. 
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3.2. A survey of known results on algebras of functions on 
compact quantum groups 

3.2.1. Algebraic quantum groups 

A (/-analog of the algebra of regular functions on an affine algebraic group 
is discussed. 

3.2.2. Commutation relations 

The commutation relations between matrix elements of finite dimensional 
representations of U q g are discussed. 

3.2.3. Compact quantum groups 

An involution on U q g is introduced, which provides a quantum analog of 
a compact form of a complex reductive group. 

3.2.4. An example: the algebra of functions on the quantum SU2 

3.2.5. Irreducible ^representations of the algebra C[-K"] q and an 
invariant integral 

Irreducible ^representations of C[iT] g are described, together with an 
invariant integral. 

3.3. Quantum vector spaces and Harish- Chandra modules 

3.3.1. Generalized Verma modules 

Some standard reductive and parabolic subalgebras of U q g are described. 
Generalized Verma modules are introduced, together with standard morphisms. 
See math.QA/9703005, math.QA/0606499. 

3.3.2. The quantum vector space u~ 

The construction of a g-analog of the polynomial algebra C[u~] as the 
graded dual of a generalized Verma module. See math.QA/9703005. 

3.3.3. The (U q g, *)-module *-algebra Pol(u _ ) g 

An R-matrix construction of the (U q Q, *)-module *-algebra of polynomials 
on the quantum space u~. See math.QA/9703005. 

3.3.4. The category C(q, V) q and Hermitian-symmetric pairs 
The category C(Q,i) q is introduced, and the Zuckerman functor is 

considered. See math.QA/0410463. 

3.3.5. Quantum analogs of the subalgebras Uu C Uq 
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q- analogs of the embeddings Cfu 1 ^ Uq are produced. 

3.3.6. A quantum analog of the decomposition Uq = Uu~ • Ui • 

Uu+ 

3.3.7. The quadratic algebra C[^~] g 

The ideal of relations in C[p~] g is described. See math.QA/0606499. 

3.3.8. A supplement on prehomogeneous vector spaces 

The list of prehomogeneous vector spaces of commutative parabolic type 
is presented. 

3.3.9. A supplement on non-commutative Grobner bases 

An algorithm that reduces words to a normal form is discussed. 

3.4. Spaces of functions on quantum bounded symmetric 
domains 

3.4.1. The Fock representation and finite functions 

An extension of the Fock representation to finite functions is discussed. 

3.4.2. The Fock representation and distributions 

An extension of the Fock representation to distributions is discussed. 

3.4.3. The action of U q Q in the spaces of test functions and 
distributions 

The structures of ?7 g 0-module Pol(p~) 9 -bimodules are introduced on some 
spaces of test functions and distributions. 

3.4.4. Existence, uniqueness, and an explicit form of the invariant 
integral on D(p) q 

See math.QA/0410530, math.QA/9803110. 

3.4.5. An isomorphism of t/ g 0-modules between T>(B>) q and 

3.4.6. Boundedness of the operators of the Fock representation 
of the *-algebra Pol(^ _ ) g 

See math.QA/0410605. 

3.5. The canonical embedding 
3.5.1. Introduction 
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Some auxiliary facts are expounded. 

3.5.2. A quantum analog of the element wo of the Weyl group 

The notion of a quantum Weyl group is expounded. 

3.5.3. Fundamental representations and special bases 
Special bases of finite dimensional L^g-modules are described. 

3.5.4. The canonical embedding C[p - ]q <^-> C[X^] q j 

The canonical embedding of holomorphic polynomials is constructed. 

3.5.5. The *-algebra (C[X s ] g , *) 

3.5.6. The canonical embedding of the *-algebra Pol(p - ) g 

The canonical embedding of the entire polynomial algebra is constructed. 

3.5.7. U q t- invariant polynomials 

The standard generators of the algebra of [/^-invariant polynomials are 
selected. 

3.5.8. Representations of the *-algebra ~Po\(p~) q 

The existence and uniqueness of the faithful irreducible representation of 
Po^p - )^ by bounded operators in a Hilbert space is proved. 

3.5.9. A supplement on the cone over dU> 

3.5.10. A supplement on spherical (g, f)-modules and the Hua- 
Schmid theorem 

A sequence of strictly orthogonal roots is described. The notions of the 
rank and the genus of a bounded irreducible symmetric domain are introduced. 

3.6. Covariant differential calculi and invariant differential 
operators 

3.6.1. First order differential calculi 

A construction of the first order differential calculus on C[p~] g . See 
math.QA/0606499, math.QA/9905035. 

3.6.2. Universal enveloping differential calculi 

The definition and examples of a universal enveloping differential calculus. 
See math.QA/0606499. 

3.6.3. Differential forms with polynomial coefficients 
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A covariant differential calculus over Pol(p ) q is produced. See 
math.QA/0606499. 

3.6.4. Differential forms with generalized coefficients 

See math.QA/0606499. 

3.6.5. Invariant differential operators on K\G 

The notion of an invariant differential operator is introduced. 

3.6.6. Invariant differential operators on K\G, continued 

3.6.7. Invariant differential operators on the big cell of the 
generalized flag manifold 

4. CONCLUDING NOTES 

4.1. Boundaries and spherical principal series 

A list of some 'typical problems' is presented. 

4.2. Analytic continuation of the holomorphic discrete series and 
the Penrose transform 

An outline for further research. 
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Noncommutative complex analysis 

Leonid Vaksman 

Introduction 

Beginning with the works of Murray and von Neumann on operator 
algebras [66], the construction of noncommutative analogues of the most 
fundamental mathematical theories has been invariably attracting the attention 
of experts. Among the widely known examples are the theory of C*-algebras, 
operator i^-theory, noncommutative differential geometry, and quantum group 
theory. These are the noncommutative analogues of important branches of 
general topology, algebraic topology, differential geometry, and group theory, 
respectively. 

We will be interested in noncommutative complex analysis. 

In 1934, Lavrentiev obtained an important result in the theory of 
approximation in the complex domain. He proved that every continuous 
function on a compact subset with empty interior, K, of the complex plane 
C, can be uniformly approximated by polynomials. New approaches to this and 
similar theorems were found in the 50s, which lead to the birth of the theory 
of uniform algebras, the latter being closely related to complex analysis [31]. 

The first substantial results of noncommutative complex analysis were 
obtained by Arveson in 1969. In his foundational work [105], he began the study 
of noncommutative analogues of uniform algebras and, in particular, introduced 
the notion of the Shilov boundary of a closed subalgebra of a C*-algebra. 

The next important step was made in the mid 90s. Noncommutative 
analogues of bounded symmetric domains were found [318] in the framework 
of the theory of quantum groups [186], which later lead to a noncommutative 
analogue of function theory in such domains. 

Let us note that bounded symmetric domains [85, p. 342], invariably 
attract the attention of geometers, algebraists and analysts, because they serve 
as a source of exactly solvable problems in complex analysis, noncommutative 
harmonic analysis and classical mathematical physics. 
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The simplest bounded symmetric domain is the unit disc D = 6 
C | \z\ < l}. Its quantum analogue was introduced by Klimek and Lesniewski 
[213]. For pedagogical reasons, one should begin the study of the quantum 
theory of bounded symmetric domains with the quantum disc, cf. the second 
chapter of the book. 

The third chapter of the book lays the foundations of the theory of 
quantum bounded symmetric domains, while the draft of the expanded version 
of the book, available on the same website, contains a long list of open problems 
and explains the applications of the theory of quantum bounded symmetric 
domains to noncommutative function theory (in particular, results are obtained 
on the (/-analogues of the Shilov boundary, weighted Bergman spaces and 
Toeplitz operators in such spaces; q- analogues of the Bergman and Cauchy- 
Szego kernels are found). 

A wide array of literature is available on quantum bounded symmetric 
domains, for instance, the set of lecture notes [338] and the papers of Bershtein, 
Kolesnik, Proskurin, Shklyarov, Sinel'schikov, Stolin, Turowska, Vaksman, 
Zhang [117, 119, 118, 330, 288, 313, 314, 23, 308, 337, 310, 316]. The work 
[21] is especially notable. It uses methods of the theory of unitary dilatations 
of Szokefalvi-Nagy and Foias [72] to describe the Shilov- Arveson boundary of 
a quantum ball, introduced by Pusz and Woronowicz [290]. These articles are 
simpler than the third chapter of the book, since they either omit the proofs, or 
discuss only one of Cartan's series of irreducible bounded symmetric domains 
[85, p. 387]. However, the results and proofs of the third chapter of the book 
are applicable to all quantum bounded symmetric domains at once. 

I am deeply grateful to my students Bershtein, Kolesnik, Korogodsky, 
Shklyarov; coauthors Soibelman and Stolin; and colleagues Jakobsen, Koelink, 
Klimyk, Kolb, Samoilenko, Turowska, Schmyudgen, Zhang, for numerous 
helpful discussions. 
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A special role in my life was played by Vladimir Drinfeld. In the mid 80s 
he taught me the basics of the theory of quantum groups and helped me return 
to mathematics after an involuntary break I had to take from it for many years. 
Now, after decades, Volodya's help and support are still very important to me. 
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1. B npefljiaraeMoii BanieMy BHHMaHHio KHnre H3ynaiOTCH KBaHTOBbie aHa- 
jiorn orpaHHMeHHbix CHMMeTpHnecKHx o6jiacTeii. Taxne o6jiacTH npnBjieKaiOT 
Hen3MeHHoe BHHMaHne reoMeTpoB, ajire6pancTOB h aHajiHTHKOB, nocKOjibKy 
cjiy»:aT hctohhhkom tohho pemaeMbix aafla^ KOMnjieKCHoro aHajiH3a, HeKOM- 
MyTaTHBHoro rapMOHHnecKoro aHajiH3a h KjiaccHHecKoft MaTeMaTHnecKoft (pn- 

3HKH. 

npocTeftnieft orpaHHHeHHoft CHMMeTpHHecKoft o6jiacTbio HBjiaeTCH e,a,H- 
hhhhbih xpyr D = {z 6 C||z| < 1}. Ero KBaHTOBbift aHajior BBefleH Kjih- 

MeKOM H JleCHeBCKHM [213]. H3 MeTOflHMeCKHX C006pa>KeHHH Mbl Ha^HHaeM c 

rjiaBbi 2 o KBaHTOBOM Kpyre, htoGm, He OTBjieKan HHTaTejin ajireGpannecKHMH 
noflpo6HOCT5iMH, flaTb o6inee npeflCTaBjiemie 06 HHTepecyroinnx Hac sa^anax 
HeKOMMyTaTHBHoro KOMnjieKCHoro aHajiH3a h HeKOMMyTaTHBHoro rapMOHnne- 
CKoro aHajiH3a. MaTepnaji stoh rjiaBbi MO>KeT CTaTb ochoboh ceMHHapa fljra 
CTyfleHTOB 3-4 KypcoB MexaHHKO-MaTeMaTHnecKHx (paxyjibTeTOB yHHBepcHTe- 

TOB. 

Safla^H, o6cy>KflaeMbie b rjiaBe 2, mojkho nocTaBHTb, a MHorne H3 hhx h 
peniHTb, b cym,ecTBeHHO 6ojiee o6ineM KOHTeKCTe - b paMKax KBaHTOBoft Teopnn 
orpaHHMeHHbix CHMMeTpHHeciarx o6jTacTcfi [318, 319], ochobm KOTopoft H3Jio»:e- 
hm b rjiaBe 3. TeM caMbiM nepeGpacbmaeTCH moct Memjij Teopneft KBaHTOBbix 
rpynn h neKOMMyTaTHBHbiM KOMnjieKCHbiM aHajiH30M. 

Bojicc nojiHoe npeflCTaBjieHne o rjiaBax 2, 3 flaeT orjiaBjieHne k KHnre. 

B cjieflyiomnx rjiaBax njiaHnpoBajiocb H3jio^KHTb pe3yjibTaTbi BepiHTeim, 
BaxcMaHa, KojiecHHKa, IlpocKypHHa, CnHejibinnKOBa, CTOjiHHa, TypoBCKoii, 
D;aHra, IIlKjinpoBa [117, 119, 118, 330, 288, 313, 23, 308, 337, 310, 316], a TaioKe 
Heony6jiHKOBaHHbie pe3yjibTaTbi o KBaHTOBbix orpaHHneHHbix CHMMeTpHnecKnx 
o6jiacT5ix, HeKOTopbie H3 KOTopbix HMeiOTCH b GnGjiHOTeKe xxx.lanl.gov hjih 
hohbhtch TaM b HeflajieKOM 6yzrymeM, cm., HanpnMep, [338]. 

K co»:ajieHHio, stot njiaH He yzjaeTcn ocymecTBHTb no npnnHHaM, He cbh- 
3aHHbiM c MaTeMaTHKoft. B ceTH 6yfleT pa3MemeHa CTpaHnna, nocBHineHHan 
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KBaHTOBbIM OrpaHHMeHHbIM CHMMeTpHMeCKHM o6jiaCT5IM, H Ha Heft - HepHOBHK 

nojiHoro BapnaHTa HecocTOHBHieftcn khhth, npHMepHO BflBoe npeBbiniaroinnft ee 
no oG^eMy n BKjnonaioinHft o6cy>KfleHHe HepenieHHbix 3aflaH. 

Abtop rjiy6oKO npn3HaTejieH cbohm yneHHKaM BepniTeftH, KojiecHHKy, 
KoporoflCKOMy, IIlKjiapoBy, coaBTopaM Coft6ejibMaHy, CTOjiHHy h KOjijieraM 
KejiHHKy, KjiHMbiKy, Koji6y, CaMoftjieHKO, TypoBCKoft, IIlMioflreHy, IJaHry, 
5lKo6ceHy 3a MHoronncjieHHbie nojie3Hbie o6cy>KfleHH5i pe3yjibTaTOB khh™. 

Oco6yio pojib b Moeft cyzrb6e cbirpaji BjiaflHMnp /JpHiKpejibfl. B cepeflHHe 
BOCbMHflecHTbix roflOB oh o6yHHji MeHH ocHOBaM TeopHH KBaHTOBbix rpynn H 
TeM caMbiM noMor BepHyTbcn b MaTeMaraKy nocjie MHorojieTHero Bbmy^KfleH- 
Horo nepepbma. 

2. HeMHoro hctophh. B KOHne ceMHflecHTbix roflOB H3yneHHe tohho pe- 
niaeMbix 3aflan CTaTHCTHnecKoft MexaHHKH h KBaHTOBoft TeopHH nojiH npHBejio 
OaflfleeBa h ero coTpyflHHKOB k co3flaHHio KBaHTOBoro MeTOfla o6paTHoft 3a- 
flann paccenHHH [76, 75, 79]. Hmh 6buio BBefleHO KBaHTOBoe ypaBHeHne 5lHra- 
BaKCTepa h noKa3aHO, hto ero peineHHHM OTBenaiOT cepHH tohho peniaeMbix 
3aflaH MaTeMaTHHecKoft (J)H3hkh. B pa6oTe [61] npHBOflHTCH H3BecTHbie k Bocb- 
MHflecHTOMy rofly peineHHH 9Toro ypaBHeHHH n OTMenaeTCH, hto "BbipncoBbiBa- 
iotch ero rjiy6oKHe cbh3h c tskhmh pa3flejiaMH MaTeMaraKH, KaK TeopHH rpynn 
n ajire6pannecKa5i reoMeTpnn". B Hanajie BOCbMHflecHTbix roflOB BbMBjieHHio 
9thx CB5i3eft h H3yHeHHK) pemeHnft KBaHTOBoro ypaBHeHHH 5lHra-BaKCTepa 6bi- 
jia nocBHineHa oGmnpHaa jinTepaTypa. Otmcthm pa6oTbi CKjisranHa, Kyjinma, 
^pnH(pejibfla n PemeTnxnHa [73, 60, 43, 74, 240]. 

B 1984 rofly /JpHiKpejihfl BBeji KBaHTOBbie aHajiorn yHHBepcajibHbix o6ep- 
TbiBaiom,nx ajire6p (cm. nyHKT 3.1.1), n Ba^KHbiM co6biTneM CTaji ero flOKjiafl o 
KBaHTOBbix rpynnax Ha ceMHHape TejibcpaHfla. B 1985 ro^y k KBaHTOBbiM aiia- 
jioraM yHHBcpcajibHbix o6epTbiBaioinHx ajire6p npnuieji ^hchmGo. Bojibniyio 
pojib b CTaHOBjieHHH TeopHH KBaHTOBbix rpynn cbirpajin CTaTbn [44, 187] n 
o6sopbi [45, 188, 70]. 

^pyroft noflxofl k Teopnn KBaHTOBbix rpynn npnHafljie>KHT BopoHOBnny 
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[351, 352]. B flajibHeiinieM ero noflxofl Hcnojib30BajiC5i b TeopnH KOMnaKTHbix 
KBaHTOBbix rpynn [354, 144, 138], npocTeftnieft H3 KOTopbix HBjineTCH KBaHTO- 
Ban rpynna SU{2) [353, 282, 22, 263, 272, 273, 264, 229, 231, 53, 19, 120, 197, 
198, 223, 228, 221, 219, 283, 285, 248, 94]. 

B nocjieflyioinHe roflbi 6bijin HaftfleHbi npnjio)KeHH5i Teopnn KBaHTOBBix 
rpynn b Majiopa3MepHon TonojiornH n b TeopnH KaTeropnft , a TaKJKe b koh- 
(popMHoii KBaHTOBoii Teopnn nojM [69, 329, 204, 196, 258, 257, 96, 278]. He 
Kacancb 9thx n MHornx flpyrnx npnjiojKeHHH, orpaHHHHMCH pa6oTaMH, nocBH- 
m,eHHbiMH KBaHTOBbiM aHajioraM oflHopoflHbix npocTpaHCTB HexoMnaKTHbix Be- 
m,ecTBeHHbix rpynn Jin. 

IlepBbie pe3yjibTaTbi b 9tom HanpaBjieHnn nojiyneHbi b KOHne BOCbMH- 
flecnTbix roflOB b 3aMeTKe [20]. B stoh pa6oTe BBefleHa KBaHTOBan rpyn- 
na flBffi-KeHHH eBKjinflOBon njiocKOCTH, hto no3BOJiHjio peniHTb pnfl 3aflan 
HeKOMMyTaTHBHoro rapMOHnnecKoro aHajiH3a n Teopnn cneirnajibHbix cpyHKnnii 
[129, 356, 357, 132, 252, 232, 222, 220, 226, 227, 225, 325, 121, 95]. K B aHTOByio 
rpynny flBffi-KeHnn njiocKOCTH mo>kho nojiynnTb H3 KBaHTOBoii rpynnbi SU (2) c 
noMOinbio KOHTpaKu,HH HHeHio-BnrHepa [27, CTp. 234]; stot npneivi npnMeHHM 
h k HexoTopbiM flpyrnM "HeoflHopoflHbiM" KBaHTOBbiM rpynnaM [131, 130, 145]. 

J\pyrRM MeTOflOM, npHMeHHMbiM k OBem,ecTBjieHHbiM KOMiuieKCHbiM nojiy- 
npocTbiM rpynnaM J1h, BopoHOBnny h Ilofljieiiry yflajiocb nojiynHTb KBaHTOBbiii 
aHajior rpynnbi JIopeHna [286]. Hx nccjieflOBaHHH 6bijin npoflOji^KeHbi b pa6o- 
T ax [289, 284, 67, 275, 125, 124]. 

Bojibnine TpyzrnocTH o>KHflajin Ha nyTH k KBaHTOBOMy aHajiory rpynnbi 
flBH>KeHHH njiocKOCTH Jlo6aneBCKoro (TOHHee, k KBaHTOBOMy aHajiory HeKOTO- 
poft jiOKajibHO H30Mop(pHoft rpynnbi). ^ejio flonuio flo Toro, hto b CTaTbe [355] 
BopoHOBnn OTKa3aji stoh KBaHTOBoii rpynne b npaBe Ha cyinecTBOBaHne. Bnpo- 
HeM, no3flHee, no-BHflHMOMy, no3HaKOMHBHiHCb c pa6oToft KoporoflCKoro [238], 
oh CMeHHji TOHKy 3peHHH. CnycTH eine HecKOjibKO jieT nocTpoeHne Tpe6yeMoii 
KBaHTOBoii rpynnbi b paMKax aKCHOMaTHKH KacTepMaHca-Baeca [241, 242] 6bi- 
jio 3aBepineHO KejinHKOM n KacTepMaHCOM [218]. 

IlpHBefleHHbie Bbinie ccmjikh Ha jiHTepaTypy He hbjihiotch ncnepnbiBa- 



10 



ioihhmh, ho flaiOT o6mee npeflCTaBjieHHe o pa3BHTHH TeopHH HeKOMnaKTHbix 
KBaHTOBbix rpynn b nepBbie roflbi ee cymecTBOBaHHH. 

B pa6oTe [238] 6pocajiocb b rjia3a pe3Koe HecooTBeTCTBne Me^Kfly npo- 
ctotoh KjiaccHMecKoro oGteKTa HecjieflOBaHHH h cjiojkhoctbk) ero KBaHTOBO- 
ro aHajiora. Bo3hhk njiaH OTKa3aTbC5i ot Hcnojib30BaHH5i ajire6p (pyHKUHH Ha 
KBaHTOBbix rpynnax npn H3yneHHH ajire6p (pyHKUHH Ha KBaHTOBbix OflHopofl- 
hmx npocTpaHCTBax. Ochobhbimh MeTOiiaMH HCCJieflOBaHHH npn TaKOM noflxofle 
MorjiH 6bi CTaTb MeTOflbi TeopHH npeflCTaBjieHHft BemecTBeHHbix peixyKTHBHbix 
rpynn Jin [343, 344]. BBefleHHa^ XapHiH-HaHflpoft b [168] rojiOMopcpHaa ixhc- 
KpeTHaa cepHH npeflCTaBjieHHft rpynn spMHTOBa Tnna peajin3yeTC5i bo B3Be- 
nieHHbix npocTpaHCTBax BeprMaHa rojiOMopcpHbix cpyHKUHft b orpaHnneHHbix 
CHMMeTpHHecKHx o6jiacT5ix [235], a cooTBeTCTByioiHHe npeflCTaBjieHHH ajire6p 
JIh- b ajire6pax hojihhomob Ha npeflOflHopoflHbix KOMnjieKCHbix BeKTopHbix 
npocTpaHCTBax KOMMyTaTHBHoro napaGojinnecKoro Tnna (cm. nyHKT 3.3.8). 
EcTecTBeHHO bo3hhk Bonpoc o tom, HMeiOTca jih KBaHTOBbie aHajiora orpa- 
HnneHHbix CHMMeTpHnecKHx o6jiacTeft, B3BenieHHbix npocTpaHCTB BeprMaHa, 
rojiOMopcpHbix flHCKpeTHbix cepnii h hojihhomob CaTO-BepHHiTeiiHa npejj,ojj,HO- 
poflHbix BeKTopHbix npocTpaHCTB KOMMyTaTHBHoro napa6ojiHHecKoro Tnna (o 
nojiHHOMax CaTO-BepHHiTeftHa cm. [270, 299]). 

Ilojio>KHTejibHbiH OTBeT Ha 9tot Bonpoc ^oilmen 6biji npHBecTH k cojj,ep>Ka- 
TejibHbiM 3ajj,aHaM o KBaHTOBbix npeflOflHopoflHbix BeKTopHbix npocTpaHCTBax 
h o Moixyjiflx XapHHi-MaHjj,pbi [301] Hajj, KBaHTOBbiMH yHHBepcajibHbiMH o6ep- 
TbiBaiOHj,HMH ajire6paMH. 9to Morjio npHBecTH k npopbmy b HeKOMMyTaTHBHOM 
KOMnjieKCHOM aHajiH3e - o6jiacTH HCCjieflOBaHHft, BOCxoiiHiHeH k pa6oTe Y. Ap- 
BecoHa [105]. Hafle^Kflbi onpaBiiajiHCb. 

Bo BTopoii nojiOBHHe jj,eB5iHOCTbix roflOB Tpn rpynnbi MaTeMaTHKOB nojiy- 
hhjih nepBbie pe3yjibTaTbi KBaHTOBoft TeopHH orpaHHHeHHbix CHMMeTpHnecKHx 
o6jiacTeft. Hccjiejj,OBaHH5i npoBoijHjiHCb He3aBHCHMO, nocKOJibKy KOMaHflbi He 
3HajiH flpyr o flpyre h CHHTajra Hcnojib3yeMbie hmh MeTOflbi caMOflocTaTOHHbi- 

MH. 
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TaHHcaKH h ero coTpyzrHHKH b pa6oTax [201, 200, 268, 199] bbcjih b 
paccMOTpeHHe g-aHajiorn npeflOflHopoflHbix BeKTopHbix npocTpaHCTB KOMMy- 
TaTHBHoro napaGojiH^ecKoro THna h HamjiH HBHbift bh^ hx nojiHHOMOB CaTO- 
BepHniTeftHa. 

5lKo6ceH npefljio^KHji 6ojiee npocToft cnoco6 nocTpoeHHH sthx >Ke KBaHTO- 

BblX BeKTOpHBIX IipOCTpaHCTB H OC03HajI, HTO HfleT nO HanpaBJieHHIO K KBaHTO- 
BblM SpMHTOBbIM CHMMeTpHHeCKHM npOCTpaHCTBaM HeKOMnaKTHOTO THna [183], 

[185]. 

ABTopbi nepenHCjieHHbix pa6oT ynycTHjin H3 BHfly Tax Ha3biBaeMyio CKpbi- 

TyK) CHMMeTpHK) paCCMaTpHBaeMblX HMH KBaHTOBblX npeflOflHOpOflHblX BeKTOp- 

Hbix npocTpaHCTB [317, 311] h, no-BHflHMOMy, BCjieflCTBne SToro, He cflejiajin 
peniaK)HJ,HH mar Ha nyTH k KBaHTOBbiM orpaHHneHHbiM CHMMeTpHnecKHM 06- 

JiaCTHM. 

Ochobm KBaHTOBoft TeopHH orpaHHneHHbix CHMMeTpHHecKHx o6jiacTeft 3a- 
jio>KeHbi b CTaTbe [318]. Coc-TBeTCTBHe noflxoflOB pa6oT [328, 183, 318] ycTaHOB- 
jieHO IIlKjinpoBbiM [305]. 
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2 KBAHTOBbffl Kpyr 
2.1 IIpe,zi,ynpe:>K,zi,eHiie ne^aHTaM 

B HeKOTopbix cjiynaax, He HMea bo3mo>khocth BKjnonnTb b tckct ncnojib- 
3yeMbie onpeflejieHna, Mbi 3aMeH5ieM hx ccbijiKaMH Ha jiHTepaTypy. 

riojie3HO co3HaBaTb, hto b yne6HHKax BCTpenaiOTCH 6jiH3KHe no CMbicjiy 

nOHHTHH C OflHHaKOBblMH Ha3BaHHHMH. HHOrfla He COBCeM TOHHO HCnOJIb3yK)TC5I 

o6m,enpHH5iTbie o6o3HaneHH5T. Ho Bcer^a no KOHTeKCTy acho, hto HMeeT b BHfly 
aBTop. IlpHBefleM HecKOjibKO npnMepoB. 

Ba3ncoM BeKTopHoro npocTpaHCTBa V o6biHHO Ha3biBaiOT noflMHO^KecTBO 
B C V jiHHenHO He3aBncnMbix BeKTopoB, nopo^Kflaionj,ee V [63, 34]. OflHaKO, 
conocTaBji5i5i jiHHenHOMy onepaTopy ero MaTpnny, 6a3nc cnnTaiOT jiHHeifflo yno- 
pHfloneHHbiM, TeM caMbiM noflMeHHioT onpeflejieHne (oflHO MHOJKecTBO B G V c 
flByMH pa3HbiMH OTHonieHHHMH jinHeftHoro nopaflKa - 9to Tenepb flBa 6a3Hca). 

IlonojiHeHHeM MeTpnnecKoro npocTpaHCTBa X Ha3biBaiOT nojiHoe MeTpn- 
necKoe npocTpaHCTBO X n H30MeTpnnecKoe BjioyKenme i : X — > X, fljia koto- 
poro i(X) njioTHO b X [57]. Ho HCKOTopbie aBTopbi [64] BMecTO jiio6oh napbi 
(X, i) c 9THMH CBoftcTBaMH CHHTaiOT nonojraeHneM jiHiiib OflHy BbiflejieHHyio na- 
py, nocTpoeHne KOTopoii npnBefleHO bo Bcex yne6HHKax no (pyHKnnoHajibHOMy 
aHajiH3y. 

Accoii,HaTHBHOCTb fleKapTOBa npoH3BefleHH5i MHOJKecTB 3anncbiBaiOT cjie- 
flyionj,HM o6pa30M: (X\ x X2) x X% = X\ x (X 2 x X3) . Ho, b flencTBHTejibHOCTH, 
penb 3flecb n^eT He o paBeHCTBe, a o KaHOHnnecKOM H30MopcpH3Me [12]: 
(X 1 x X 2 ) x X 3 = X x x (X 2 x X 3 ). 

AHajiornnHO, BMecTO paBeHCTBa {Xi X 2 ) <8> X 3 = Xi <g> (X 2 <8> X z ) 
cjieflOBajio 6bi nncaTb (X\ <g> X 2 ) <g> X3 = X\<S> (X 2 <g> X3). 

KcTaTH, KaK h noHHTne nonojiHeHHH MeTpnnecKoro npocTpaHCTBa, noHH- 
Tne TeH3opHoro npon3BefleHH5i BeKTopHbix npocTpaHCTB TpaKTyeTCH b jiHTe- 
paType abosko. HexoTopbie aBTopbi [48] TeH3opHbiM npon3BefleHneM BeKTop- 
hmx npocTpaHCTB V , V" Ha3biBaiOT BeKTopHoe npocTpaHCTBO, o6o3HanaeMoe 
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V ® V" , h 6HjiHHeftHoe OTo6pa>KeHHe i : V' x V" V' <S> V", rjisi kotopmx 
BbinojiHeHO cjieflyroinee Tpe6oBaHne yHHBepcajibHOCTH. Ecjih / : V x V" — > 
6HjiHHeftHoe OTo6pa>KeHHe, to cyinecTByeT h ejj,HHCTBeHHO jiHHeftHoe OTo6pa>Ke- 
Hne / : V'®V" — > W, jijih KOToporo f = f i. Bojtbiiihhctbo aBTopoB [11, 63, 58] 
BMecTO jik)6oh TaKoii napbi co cbohctbom yHHBepcajibHOCTH Ha3biBaiOT TeH3op- 
HbiM npoH3BefleHHeM OflHy, BbiflejieHHyio napy, nocTpoeHHe KOTopoft npHBefleHO 
b [11, 63, 58]. 

2.2 Tonojiorna 

2.2.1 KoMMyTaTHBHbie C*-ajire6pi>i. B KOHne HiecTHjj,ec5iTbix roflOB 
b pa6oTe [105] Y. ApBecoH npefljio>KHji nporpaMMy nocTpoeHHH HeKOMMyTaTHB- 

HOrO KOMIUieKCHOrO aHajIH3a. OcHOBHbIM oG^eKTOM HCCJieflOBaHHH b [105] chh- 

TaeTca napa ajire6p, oflHa H3 KOTopbix HBjineTCfl HeKOMMyTaTHBHbiM aHajioroM 
ajire6pbi C(K) HenpepbiBHbix (pyHKHHft Ha KOMnaKTe K } a jjpyran - HeKOM- 
MyTaTHBHbiM aHajioroM nojj,ajire6pbi (pyHKHHft, aHajiHTHnecKHx bo BHyTpeHHHx 
TOHKax KOMnaKTa K . 

TaKoii noflxofl k o6biHHOMy KOMnjieKCHOMy aHajiH3y xoponio 3apeKOMeH- 
flOBaji ce6n b paMKax Teopnn (KOMMyTaTHBHbix) paBHOMepHbix ajire6p, TecHO 
CB5T3aHHoii c 3aflaMaMH paBHOMepHoft annpoKCHManHH pannoHajibHbiMH (pyHK- 
uhhmh b KOMnjieKCHoii o6jiacTH [31]. B [105] ApBecoH cyinecTBeHHO ncnojib3yeT 
ocHOBHbie noH5iTH5i TeopHH C*-ajire6p. HanoMHHM HexoTopbie H3 hhx. 

OcHOBHbiM nojieM 6yjj,eT nojie KOMnjieKCHbix nnceji C. 

Ajire6py c ejjHHHneft Ha3biBaiOT Tax^Ke yHHTajibHoft ajire6poft. PaccMOT- 
pHM KaTeropHK), BOo6ine roBopn, HeyHHTajibHbix ajire6p. B stoh KaTeropHH 
Mop(pH3M F\ — > F 2 He o6n3aH nepeBOflHTb ejjHHHiry ajire6pbi F\ b ejjHHHiry 
ajire6pbi F 2 , p,ame npn HajiHHHH ejjHHHiL 

ripHcoeflHHeHHeM eflHHHUbi Ha3biBaiOT (pyHKTop H3 paccMaTpHBaeMoii Ka- 
TeropHH b KaTeropnio yHHTajibHbix ajire6p, KOTopbift Ka^Kfloft ajire6pe F cono- 
CTaBjineT ajire6py c ejjHHHneft F = C x F: 

(ai, fi)(a 2 , f 2 ) = (ai«2, ^1/2 + a 2 fi + /1/2), a h a 2 G C, f h f 2 G F. 
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^eftcTBHe 9Toro (pyHKTopa Ha MopcpH3Mbi onpeflejT5ieTC5i oneBHflHbiM o6pa30M. 

HanoMHHM, hto ajire6pa F Ha3biBaeTCH 6aHaxoBoft, ecjin OHa HBjineTcsi 
6aHaxoBbiM npocTpaHCTBOM h 

II/1/2II < ll/ill -11/211, /i,/ 2 GF. 

riPHMEP 2.2.1 Ajire6pa C(K) HenpepbiBHbix (pyHKunft Ha KOMnaKTe K, Ha- 
flejieHHaa HopMoft ||/|| = max|/(x)|, HBjineTCH 6aHaxoBoft ajire6poft. 

riPHMEP 2.2.2 IlycTb X - jioKajibHO KOMnaKTHoe TonojiorHnecKoe npocTpaH- 

CTBO. PaCCMOTpHM HeCBH3HOG oG^eflMHeHHe X = X U {00} MHO)KeCTBa X H 

oflHOTOHeHHoro MHO»:ecTBa {00}. HaflejiHM X cjiaGeftnieft H3 TonojiorHft, co- 
flep^KaiHHx flonojiHeHHa b X ko BceM KOMnaKTaM K C X h Bee OTKpbiTbie 
noflMHO>KecTBa U C X . nojiyneHHoe TonojiornMecKoe npocTpaHCTBO KOMnaKT- 
ho. Bjio^KeHne i : X ^ X 5TBji5ieTC5i HenpepbiBHbiM OTo6pa^KeHHeM h Ha3bi- 

BaeTCfl THXOHOBCKOH KOMnaKTH(J)HKaLI,HeH X. THXOHOBCKaa KOMnaKTH(pHKaiJ,H5I 

- 9to (pyHKTop, conocTaBji5noin,Hii jioxajibHO KOMnaKTHOMy TonojiorHMecKOMy 
npocTpaHCTBy X KOMnaKT X c OTMeneHHoft tohkoh 00. Ajire6pa C(X) Bcex 
HenpepbiBHbix (pyHKUHH Ha KOMnaKTe X h ee noflajire6pa Cq(X) = {/ (E 

C(X) I /(oo) = 0} c yHacjieflOBaHHoft HopMoft ||/|| = max/(x) = maxf(x) 

x&x xex _ 

5ibji5iiotc5i 6aHaxoBbiMH ajire6paMH. Otmcthm, 3a6biBa5i o HopMax, mto C(X) 
MO^KeT 6biTb nojiyneHa npncoeflHHeHHeM eflHHHHbi k Cq(X). 

HHBOJIIOnH5T * - 9TO aHTHJIHHeifflblH HHBOJIIOTHBHblH aHTHaBTOMOp(pH3M 

ajire6pbi F: 

(/i + / 2 r = /r + / 2 *, (a/)* = a/*, agc, /i,/ 2 ,/gf, 
** = id, (/i/ 2 )* = / 2 */r, /i,/ 2 gf. 

H3 eflHHCTBeHHOCTH eflHHHii,bi b F cjieflyeT, mto 1* = 1. Ajire6py c HHBOjHOHHeii 
fljia KpaTKOCTH Ha3biBaK)T *-ajire6poii. 

Mop(pH3MOM *-ajire6p - 9to roMOMopcpH3M ajire6p j : Fi — > F 2 , yBa>Ka- 
ioihhh hhbojiiohhh: *j = j*. KaK o6biHHO, o6paTHMbift MopcpH3M b KaTeropHH 
*-ajire6p Ha3biBaiOT H30MopcpH3MOM. 
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BaHaxoBy ajire6py F c HHBOjnoiiHeft * Ha3biBaiOT C*-ajire6poft, ecjin fljiH 
Bcex sjieMeHTOB / G F HMeeT MecTO paBeHCTBO 

ll/H 2 = 11/711- (2-2.1) 

MopcpH3MOM C*-ajire6p Ha3biBaK)T HenpepbiBHoe jiHHeftHoe OTo6pa>KeHHe 6a- 
HaxoBbix npocTpaHCTB, 5iBji5nom,eec5i MopcpH3MOM *-ajire6p. Otmcthm^to Tpe- 
6oBaHne HenpepbiBHOCTH mo>kho He BKjnonaTb b sto onpeflejieHne, cm. npefljio- 
>KeHHe 2.2.6. 

BaHaxoBa ajire6pa Cq(X) c HHBOjnoiiHeH * : / i— > /, oneBHflHO, HBjraeTCH 
KOMMyTaTHBHoii C*-ajire6poii. 

HanoMHHM, hto OTo6pa>KeHHe TonojiorHnecKHx npocTpaHCTB Ha3biBaiOT 

Co6cTB6HHbIM , eCJIH npOo6pa3 Ka>KflOrO H3 KOMnaKTOB HBJIHeTCH KOMnaKTOM 

[8, CTp. 187]. PaccMOTpHM KaTeropHK), o6b.eKTaMH KOTopoft cjiy>KaT jioKajibHO 
KOMnaKTHbie TonojiorH^ecKHe npocTpaHCTBa, a MopcpH3MaMH - HenpepbiBHbie 
co6cTBeHHbie OTo6pa>KeHH5i. Ka>KflOMy JioKajibHO KOMnaKTHOMy TonojiorHHe- 
CKOMy npocTpaHCTBy X conocTaBjieHa C*-ajire6pa Cq(X). HoHfleM flajibiiie: 
Ka>KflOMy HenpepbiBHOMy co6cTBeHHOMy OTo6pa>KeHHK) (fi : X\ — > X2 conocTa- 
bhm Mop(pH3M C*-ajire6p: 

C (X 2 ) -> C (X 1 ) : f(x) -> f(<p(x)). 

riojiyneH KOHTpaBapnaHTHbiii cpyHKTop H3 KaTeropnH JioKajibHO KOMnaKT- 
hmx TonojiorHnecKHx npocTpaHCTB b KaTeropnio KOMMyTaTHBHbix C*-ajire6p. 
Kax H3BecTHO [9, CTp. 70], 9th KaTeropnH aHTHSKBHBajieHTHbi. HanoMHHM no- 
CTpoeHne KBa3Ho6paTHoro cpyHKTopa [33, CTp. 94] - 3HaMeHHToro npeo6pa30- 
BaHHa TejibcpaHfla. 

XapaKTepaMH KOMMyTaTHBHoii C*-ajire6pbi Ha3biBaiOT ee roMOMopcpH3- 
mm b C*-ajire6py C. 1 Mhcokcctbo <t(F) xapaKTepoB Ha3biBaiOT cneKTpoM KOM- 
MyTaTHBHoii C*-ajire6pbi F. Ka>KflOMy ajieMeHTy / G F OTBenaer (pyHKiinn 
fix) = Xif) Ha cne-KTpe <j{F). HaflejiHM cr(F) cjiaGeftnieH H3 Tonojiornii, b 
KOTopbix HenpepbiBHbi Bee (pyHKiinn {/ I / G F}. Mojkho flOKa3aTb, hto cneKTp 

1 Tpe6oBaHHH HenpepbiBHOCTH h hhbojiiothbhocth mojkho He BKjiioHaTb b onpe-flejieHiie xapaKTepa 
[9, ct P . 70]. 
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(j(F) jioKajibHO KOMnaKTeH h npeo6pa30BaHHe TejibcpaHfla 

F-^CoWF)), /-►/, (2.2.2) 

ABji5ieTC5i H30Mop(pH3MOM C*-ajire6p. CneKTp KOMnaKTeH, ecjin h TOJibKO ec- 
jih ajire6pa F yHHTajibHa [9, CTp. 70]. ^eftcTBHe npeo6pa30BaHH5i TejibcpaHfla 
Ha Mop(pH3Mbi onpeflejineTCH ecTecTBeHHbiM o6pa30M: KajKflOMy MopcpH3My 
if : F\ — > F2 KOMMyTaTHBHbix C*-ajire6p OTBenaeT HenpepbiBHoe co6cTBeHHoe 
OTo6pa>KeHHe cneKTpoB 

a{F 2 ) - (7(F0, X (f) ~ xMf))- 

riPHMEP 2.2.3 (KOMnaKTHCpHKanira CToyHa-Hexa) CyinecTByeT jih TaKoe 
HenpepbiBHoe BJio>KeHHe BeinecTBeHHoft och b KOMnaKT, hto JiioGaa orpaHH- 
HeHHaa HenpepbiBHan Ha och (pyHKUHH flonycKaeT eflHHCTBeHHoe npoflOJi^KeHHe 
flo HenpepbiBHoii (pyHKHHH Ha stom KOMnaKTe? PaccMOTpnM KOMMyTaTHBHyio 
C*-ajire6py C&(R) orpaHHHeHHbix h HenpepbiBHbix (pyHKu,HH Ha och c HopMoii 
||/|| = sup a , eM |/(^)|- Ka^Kfloii tohkc xq G R OTBenaeT xapaKTep, conocTaBjiH- 
ioihhh (pyHKD,HH / G Cfc(R) hhcjio f(xo). HeTpyznio noKa3aTb, hto nojiyneHHoe 
OTo6pa>KeHHe BeinecTBeHHoii och b KOMnaKT cr(C&(R)) o6jiaflaeT Tpe6yeMbiMH 
CBOHCTBaMH [40, CTp. 23]. 

riPHMEP 2.2.4 (KBasHnepHOflHHecKHe (pyHKUHH) IlycTb 7 G R \ Q. Pac- 
cmotphm HanMeHbHiyio C*-ajire6py F C C&(R), coflep^ainyio KaK Bee 
2tt -nepHOflHHecKHMe (pyHKUHH, TaK h Bee 27r7 -nepHOflnnecKHe (pyHKUHH. Onn- 
nieM cneKTp cr(F) stor KOMMyTaTHBHoii C*-ajire6pbi. PaccMOTpnM napy ee 
sjieMeHTOB u\ = e lx } 112 = e 1 ^ 7 . Ohh yHHTapHbi 

U\U[ = u[U\ = 1, U2U2 = U2U*2 = 1, 

hto flocTaBjineT HenpepbiBHoe OToGpa^KeHne KOMnaKTa cr(F) b flByMepHbiii Top 

a(F)^Y\ X^(XN,XN). (2.2.3) 

Il0Ka>KeM, HTO 9TO OTo6pa>KeHHe HBJIHeTCH rOMeOMOp(|)H3MOM. ^OCTaTOHHO 

ycTaHOBHTb ero 6neKTHBHOCTb . HhtdCkthbhoctb BbiTeKaeT H3 Toro, hto F hbjih- 
eTCH HaHMeHbHieft C*-noflajire6poH, coflep^ameft sjieivieHTbi u\,U2, KaK cjieflyeT 
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H3 TeopeMbi CToyHa-BeiiepniTpacca [71, CTp. 119]. CiopteKTHBHOCTb BbiTexaeT 
H3 Toro, hto o6pa3 npHMoft npn ecTecTBeHHOM bjiojkghhh b <j{F) h nocjieflyio- 
ineM OTo6pa>KeHHH (2.2.3) coflep>KHT njioTHyio o6motky Topa {(e tx , e lx ^) \ x G 
R} C T 2 . 

riPHMEP 2.2.5 (noMTH nepnoflHMecKHe (pyHKUHn) PaccMOTpnM HaHMeHbinyio 
C*-noflajire6py AP C C&(R) h coflep^Kaiiryio MHO^KecTBO SKcnoHeHHHajibHbix 

(pyHKUHH {e lXx | A G R}. 9tH (pyHKHHH HBJIHIOTCH o6lHHMH Co6cTB6HHbIMH BeK- 

TopaMH onepaTopoB cflBHra 

T t : C b (R) -> C 6 (R), T t : /(*) f(x + *), t G t 

b C&(R). H3BecTHa5i TeopeMa F. Bopa yTBepjKflaeT, hto (pyHKHHH / G C&(R) 
npHHaflJie^KHT noflajire6pe AP } ecjiH h TOJibKO earn mhtokgctbo {Ttf \ t G R} 
OTHOCHTejibHO KOMnaKTHO b C&(R). TaKne (pyHKD,HH Ha3biBaiOT noMTH nepno- 
flH^ecKHMH, a CB5i3aHHyK) c C*-ajire6pofi AP KOMnaKTHCpHKanHio npnMoft Ha- 

3bIBaK)T ee 6opOBCKOH KOMnaKTHCpHKaUHeft. 

OflHH H3 9JieMeHTapHbIX pe3yjIbTaTOB TeOpHH TOMOTOnHH COCTOHT B TOM, 
HTO eflHHHHHaH OKpy^KHOCTb T He HBJIHeTCH peTpaKTOM 3aMKHyTOrO eflHHHH- 

Horo Kpyra D [8, CTp. 143]. /JpyrnMH cjiOBaMH, He cymecTByeT HenpepbiBHoro 
OTo6pa>KeHH5i B b T, TO>KflecTBeHHoro Ha T. IlepeBefleM stot pe3yjibTaT Ha 
H3biK TeopHH 6aHaxoBbix ajire6p, hto no3BOjiHT b flajibHeiiHieM nojryHHTb ero 
aHajior fljia KBaHTOBoro Kpyra. 

PaCCMOTpHM TOHHyK) nOCJieflOBaTejIbHOCTb 

-> C (D) -> C(D) -i C(T) (2.2.4) 

b KaTeropHH KOMMyTaTHBHbix C*-ajire6p, r^e j - cyjKeHHe HenpepbiBHbix b 
3aMKHyTOM Kpyre (pyHKUHft Ha ero rpaHHiry. ToBopflT, hto 9Ta TOHHan nocjie- 
flOBaTejibHOCTb pacmenjifleTCH, ecjiH cyinecTByeT TaKoft roMOMopcpH3M KOMMy- 
TaTHBHbix C*-ajire6p % : C(T) — > C(D), hto = id. Bocnojib3yeMCH aHTHSK- 
BHBajieHTHOCTbK) KaTeropnft. CcpopMyjiHpoBaHHbiii Bbinie TonojiorHnecKHH pe- 
3yjibTaT 03HanaeT, hto TOHHan nocjieflOBaTejibHOCTb 2.2.4 He pacinenjiHeTCH. 
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2.2.2 3jieMeHTbi o6m,eH TeopHH C*-ajire6p. C*-ajire6pbi hbjihiot- 
ch HeKOMMyTaTHBHbiMH aHajioraMH ajire6p HenpepbiBHbix (pyHKUHH. IIpHBefleM 
HexoTopbie pe3yjibTaTbi TeopHH C*-ajire6p, cjieflyn [9, 326] h onycKaa 6ojibHiyio 
nacTb flOKa3aTejibCTB. 

H3 paBeHCTBa (2.2.1) rjir / h /* cjie^yeT paBeHCTBO HopM ||/*|| = ||/||. 
AeftcTBHTejibHO, ll/H < ||r||,nocKOJTb K y ||/|| 2 = ||/*/|| < ||/* || • ||/|| . n P OTHBO- 
nojio>KHoe HepaBeHCTBO nojrynaeM 3aMeHoft ajieMeHTa / sjieivieHTOM /*. 3HanHT, 
C*-ajire6pa F - sto 6aHaxoBa *-ajire6pa, ajih KOTopoft 

11/1 = 11/11, 11/711 = 11/11 -11/11 (2-2.5) 

npn Bcex f E F. HexoTopbie aBTopbi onpeflejinioT C*-ajire6py paBeHCTBaMH 
(2.2.5) BMecTO (2.2.1). 

BcTpenaiOTca xax yHHTajibHbie, Tax h HeyHHTajibHbie C*-ajire6pbi. B no- 
cjieflHeM cjiynae yHHTajibHyio *-ajire6py F = C x F HaflejiniOT CTpyKTypoft 
C*-ajire6pbi Tax, xax onncaHO b [9, CTp. 29]: 

||(a,/)||=sup{||a/i + //i|| | fi E F, H/ill = 1}. 

CneKTpoM sjieMeHTa / yHHTajibHoii ajire6pbi F Ha3biBaK)T MHO^KecTBO 
spec(/) Tex A E C, ajih KOTopbix sjieMeirr X—f He HMeeT o6paTHoro b F . CneK- 
TpoM sjieMeHTa / HeyHHTajibHofi ajire6pbi F Ha3biBaiOT ero cneKTp spec(/) b 
F [15, CTp. 10]. J\jik jiio6oro sjieivieHTa / 6aHaxoBoft ajire6pbi F cymecTByeT 
npefleji 

p(f)= lim ||/ n ||™ = sup{|A| | A E spec(/)} 

[9, CTp. 33], [326, CTp. 8], Ha3biBaeMbiH cneKTpajibHbiM paflnycoM sjieMeHTa /. 
Ecjih / HBjineTCH sjieivteHTOM C*-ajire6pbi, to \\f\\ = p{f*f) 1 [9, CTp. 36], h 
mm npnxoflHM k cjieflyiOHj,eMy pe3yjibTaTy 06 aBTOMaTHnecKoii HenpepbiBHOCTH 
[326, ct P . 21]. 

IlPEflJlOKEHHE 2.2.6 Ec.au 7T : F\ — > F 2 - Mop$u3M *-a.Age6p u F\, F 2 mg- 
AMTomcM C*-aAse6paMU, mo 

\W)\\ < 11/11, f€F. 
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Cjieflyiomee yTBep>KfleHHe flocTaTOHHO flOKa3aTb ajih KOMMyTaTHBHbix C*- 
ajire6p h caMoconp5i>KeHHoro ajieMeHTa /. B 3tom ^acTHOM cjiy^ae ero Jierxo 
nojiy^HTb c noMombio npeo6pa30BaHH5i TejibcpaHfla [326, CTp. 22]. 

IlPEflJIOKEHHE 2.2.7 Ecau it : F\ — > F 2 - MonoMopcfjuaM *-a,Aze6p u F\, F 2 
MGAMwmcM C*-aA2e6paMU, mo ||tt(/)|| = ||/|| npu ecex f 6 F. 

IlojiyMaeM B03MO>KHOCTb HCKJIIOHHTb Tpe6oBaHHe H30MeTpHMHOCTH H3 

onpeflejieHHa H30Mop(pH3Ma C*-ajire6p: Ha 6aHaxoBOH *-ajire6pe jih6o He cy- 
Hj,ecTByeT C*-HopM, jih6o cymecTByeT eflHHCTBeHHaa C*-HopMa. 
IlpHBefleM npnivtep HeKOMMyTaTHBHoii C*-ajire6pbi. 

riPHMEP 2.2.8 PaccMOTpHM ajire6py 13(H) Bcex orpaHHHeHHbix jiHHeftHbix 

onepaTopoB b rHjib6epTOBOM npocTpaHCTBe H . HaflejiHM ee onepaTopHoft Hop- 

Moft || A || = sup || || . Jierxo flOKa3biBaeTC5i nojiHOTa nojiyneHHoft HopMHpo- 
ll«ll=i 

BaHHoii ajire6pbi. /JeiicTBHTejibHO, ecjin nocjieflOBaTejibHOCTb onepaTopoB (pyH- 
flaMeHTajibHa, to OHa orpaHnneHa, h ee cxoflHMOCTb Ha Ka^KflOM BeKTope bh- 
TexaeT H3 nojiHOTbi rnjib6epTOBa npocTpaHCTBa. HaflejiHM 13(H) HHBOjnoHHeH, 
conocTaBjiflioiHeH onepaTopy A conp5i>KeHHbiH onepaTop A* } h noKa>KeM, mto 
B(H) HBji5ieTC5i C*-ajire6poft: 

\\A\\ 2 = \\A*A\\. (2.2.6) 

J\jm SToro flOKa»:eM, mto 

||A|| = sup \(Av,v)\, (2.2.7) 

ecjin A - orpaHHMeHHbift caMoconpH^KeHHbift jiHHeftHbift onepaTop. HeoMeBHflHO 

jiHHib HepaBeHCTBO ||A|| < sup \(Av, v)\. B ^acTHOM cjiy^ae flByMepHoro rnjib- 

Nl=i 

6epTOBa npocTpaHCTBa oho H3BecTHO H3 KypcoB jiHHeiiHOH ajire6pbi, a oGihhh 
cjiynaii CBOflHTca k STOMy nacTHOMy cjrynaio c noMombio HepaBeHCTBa 

||A|| < sup \\PlA il I (2.2.8) 

dimL=2 
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rzje L npo6eraeT mhojkcctbo flByMepHbix noflnpocTpaHCTB, A\l - cymenme jih- 
HeftHoro onepaTopa A Ha L, a Pl - opToroHajibHbift npoeKTop Ha L. 2 IIpoBepKy 
(2.2.6) 3aBepniHM c noMoinbio (2.2.7), xax b [71, CTp. 210], 

\\A*A\\ = sup \(A*Av,v)\ = sup (A*Av,v) = sup \\Av\\ 2 = \\A\\ 2 . 

TeopeMa rejibcpaHfla-HaiiMapKa [9, CTp. 32] yTBep>KflaeT, mto, k&ikr&r C*- 
ajire6pa H30MopcpHa HeKOTopoii 3aMKHyToii caMOConpsraceHHoii noflajire6pe C*- 
ajire6pbi 13(H). 

IlycTb J - 3aMKHyTbiii flBycTopoHHHii Hfleaji C*-ajire6pbi F. Mo>kho no- 
Ka3aTb, mto J = J* h mto (paKTopnpocTpaHCTBO F I J c HopMoii 

||/ + J|| = inf||/ + x||, fEF 

sBjineTCH C*-ajire6poft [9, CTp. 48]. 

riPHMEP 2.2.9 IlycTb H 6ecKOHeMHOMepHoe cenapa6ejibHoe rnjib6epTOBO 
npocTpaHCTBO. JlHHeiiHbiH onepaTop A b H Ha3biBaiOT KOHe^HOMepHbiM, ec- 
jih dim(AH) < oo. Taxne onepaTopbi o6pa3yK)T flBycTopoHHHii Hfleaji b 13(H), 
h ero 3aMbiKaHne 1C(H) coBnaflaeT c 3aMKHyTbiM *-HfleajiOM Bcex KOMnaKTHbix 
onepaTopoB [71, CTp. 223]. Kax H3BecTHO [36, CTp. 90], 1C(H) - eflHHCTBeH- 
Hbift HeTpHBHajibHbift 3aMKHyTbift flBycTopoHHHft Hfleaji C*-ajire6pbi 13(H). C*- 
ajire6pa 13(H) j 'KL(H) Ha3biBaeTCH ajire6poft KajiKHHa. 

IlpHBefleM pe3yjibTaTbi TeopnH onepaTopoB, TecHO CB5i3aHHbie c ajire6poii 
KajiKHHa. CymecTBeHHbiM cneKTpoM spec e (^4) orpaHH^eHHoro jiHHeiiHoro one- 
paTopa A G 13(H) Ha3biBaiOT cneKTp OTBeMaromero eMy sjieMeHTa ajire6pbi 
KajiKHHa. JlHHeftHbiH onepaTop A G 13(H) Ha3biBaiOT (ppeflrojibMOBbiM, ecjin 
OTBeHaK)Hj,HH eMy sjieMeHT ajire6pbi KajiKHHa o6paTHM. CorjiacHO TeopeMe At- 
KHHCOHa [82, CTp. 97], 9to 03HanaeT, hto Hflpo onepaTopa A KOHenHOMepHO, 
a o6pa3 3aMKHyT h Kopa3MepHOCTb o6pa3a KOHenHa. OneBHflHO, cymecTBeH- 
Hbift cneKTp o6pa3yiOT Te A G C, fljin KOTopbix onepaTop A — A He HBJineTca 
(ppeflrojibMOBbiM . 

2 /Iji-h flOKa3aTejibCTBa (2.2.8) cne^yeT paccMOTpeTb ^ByMepHbie no^npocTpaHCTBa, coflepjKanpie napbi 

BGKTOpOB {v,Av}. 



21 



HHfleKC cppeflrojibMOBa onepaTopa ind(A) = dimker^ — codimim^ 
He H3MeH5ieTC5i npn KOMnaKTHbix B03MyiHeHH5rx h, cjieflOBaTejibHO, HBjineTCfl 
(pyHKi^neii Ha rpynne o6paTHMbix sjicmchtob ajire6pbi KajiKHHa [50, CTp. 300], 
[146, CTp. 138]. 3t& (pyHKu,H5i HenpepbiBHa, h ee MHCOKecTBa ypoBHH jiHHeimo 
CB5T3HM [146, CTp. 136]. 

ripocTeHHiHM npHMepoM (ppeflrojibMOBa onepaTopa c HeHyjieBbiM HHfleK- 
com cjiy^KHT onepaTop oflHOCTopoHHero cflBHra S, onpeflejineMMH b opTOHopMH- 
poBaHHOM 6a3Hce {ej}jez + paBeHCTBOM S : ej i— > e,j+i- OnepaTop S He flonycKa- 
eT pa3Jio»:eHH5i b cyMMy HopMajibHoro h KOMnaKTHoro onepaTopoB, nocKOJibKy 
HHfleKC HopMajibHoro onepaTopa paBeH Hyjno. 9to cjieflyeT, H3 cneKTpajibHoft 
TeopeMbi [40, CTp. 50]. 

2.2.3 <E>OKOBCKoe npe/jCTaBjiemie. HanoMHHM [57, CTp. 66], hto no- 
nojiHeHneM MeTpHnecKoro npocTpaHCTBa X Ha3biBaK)T ero Bjio>KeHHe X X 
co BCiofly njiOTHbiM o6pa30M b nojiHoe MeTpnnecKoe npocTpaHCTBO X . Ilonoji- 
HeHne cyinecTByeT h b cyinecTBeHHOM eflHHCTBeHHO. 

IlycTb D = {z G C | \z\ < 1}. PaccMOTpHM KOMMyTaTHBHyio C*-ajire6py 
C(B) HenpepbiBHbix (pyHKUHft b 3aMKHyTOM eflHHHHHOM Kpyre D h *-ajire6py 
nojiHHOMHajibHbix (pyHKu,Hft Pol(C) Ha OBeinecTBjieHHOH KOMnjieKCHoii njiocKO- 
cth C ~ M 2 . CorjiacHO TeopeMe BeftepniTpacca o nojiHHOMHajibHoft annpoK- 
CHMau,HH [71, CTp. 120], *-ajire6pa Pol(C) njioTHa b C(D). ^pyrHMH cjiOBaMH, 
ecTecTBeHHoe BjiojKeHHe Pol(C) C(D) hbjihctch nonojiHeHHeM *-ajire6pbi 
Pol(C) no C00TBeTCTByK)HJ,eH HopMe. Bo MHornx Bonpocax (pyHKHHOHajibHO- 
ro aHajiH3a Bbi6op nonojiHeHHH HecyinecTBeH, hto no3BOjiHeT 3aMeHHTb koh- 
KpeTHyio C*-ajire6py C(D) jttoGbim nonojiHeHHeM Pol(C) no stoh HopMe. Boc- 
nojib3yeMCH sthm noflxoflOM fljin nocTpoeHHH HeKOMMyraTHBHOH C*-ajire6pbi - 
KBaHTOBoro aHajiora KOMMyTaTHBHoii C*-ajire6pbi C(D). 

Bbi6epeM hhcjio q G (0,1), KOTopoe 6y^eT napaMeTpoM flecpopManHH: b 
npeflejie q — »■ 1 (popMyjibi Teopnn (pyHKHiift b KBaHTOBOM Kpyre 6yzryT nepe- 
xoflHTb b o6biHHbie (popMyjibi Teopnn (pyHKi^nn b Kpyre. K o6cy>KfleHHio pojin 
9Toro napaMeTpa n nponeflypbi KBaHTOBaHnn mm b flajibHeftnieM He pa3 Bep- 
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HeMCSL 

Ha^HeM c KBaHTOBoft ajire6pbi hojihhomob. PaccMOTpHM CBo6oflHyio aji- 
re6py C(z,z*} c flByMH o6pa3yioiirHMH z, z*. Ee oGmhho OTO>KflecTBji5iioT c 
ajire6poft cpopMajibHbix jiHHeftHbix KOMGHHannft cjiob Hafl ajicpaBHTOM {z,z*}. 
OneBHflHO, cym,ecTByeT h e-flHHCTBeHHa hhbojiiohh5i * b <C(z,z*), OTo6pa>KaK)- 
m,a5i z b z* . 3jieMeHT z*z — q 2 z z* — 1 + q 2 G C(z, z*) caMOConpn^KeH. 3HanHT, 
nopo^KfleHHbiii hm flBycTopoHHHft Hfleaji TaioKe aBjiaeTca caMOConp5i>KeHHbiM. 
CjieflOBaTejibHO, ajire6pa Pol(C) g c o6pa3yioiHHMH z, z* h onpeflejinioiHHM co- 
OTHonieHHeM 

z*z = q 2 zz* + 1-q 2 (2.2.9) 

HacjieflyeT HHBOjiionHio h CTaHOBHTca *-ajire6poft. 9Ta *-ajire6pa HBjineTCfl q- 
aHajioroM ajire6pbi nojiHHOMOB nepeMeHHbix z h z. 

J\jin nojiyneHHa ajire6pbi HenpepbiBHbix (pyHKirnft b KBaHTOBOM Kpyre 
ocTajiocb nonojiHHTb Pol(C) g . Kax Bbi6paTb HopMy? By^eM cjie-flOBaTb TpaflH- 
d;mm KBaHTOBoft MexaHHKH. IloflCTaHOBKa q = h cpopMajibHbift npeflejib- 
Hbift nepexofl h — ► 

r* idef,. Z*Z-ZZ* (1 - e _/l )(l - ZZ*) 1 2 

{2 , = hm = hm ^ = - (1 - \zr), 

h^o ih h^o ih i 

Ha3biBaeMbiii KBa3HKjiaccHHecKHM npe-flejibHbiM nepexoflOM, HaflejiaiOT njioc- 

KOCTb CTpyKTypoii nyaccoHOBa MHoroo6pa3H5i [2, CTp. 422], a flonojraeHHe k 

eflHHHMHoii OKpyjKHOCTH - CTpyKTypoii CHMnjieKTHnecKoro MHoroo6pa3HH [2, 

CTp. 175] C CHMnjieKTHHeCKOH cpopMoft 

2 

u = -^dlmz AdRez. (2.2.10) 

1 — \z\ z 

EflHHHHHblft Kpyr HBJIHCTCH OflHOft H3 flByX KOMnOHCHT CBH3HOCTH flOnOJI- 

hchhh k OKpy^KHOCTH - ero orpaHHMeHHoii KOMnoHeHToft cbh3hocth. OnbiT 

KBaHTOBOH MexaHHKH [115] yKa3bIBaeT, HTO Hy>KHO HaftTH TOHHOe HenpHBOflH- 

Moe npeflCTaBjieHne *-ajire6pbi Pol(C) g orpamiHeHHbiMH onepaTopaMH 3 h 
HopMoft sjieMeHTa / G Pol(C) g Ha3BaTb HopMy OTBenaioiHero eMy onepaTopa 

3 To x iHOCTb osHa^aeT, hto HeHyjieBMM sjieMeHTaM ajire6pbi OTBe^aiOT HeHyjieBbie onepaTopbi npe^CTaBJie- 
hhh, a HenpiiBO^HMOCTb - OTcyTCTBHG HGTpHBiiajibHbix o6miix HHBapiiaHTHbix noflnpocTpaHCTB 9thx onepa- 

TOpOB. 
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npeflCTaBjieHHH. J^jisi ocymecTBjieHHH SToro iuiaHa b&>kho 3HaTb, mto tomhog 
HenpHBOflHMoe *-npeflCTaBjieHHe cymecTByeT n b cymecTBeHHOM eflHHCTBeHHO. 

IlPEflJlOKEHHE 2.2.10 ynumaAbHaM, *-aA2e6pa Pol(C) 9 o6Aadaem edun- 
cmeeHHUM c moHHOcmbw do ynumapHou aKeueaAeHmHocmu 4 uiohhum nenpu- 
eoduMUM npedcmaeAenueM ozpanuueHHUMU onepamopaMU e 2UAt>6epmoeoM 
npocmpaHcmee. 

/JoKasaTejibCTBO. PaccMOTpHM npeflrnjib6epTOBO npocTpaHCTBO TL c op- 
TOHopMHpoBaHHbiM 6a3HCOM {e n } ne z + h npeflCTaBjieHne Tp *-ajire6pbi Pol(C) g 
b 7i, onpeflejiaeMoe paBeHCTBaMH 



T F (z)e n = y/l - q 2 ^+ l ) e n+h T F (z*)e n = 



^l-q 2n e„_i, n G N, 

0, n = 0. 

(2.2.11) 

IlycTb 

y = 1 - zz * = q- 2 (l - z *z). (2.2.12) 
IlocjieflHee paBeHCTBO cjie^yeT H3 (2.2.9) n BjieneT KOMMyTannoHHbie cootho- 

z*y = q 2 yz*, zy = q~ 2 yz. (2.2.13) 
3HannT, Ka>Kflbiii ajieivteHT / ajire6pbi Pol(C) g flonycxaeT pa3jio>KeHHe 

f = J2^ J ^j(y) + My) + $>-;(!/) (2.2.14) 

rfle - nojiHHOMbi oflHoii nepeMeHHoii. EflHHCTBeHHOCTb pa3jio}KeHH5T (2.2.14) 
n TOMHOCTb npeflCTaBjieHHa Tp HeTpyflHO flOKa3aTb c noMOinbio paBeHCTBa 

T F (p(y))e n = p(q 2n )e n , n G Z+. 

HivteHHO, npn j > nojiHHOMbi /j jierxo BOCCTaHaBjinBaiOTca no MaTpnnHbiM 
9jieMeHTaM (Tp(f)e n , e n +j) onepaTopa Tp(f), a nojiHHOMbi f-j - no MaTpnn- 
hmm 9Ji6MeHTaM (Tp(f)e n+ j, e n ) 9Toro onepaTopa. 

4 IIpeflCTaBJieHHfl ni, 7T2 ajire6pbi F b riiJib6epTOBbix npocTpaHCTBax Hi, H2 Ha3biBaiOT yHHTapHO skbh- 
BajieHTHMMH, ecjiH Uni(f) = ^2(f)U fljiR HeKOToporo yHHTapHoro onepaTopa U : Hi — > #2 11 Bcex / G i* 1 . 
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OnepaTopbi npeflCTaBjieHM Tp orpaHH^eHbi, nocKOjibKy ||7V(z)|| < 1, 
||7V(z*)|| < 1. CjieflOBaTejibHO, sth onepaTopbi flonycKaiOT npoflOJDKeHHe no 
HenpepbiBHOCTH c npe,zrrHjib6epTOBa npocTpaHCTBa 7i Ha ero nonojraeHHe H . 
riojiynaeM tohhog npeflCTaBjieHHe *-ajire6pbi Pol(C) g b rnjibGepTOBOM npo- 
CTpaHCTBe, KOTopoe 6yo,eT Ha3biBaTbC5i (J)okobckhm h o6o3HaHaTbC5i Tp, Kax h 
ero cy>KeHHe Ha TL. 

^OKa>KeM HenpHBOflHMOCTb npeflCTaBjieHHa Tp b rnjibGepTOBOM npocTpaH- 
CTBe H . IlycTb ej k - JiHHeiiHbie onepaTopbi b H, onpe,o,ejiaeMhie paBeHCTBOM 
GjkG m = Sk,mGj, rfle j,k,m G Z + , a 5 k:Tn ~ chmboji KpoHexepa. Hx Ha3biBaiOT 
MaTpHMHbiMH eflHHHu,aMH. PaccMOTpHM C*-ajire6py 13(H) Bcex orpaHHMeHHbix 
jiHHeiiHbix onepaTopoB b H h 3aMbiKaHne A ajire6pbi onepaTopoB npeflCTaBjie- 
HH5T Tp b B(H). J\jik flOKa3aTejibCTBa HenpnBOflHMOCTH 9Toro npeflCTaBjieHHa 
flOCTaTOHHO ycTaHOBHTb, hto ej k £ A npH Bcex j, k G Z + . 

Bocnojib3yeMCH (pyHKUHOHajibHbiM HCHHCJieHHeM fljiH HenpepbiBHbix 
(pyHKD,HH [71, CTp. 247] npHMeHHTejibHO k orpaHHHeHHOMy caMOConpHJKeHHOMy 
jiHHeftHOMy onepaTopy Tp(y). IlycTb j G Z + h ipj(X) - HenpepbiBHan (pyHKinia 
Ha och, paBHan 1 npn A = q 2 ^ h Hyjiio bo Bcex ocTajibHbix TOHKax reoMeTpHne- 
CKoii nporpeccHH q 2Ij+ . Tor^a ejj = ipj(Tp(y)). CjieflOBaTejibHO, flnaroHajibHbie 
MaTpHMHbie eflHHHD,bi ejj, j G Z + , npnHafljie>KaT C*-ajire6pe A. OcTajibHbie 
MaTpHMHbie eflHHHD,bi npHHafljie^KaT A noTOMy, mto, xax cjie^yeT H3 (2.2.11), 

Tf(z) e jk = (l - q 2 ^) ^ e u+1)k , e kj T F (z*) = (l - q 2 ^) * e k{j+1) . 

OcTaeTca noKa3aTb, mto BC5iKoe TOMHoe HenpnBOflHMoe npeflCTaBjieHne T' 
*-ajire6pbi Pol(C) g orpaHHMeHHbiMH onepaTopaMH b rnjibGepTOBOM npocTpaH- 

CTBe H' yHHTapHO SKBHBajieHTHO (pOKOBCKOMy npeflCTaBJieHHK) Tp. 

JlEMMA 2.2.11 nycmt T' nenpueoduMoe npedcmaeAenue *-aAse6pu Pol(C) g 
ozpanuueHHUMU onepamopajuu e 2UJit>6epmoeoM npocmpaHcmee H' u T'(y) ^ 
0. Tosda 3am neKomoposo eeinecmeeuHoso uucacl a^O 

spec(T'(?/)) C {0} U aq 2Z . (2.2.15) 
^OKasaTejibCTBO npHBefleHO b cjieflyioineM nyHKTe. 
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KaK BbiTexaeT H3 stoh jieMMbi, HeHyjieBbie tomkh cneKTpa onepaTopa 
T'(y) npHHaflJie>KaT reoMeTpHnecKoft nporpeccHH aq 2Z , a 0, h, cjieflOBa- 
TejibHO, aBji5iioTC5i ero co6cTBeHHbiMH SHaMeHHHMH. IlycTb Ao - HaH6ojibiiiee 
no MOflyjiio co6cTBeHHoe 3HaneHHe h v q - OTBenaioiHHH eMy HopMHpoBaHHbiii 
co6cTBeHHbiii BeKTop: T'(y)vo = Ao^o, H^oll = 1- H3 (2.2.13) cjie^yeT, hto 
T' (y)T' (z*)vq = q~ 2 \oT' (z*)vq. Ho hhcjio q~ 2 \$ He aBjiaeTca co6cTBeHHbiM 
3HaneHHeM onepaTopa T'(y). 3HanHT, T'(^*)vo = 0. CjieflOBaTejibHO, 

T'(y)v = T'(l - zz*)v = T'(l)v = v , (2.2.16) 

H Ao = 1. 

AHajiornHHO, c Hcnojib30BaHHeM (2.2.13) flOKa3biBaeTC5i, hto BeKTopbi 
v n = T'(z n )vo yflOBjieTBopfliOT paBeHCTBaM T'(y)v n = q 2n v n h 

lbn+i|| 2 = \\T'(z)v n \\ 2 = (T'(z*z)v n , v n ) = (T'(l - q 2 y)v n , v n ) = 

= (l-q 2{n+1) )\\v n \\ 2 . 

SHanHT BeKTopbi t> n 7^ 5ibji5iiotc5i co6cTBeHHbiMH BeKTopaMH orpaHH^eHHoro 
caMoconp5i»:eHHoro onepaTopa T'(y), OTBenaioiHHMH nonapHO pasjin^HbiM co6- 
CTBeHHbiM SHaneHHHM. CjieflOBaTejibHO, ohh nonapHO opToroHajibHbi. HeTpyo,- 
ho noKa3aTb, Hcnojib3y5i paBeHCTBa 

T\z)v n = v n+h T'(z*)v n+1 = (1 - q 2{n+1) )v n , T'(z*)v = 0, 

hto OTo6pa^KeHHe 

ll°nll 

H30MeTpHHHO h cnjieTaeT npeflCTaBjieHna (5iBji5ieTC5T mop(J)H3mom). Oho ciopTj- 
eKTHBHO h, cjieflOBaTejibHO, ocynj,ecTBji5ieT yHHTapHyio SKBHBajieHTHOCTb pac- 
CMaTpHBaeMbix npeflCTaBjieHHii, Tax KaK npeflCTaBjieHne T' HenpnBOflHMO. □ 

3AMEMAHHE 2.2.12 OoKOBCKoe npeflCTaBjieHne 6buio BBefleHO paBeHCTBaMH 
(2.2.11), npoHCxo^KfleHne KOTopbix He o6cy^Kflajiocb. Ha caMOM flejie sth (pop- 
Myjibi mwkho nojiy^HTb, paccy>Kfla5i Tax, KaK b saKjnonHTejibHoft nacTH flOKa- 
3aTejibCTBa npefljio>KeHH5i 2.2.10. 
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PaccMOTpHM oflHOMepHbie npeflCTaBjieHHa *-ajire6pbi Pol(C) 9 , napaMeT- 
pH3yeMbie TOHKaMH okpy>khocth: 

p v (z) = e*, Pip {z*) = e-*, if e R/(2ttZ). (2.2.17) 

3th npeflCTaBjieHHH nonapHO HesKBHBajieHTHbi. 

CJlEflCTBHE 2.2.13 Ilycmb T nenpueoduMoe npedcmaeAenue *-aAee6pu 
Pol(C)g ozpanuuennuMU onepamopaMU e zuAu6epmoeoM npocmpaHcmee. 
npedcmaeAenue T ynumapno SKeueaAenmno odnoMy U3 npedcmaeAenuu 
(2.2.17), ecAU T(y) = ; u ynumapno SKeueaAenmno qjonoecKOMy npedcmae- 
AenuK) Tp, ecAU T(y) ^ 0. 

TaKHM o6pa30M, nojryneH nojiHbiii ciihcok HenpnBOflHMbix npeflCTaBjieHHii 
*-ajire6pbi Pol(C) 9 , paccMaTpHBaeMbix c TOHHOCTbio flo yHHTapHoii SKBHBa- 

JieHTHOCTH. 

2.2.4 ^OKa3aTejibCTBO jieMMbi 2.2.11. ripeflnojio>KHM, hto yTBep- 
>KfleHHe jieMMbi HeBepHO. Tax xax T'(y) ^ {0}, to cneKTp onepaTopa T'(y) 
nepeceKaeTCH c flByMH reoMeTpHHecKHMH nporpeccHHMH: 

speedy)) n a lQ 2Z ^ 0, speedy)) n a 2 q 2Z ^ 0, 

r fl e a x q 2Z ^ a 2 q 2Z . 

PaccMOTpHM flBe HenpepbiBHbie (pyHKUHH ^i(A), ^(A), HHBapnaHTHbie 

OTHOCHTejIbHO TOMOTeTHH C KOSCpCpHUHeHTOM q 2 \ 

*i( 9 2 A) = ^(A), ^ 2 (g 2 A) = tf 2 (A), 

KOTopbie npHHHMaiOT HeHyjieBbie 3HaHeHH5i Ha "cbohx" reoMeTpHnecKHx npo- 
rpeccHsx 

%(aig 2j ')^0, ^ 2 (a 2 g 2j )^0, j 6 Z, 
h npoH3BefleHHe KOTopbix paBHO 0. IloflpasyMeBaeTCH, hto ai, a 2 7^ 0. Tax Kax 

T\z*)T\y) = T'{z*)T'(l - zz*) = T'(l - z*z)T'{z*) = q 2 T \y)T \z*) , 

(2.2.18) 
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to fljiH jiK)6oro nojiHHOMa p oflHoft nepeMeHHoft 

T\z*)p{T\y))=p{ q 2 T\y))T\z*). 
3HaMHT, fljra jik)6oh HenpepbiBHoii (pyHKunn ^ Ha BeinecTBeHHoii och 
T'(z*) *j(T\y)) = *M 2 T\y)) T'(z*) = tyj(T'(y)) TV), J = 1, 2. 

JlHHeHHbie onepaTopbi A\ = ^i(T'(y)), A 2 = ^(^"(y)) KOMMyTnpyiOT co 
BceMH onepaTopaMH npeflCTaBjieHHH T' n otjihhhbi ot Hyjin, nocKOjibKy no 
TeopeMe 06 OTo6pa»:eHHH cneKTpoB ^i(ai) G spec^i), ^2(^2) G spec^^), 
h ^i(ai) 7^ 0, ^2(^2) 7^ 0. 3HanHT, 3aMbiKaHHH o6pa30B onepaTopoB Ai, A2 
hbjihiotch HeHyjieBbiMH o6ih,hmh HHBapnaHTHbiMH noflnpocTpaHCTBaMH onepa- 
TopoB npeflCTaBjieHHH T' . Ho npeflCTaBjieHne T' HenpnBOflHMO. CjieflOBaTejib- 
ho, o6pa3bi onepaTopoB Ai, A2 njiOTHbi b H' } hto hgbo3mo>kho, nocKOJibKy 
A,A 2 = *i(T(y))y 2 (T(y)) = *A (T(y)) = 0. □ 

2.2.5 HenpeptiBHbie cpymcijHH b kbeihtobom Kpyre. H3 tohhocth 
(pOKOBCKoro npeflCTaBjieHHa Tp cjie^yeT, hto (pyHKnnoHaji 

11/11 = P>(/)||, /ePol(C)„ 

HaflejiaeT Pol(C) g CTpyKTypoft HopMnpoBaHHoft *-ajire6pbi. KaK oGT^HCHnjiocb 
b naparpa(pe 2.2.3, ee nonojraeHHe 

Pol(C) g ^ C(W) q (2.2.19) 

HBjineTcn g-aHajioroM Bjio^KeHnn Pol(C) C(D). CjieflyH [271, 213], 6yfleM 
Ha3bmaTb C*-ajire6py C(D) q ajire6poft HenpepbiBHbix (pyHKnnft b KBaHTOBOM 
Kpyre. 

ilepeiifleM k cpaBHeHHio KjiaccnnecKoro n KBaHTOBoro KpyroB. 

Ilpe>Kfle Bcero, cpaBHHM cneKTp sjieMeHTa 1 — \z\ 2 G C(D) co cneKTpoM 
ajieMeHTa 1 — zz* G C(D) q . IlepBbiH H3 sthx cneKTpoB HBjineTcn mho^kcctbom 
3HaneHHH HenpepbiBHoii (pyHKunn 1 — \z\ 2 b 3aMKHyTOM eflHHHHHOM Kpyre, to 
ecTb OTpe3KOM [0, 1]. BTopoft cneKTp - sto 3aMbiKaHne reoMeTpnnecKoii npo- 
rpeccHH q 2Z+ , KaK cjieflyeT H3 onpeflejieHHH (pOKOBCKoro npeflCTaBjieHHH n H3 
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H30MeTpHMH0CTH Bjio^KeHHa C(D) q B(H). Ilpn B03pacTaHHH q G (0, 1) reo- 
MeTpHMecKaa nporpeccHH CTaHOBHTCH Bee ryme h b npe^ejie q — ► 1 3anojiH5ieT 
OTpe30K [0,1], MeM o6ecneMHBaeTC5i cooTBeTCTBne KjiaccHHecKoii h KBaHTOBoii 
3aflaM o cneKTpe "(pH3HHecKOH BejiHHHHbi" y = 1 — zz*. 

CneKTpbi ajieMeHTOB z, z* xax b KjiaccHnecKOM, Tax h b KBaHTOBOM cjiynae 
coBnaflaiOT c D. /JeiicTBHTejibHO, ||Tp(^)|| < 1 h Bee Hncjia A G D hbji5iiotc5i 
co6cTBeHHbiMH 3HaMeHH5iMH jiHHeiiHoro onepaTopa Tp(z*). 

IlepeiifleM k HeKOMMyTaTHBHOMy aHajiory oGcy^KflaBiueroca b naparpacpe 
2.2.1 pe3yjibTaTa o Hepacmenji5ieMOCTH tohhoh nocjieflOBaTejibHOCTH 

-> C (D) -> C(D) -i C(T) -> 0, (2.2.20) 

to ecTb o tom, hto OKpy>KHOCTb He 5TBji5ieTC5i peTpaKTOM Kpyra. 

BBefleM o6o3HaHeHHe Co(Tb) q fljifl 3aMKHyToro flBycTopoHHero Hfleajia C*- 
ajire6pbi C(D) q , nopo»:fleHHoro 9JieM6HTOM y. 

IlPEflJlOKEHHE 2.2.14 IIpodoAQfceHue tfioKoecKoso npedcmaeAenuM no nenpe- 
puenocmu na ecto aAse6py C(D) g docmaeAMem u30Mopcjju3M 

C Q {B) q = K{H). (2.2.21) 

/]^OKa3aTejibCTBO. Kax 6buio ycTaHOBjieHO npn flOKa3aTejibCTBe Henpn- 
BOflHMOCTH (pOKOBCKoro npeflCTaB jieHH5i , o6pa3 C*-ajire6pbi Co(E)) q b 13(H) 
coflep>KHT Bee "MaTpHHHbie eflHHHHbi" ejk h, b nacTHOCTH, coflep^KHT opToro- 
HajibHbiii npoeKTop Ha BaKyyMHoe noflnpocTpaHCTBO Ceo. HenpnBOflHMOCTH 
npeflCTaBjieHHa Tp BbiTexaeT, hto 9Ta ajire6pa coflep>KHT Bee jiHHeimbie one- 
paTopbi paHra 1. 3HanHT, o6pa3 C*-ajire6pbi Co(B) g coflepjKHT Bee onepaTopbi 
KOHe^Horo paHra h, cjieflOBaTejibHO, Bee KOMnaKTHbie onepaTopbi b H. C flpy- 
roii CTopoHbi, onepaTop Tp(y) KOMnaKTeH. □ 

CoxpaHHM o6o3HaHeHne Tp ajih npoflOji>KeHH5i no HenpepbiBHOCTH (J)okob- 
CKoro npeflCTaBjieHHH Ha C(D) q . 

nPEflJlo>KEHHE 2.2.15 C{W) q /C {B) q = C{T). 
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,ZJoKa3aTeji£>CTBO. KoMMyTaTHBHan C*-ajire6pa C(P) g /Co(D) g ecTe- 
CTBeHHO H30Mop(J)Ha C (a e (Tp(z))) . Ho a e (Tp(z)) = T. /JeftcTBHTejibHO, 
a e (Tp(z)) C T b CHjiy yHHTapHOCTH ajieivteHTa ajire6pbi KajiKHHa, OTBeHaio- 
inero onepaTopy Tp(z). OcTaeTCH BOcnojib30BaTbCH HenycTOTOH MHCOKecTBa 
a e (Tp(z)) h ero HHBapHaHTHOCTbio OTHOCHTejibHO Bpam,eHHft b C. HHBapn- 
aHTHOCTb cjieflyeT H3 Toro, hto jiHHeftHbie onepaTopbi e llf Tp(z) } r^e ip (E M, 

nOnapHO yHHTapHO SKBHBajieHTHbl. □ 

Ajire6poii Tenjinna T Ha3biBaiOT C*-ajire6py jinHeimbix onepaTopoB b H, 
nopo^KfleHHyio HfleajiOM K,(H) Bcex KOMnaKTHbix onepaTopoB h H30MeTpHHe- 
ckhm onepaTopoM oflHOCTopc-HHero cflBHra S (cm. nyHKT 2.2.2). ripefljio>KeHHe 
2.2.14 flocTaBjiHeT H30Mop(pH3M C*-ajire6p Tp : C(H)) q ^> T, nocKOJibxy 
Tp(z) — S G /C. Kax cjieflyeT H3 npefljio»:eHH5i 2.2.15, T/JC(H) = C(T). 3to 
xoponio H3BecTHbifi pe3yjibTaT, cm. [345, CTp. 68]. 

Mbi nojiy^HjiH TOMHyio nocjieflOBaTejibHOCTb C*-ajire6p 

-> C (B) q -> C(D) q ^ C(T) 0, (2.2.22) 

aBJi5nom,yK)C5i (/-aHajiorc-M tohhoh nocjieflOBaTejibHOCTH (2.2.20) h H30Mop(p- 
Hyio tohhoh nocjieflOBaTejibHOCTH 

T -i C(T) -> 0. (2.2.23) 

HeTpyflHO noKa3aTb [345, CTp. 68], hto TOHHan nocjieflOBaTejibHOCTb 
(2.2.23) He pacineiuifleTCH. /JeiicTBHTejibHO, nycTb i : C(T) — > T pacineiuifl- 
ioihhh ee Mop(pH3M C*-ajire6p: = id. 06pa3 ajire6pbi C(T) b T coctoht h3 
HopMajibHbix onepaTopoB. SHaHHT, jno6oft onepaTop H3 ajire6pbi T flonycKaeT 
pa3Jio»:eHHe b cyMMy HopMajibHoro h KOMnaKTHoro onepaTopoB. Cjie-flOBaTejib- 
ho, HHfleKC jiK)6oro onepaTopa H3 T paBeH Hyjiio. IlpHxoflHM k npoTHBope^HK), 
nocKOJibKy HHfleKC onepaTopa S otjihmch ot Hyjia. 

CjieflOBaTejibHO, TOHHan nocjieflOBaTejibHOCTb (2.2.22) Tax^Ke Hepacmen- 
jiaeMa. 3to h ecTb g-aHajior pe3yjibTaTa o tom, hto OKpy>KHOCTb He HBJineTca 
peTpaKTOM Kpyra. 
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3AMEHAHHE 2.2.16 roMOMop(J)H3M j q HBjineTCH g-aHajiorc-M jiHHeftHoro one- 
paTopa cy»:eHH5i Henpept.iBHt.ix b Kpyre D (pyHKunft Ha ero rpaHHuy T. KaK 
BHflHO H3 flOKa3aTejibCTBa npefljiojKeHHH 2.2.15, j q OTo6pa»:aeT sjieMeHT z 6 
C(D) g b (pyHKD,Hio e lip Ha OKpyacHOCTH T = R/(27rZ). H3 paBeHCTBa \\j q \\ = 1 
BbiTexaeT HepaBeHCTBO 

W/)l < \\T F (f)\\, /ePol(C) q . 

ynacTByK)Hj,HMH b 9tom HepaBeHCTBe npeflCTaBjieHH5iMH HCHepnbiBaeTca mho- 
^KecTBO KjiaccoB yHHTapHO SKBHBajieHTHbix HenpHBOflHMbix npeflCTaBjieHHii *- 
ajire6pbi Pol(C) g . CjieflOBaTejibHO, C(D) q aBjiaeTca yHHBepcajibHoii o6epTbiBa- 
loiHeft C*-ajire6poft *-ajire6pbi Pol(C) g [15, CTp. 81]. 

2.2.6 TojiOMopcpHbie cpyHKi^HH b KBaHTOBOM Kpyre. HaHHeM c 
nojiHHOMOB. IlycTb C[z] g C Pol(C) q - no,a,ajire6pa, nopo^KfleHHan sjieMeHTOM 
z, a C[z] q C Pol(C) q noflajire6pa, nopcoKfleHHan sjieMeHTOM z*. MHCo-KecTBO 

{ zJ }j<EZ + 5IBJI5ieTC5I 6a3HCOM BeKTOpHOrO npOCTpaHCTBa C[z] g , a MHCOKeCTBO 

{z* J }j G z + - 6a3HCOM BeKTopHoro npocTpaHCTBa C[z] g . /JeiicTBHTejibHO, jiHHeii- 

Ha5T He3aBHCHMOCTb MOHOMOB Z J BblTeKaeT H3 JIHHeHHOH He3aBHCHMOCTH BeKTO 

poB Tp(z J )eo h BjieneT jiHHeiiHyK) He3aBHCHMOCTb mohomob z* J . 

B flajibHeiinieM npeflnojiaraiOTca H3BecTHbiMH ocHOBHbie iioh5tth5i nojin- 
jiHHeiiHOH ajire6pbi, cm., HanpHMep, [58]. 

riPEflJlOKEHHE 2.2.17 JIuneuHoe omo6paatceHue 

m : C[z] q <g> C[z] q -> Pol(C) q , m : f i <g> f 2 ^ fif 2 

6ueKmu6HO. 

^OKa3aTejibCTBO. Tpe6yeMoe yTBep>KfleHHe 03HaHaeT, hto MHCo-KecTBO 
\z? z* k }j j kez+ HBJineTCH 6a3HCOM BeKTopHoro npocTpaHCTBa Pol(C) q . ]1ojtho- 
Ta SToro MHO>KecTBa BeKTopoB cjieflyeT H3 onpeflejieHna ajire6pbi Pol(C) q , h 
ocTaeTca flOKa3aTb jiHHeiiHyK) He3aBHCHMOCTb. 

PaccMOTpHM (pOKOBCKoe npeflCTaBjieHHe Tp *-ajire6pbi Pol(C) q b npefl- 
rHjib6epTOBOM npocTpaHCTBe 7i. npeflnojicoKHM, hto BeKTopbi z-i z* k jiHHeiiHO 
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3aBHCHMbi. Torfla npn HeKOTopbix jo, 

Y, c Jik T F (z^z* k ) = 0, c Joko ^0, 

3+k>j +k 

rfle noflpa3yMeBaeTC5i, mto otjihmho ot Hyjia jiHHib KOHe^Hoe mhcjio KOMnjieKC- 

HblX K09(|)(|)HLI,HeHTOB Cj jk . TaK KaK 



(T F (z^z* k )e ko ,e jQ ) = (T F (z* k )e ko ,T F (z^)e ]0 ) = 



0, k > k HJTH j > jo, 
7^ 0, k = k &j = j 

T0 c Jo,fco = 0- D 
riycTt> A(D)- 6aHaxoBa ajire6pa Bcex (pyHKirnft, HenpepbiBHbix b D h ro- 

JIOMOp(|)HbIX B D, HSOMeTpHMeCKH BJIO)KeHHa5I B C(D) . PaCCMOTpHM 3aMbIKaHHe 

A(D)) q ajire6pbi C[z] q b C(D) g . Ilapa (A(D) g , C(P) g ) aBjiaeTca g-aHajioroM na- 
pbi (A(D),C(D)). 

Kax H3BecTHO H3 KypcoB KOMnjieKCHoro aHajiH3a, MaKCHMyM MOflyjra 
HenpepbiBHoii b D h aHajiHTHHecKoii b D (pyHKirnn flocTnraeTca Ha rpaHnue 
T Kpyra D. 3to 03HaHaeT, hto cy^KeHne roMOMop(pH3Ma 

j: C(D)-C(T), j : /~/| T 

Ha noflajire6py A(D) aBjiaeTca H30MeTpnHecKHM jiHHeimbiM onepaTopoM. J\o- 
Ka>KeM aHajiornHHoe yTBep^KfleHne fljra KBaHTOBoro Kpyra. 

B0Cn0JIb3yeMC5I rOMOMOp(J)H3MOM j q : C(D) q — > C(T), BBefleHHbIM b nyHK- 

Te 2.2.5. 

IlPEflJlOKEHHE 2.2.18 Cyotcewue 20MOMopcf)U3Ma j q na nodaA2e6py A(J$) q 
MGAMemcM u30MempuuecKUM auhcuhmm onepamopoju. 

^OKa3aTejibCTBO. H3 HepaBeHCTBa ||j g || < 1 cjie^yeT, hto paccMaTpnBa- 
eMoe orpaHHHeHne roMOMop(pH3Ma j q Ha noflajire6py A(D) q aBjiaeTca OKaTneM. 
OcTaeTca noKa3aTb, hto \\f\\ < ||j (? (/)|| fljra JiK)6oro / £ C[z] g . stovo flo- 
CTaTOMHO Bocnojib30BaTbC5i HepaBeHCTBOM HeftMaHa (npefljicc-KeHHeM 2.2.23) h 
TeM, mto ||Tp(^)|| < 1: 

= ||7>(/)|| < max|/(*)| = max ||^(/)|| = ||^(/)||. □ 

\z\=l tpeR/(2nZ) 
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3AMEHAHHE 2.2.19 H3 flOKa3aTejibCTBa npefljiojKeHHH 2.2.23 cneflyeT, hto 
npHBefleHHbift Bbime pe3yjibTaT flonycicaeT ycnjieHHe: orpaHHneHHe roMOMop- 
(pH3Ma jq Ha noflajire6py A(D) g HBjineTCH BnojiHe H30MeTpHnecKHM jiHHeftHbiM 
onepaTopoM (onpeflejieHne cm., HanpHMep, b [105, CTp. 148]). 

2.2.7 ^onojiHeHHe o cneKTpajibHbix MHCxacecTBax. HanoMHHM, 
hto cneKTpoM orpaHH^eHHoro jiHHeiiHoro onepaTopa A Ha3biBaiOT mho^kcctbo 
Tex A G C, fljiii KOTopbix jiHHeHHbiii onepaTop XI — A He HMeeT orpaHnneHHoro 
o6paTHoro. CneKTp - HenycToe KOMnaKTHoe MHOJKecTBO [71, CTp. 213, 214]. 

IlycTb 971 - HenycToe KOMnaKTHoe noflMHOJKecTBO KOMiuieKCHoft njiocKO- 
cth C, flonojiHeHHe KOToporo cbh3ho. ToBopaT, hto 97T HBJiaeTCH cneKTpajib- 
hmm MHO»:ecTBOM orpaHnneHHoro jiHHeftHoro onepaTopa A b rnjibGepTOBOM 
npocTpaHCTBe 7i } ecjin fljiH jno6oro nojiHHOMa /(A) G C[A] 

||/(A)||<max|/(A)|. (2.2.24) 

Otmcthm, hto cneKTp caMOConpH^KeHHoro jiHHeiffloro onepaTopa jie>KHT 
iia BemecTBeHHon och [71, CTp. 217] h, cjieflOBaTejibHO, ero flonojraeHne b C 

CBH3HO. 

IlPEflJIOKEHHE 2.2.20 CneKinp 971 ospaHUHennoso caMOConpaQtceHHOso one- 
pamopa e 2UJit>6epmoeoM npocmpaHcmee M,6AM,emcH cnenmpaAbHUM Mnootce- 
cmeoM 3171020 AUHeuH020 onepamopa. 

3to yTBep>KfleHHe flOKa3aHO, HanpHMep, b [71, CTp. 248], h, Kax OTMenaiOT 
aBTopbi, H3 Hero b kohchhom cneTe cjie,zryK)T Bee yTBep^KfleHHH "cneKTpajibHoft 
TeopeMbi fljiH HenpepbiBHbix (pyHKirHft" [71, CTp. 247]. 

HanpHMep, HenpepbiBHbie (pyHKHHH orpaHnneHHoro caMOConpn^KeHHoro 
onepaTopa A b rnjib6epTOBOM npocTpaHCTBe 7i bboahtch cjieflyioinnM o6pa- 
30M. IlycTb 97T C R - cneKTp orpaHnneHHoro caMOConpn^KeHHoro onepaTopa 
A. PaccMOTpnM *-ajire6py C[97t] nojinHOMnajibHbix (pyHKHHH Ha 97T, to ecTb 
(paKTop-ajire6py C[A] /Jgji, r^e J-^[- Hfleaji nojiHHOMOB, paBHbix Hyjno Ha 071. 
Ecjih / G Jgj{, to f(A) = 0, KaK cjieflyeT H3 npefljiojKeHHH 2.2.20. 3HannT, Kop- 
peKTHO onpeflejieH roMOMopcpH3M /(A) i— > f(A) *-ajire6pbi C[97t] b *-ajire6py 
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orpaHHMeHHbix jnmeifflbix onepaTopoB b TL. Kax cjieflyeT H3 (2.2.24), stot ro- 
MOMopcpH3M npoflOJi>KaeTC5i no HenpepbiBHOCTH Ha 3aMbiKaHHe ajire6pbi nojin- 
HOMHajibHbix (pyHKD,HH b C . TeopeMa BeftepniTpacca o nojiHHOMHajibHoft 
annpoKCHMau,HH [71, CTp. 120] yTBep^K^aeT, hto 9to 3aMBiKaHHe coBnaflaeT c 
C(37l). Mm nojiy^HjiH (pyHKHHOHajibHoe HCHHCJieHHe fljiH HenpepbiBHbix cpyHK- 
d,hh, to ecTb roMOMop(pH3M KOMMyTaTHBHoft C*-ajire6pbi C(pJl) b C*-ajire6py 
orpaHHMeHHbix jiHHeiiHbix onepaTopoB, npn kotopom /(A)|gjt nepexoflHT b f(A) 

,Z],JI5T BCeX nOJIHHOMOB /(A). 

OTMeTHM Ba>KHoe cjieflCTBne "cneKTpajibHoii TeopeMbi fljra HenpepbiBHbix 
(pyHKUHft": ecjiH HenpepbiBHan (pyHKnnn /(A) onpeflejieHa Ha cneKTpe orpaHH- 
neHHoro caMOConp5i>KeHHoro onepaTopa A h OTjiHHHa ot Hyjia xoth 6bi b oflHoft 
TOHKe cneKTpa, to f(A) ^ 0. 

JlHHeftHbift onepaTop T b rnjibGepTOBOM npocTpaHCTBe H Ha3biBaiOT csca- 
THeM, ecjiH ||T|| < 1. IlycTb E D H - rnjib6epTOBO npocTpaHCTBO, P - opToro- 
HajibHbiii npoeKTop b E Ha noflnpocTpaHCTBO H h U yHHTapHbiii onepaTop b 
E. Ero Ha3biBaiOT yHHTapHoii flHjiaTauHeii OKaTH5i T, ecjin T n = PU n \H npn 
Bcex n G Z + [72]. OTCiofla cjie^yeT paBeHCTBO T* n = PU~ n \H- 

AHajIOrHHHO BBOflHTCfl nOH5ITHe H30MeTpHHeCKOii flHJiaTaiI,HH OKaTHS. 

IlpHBefleM xoponio H3BecTHbiii pe3yjibTaT B. CeKe(pajibBH-Hafl5i. 

IlPEflJlOKEHHE 2.2.21 Kaoicdoe cotcamue e 2UJib6epmoeoM npocmpancmee 
o6Aadaem ynumapHou duAamai^ueu. 

KopoTKoe flOKa3aTejibCTBO cm. b [82, CTp. 124]. OrpaHHHHMca nocTpoe- 
HneM yHHTapHoii flHjiaTau,HH b Han6ojiee Ba^KHbiM fljisi Hac nacTHOM cjiynae 
c»:aTH5i T, fljiH KOToporo 

lim ||T* n <u|| = (2.2.25) 

n^oo 

npn Bcex v G H. (TaKHM 5iBji5ieTC5T, HanpHMep, OKarae Tp(z).) 

IlycTb F 3aMbiKaHne o6pa3a jiHHeiiHoro onepaTopa I — TT* h (I — 
XT*) 2- KBaflpaTHbiii KopeHb H3 orpaHHneHHoro HeoTpnuaTejibHoro jiHHeftHO- 
ro onepaTopa I — TT*. PaccMOTpnM rnjibGepTOBO npocTpaHCTBO / 2 (Z + ,F) 
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nocjieflOBaTejibHOCTeii v = (vq, i>i, i>2, • • • ) BeKTopoB H3 F, fljra kotopmx 
ll v l| 2 = X} l^jl 2 < 00 ■ Hcnojib3yfl (2.2.25) HeTpyznro noKa3aTb, mto jiHHeftHoe 

OTo6pa>KeHHe 

uh((/- TT*)^, (J - TT*)^T*v, (I - TT*)^T* 2 v, (I - TT*)^T* 3 v, ■■■) 

H30MCTpHHeCKH BKJiaflblBaeT H b / 2 (Z+,F). OnepaTop CflBHra 

{vq, vi, v 2 , v 3 , • • • ) i-> (0, u , ui, u 2 , U3, • • • ) 

b npocTpaHCTBe / 2 (Z + ,F) aBjiaeTca H30MeTpHMecKOH flHjiaTauHeii onepaTO- 
pa, yHHTapHO SKBHBajieHTHoro T. OcTaeTca 3aMeTHTb, mto flBycTopoHHHii 
cflBnr b / 2 (Z, F) 5iBji5ieTC5T yHHTapHoii flHjiaTaD,Heii H30MeTpHMecKoro cflBnra 
b/ 2 (Z+,F). □ 

3AMEHAHHE 2.2.22 nocTpoGHHbiii yHHTapHbift onepaTop U KpaTeH flBycTO- 
poHHeMy cflBHry h, cjieflOBaTejibHO, HMeeT a6cojiiOTHO HenpepbiBHbiii cneKTp. 
(3to cnpaBefljiHBO fljia jiio6oro BnojiHe HeyHHTapHoro c>KaTH5i [72].) 

IlPEflJIOKEHHE 2.2.23 (HepaeeHcmeo HeuMana) 3aMKHymuu eduwuuHuu 
Kpyz B MGAMemcM cnenmpaAhHUM MHoatcecmeoM ecex cotcamuu e 2UJit>6ep- 
moeux npocmpaHcmeax. 

,HoKa3aTeji£>CTBO B MacTHOM cjiy^ae yHHTapHoro onepaTopa Tpe6yeMoe 
yTBep^KfleHne flOKa3biBaeTC5i Tax >Ke, xax npefljicxaceHiie 2.2.20. 06ihhh cjiy^aii 
cbo,z],htc5t k STOMy MacTHOMy cjiy^aio c noMOinbio npefljio^KeHna 2.2.21. □ 

2.3 CnMMeTpna 

2.3.1 AjireSpw Xoncpa Us^ h C/gSfe- HanoMHHM, mto ajire6poii 
JIh Ha3biBaK)T Heaccoii,HaTHBHyio, Boo6ine roBopa, ajire6py g c aHTHKOMMyTa- 
thbhmm yMHO>KeHHeM [x,y] = — [y, x], yflOBjieTBopfliomHM TO>KflecTBy 5Iko6h 
[x, [y, z]} + [z, [x, y}} + [y, [2, x]} = 0. KajKflaH acconnaTHBHaH ajire6pa A aBjia- 
eTCH ajire6poft JIh c onepanneft [x, y] = xy — yx. 
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PaccMOTpHM ajire6py JIh g h ee jiHHeftHoe OTo6pa»:eHHe i b accoHHaTHB- 
Hyio yHHTajibHyio ajire6py Ug, HBjinioiHeecH roMOMopcpH3MOM ajire6p JIh. Ila- 
py (Ug,i) Ha3biBaK)T yHHBepcajibHoft oGepTbiBaroineft ajire6poft, ecjin OHa 06- 
jiaflaeT cjieflyioiHHM cbohctbom yHHBepcajibHOCTH. J\jisi jno6oft acconnaTHBHoft 
yHHTajibHoii ajire6pbi A h jiio6oro roMOMopcpH3Ma ajire6p JIh j : g — > ^4 cyine- 
CTByeT h eflHHCTBeH Taxc-ft roMOMopcpH3M accou,HaTHBHbix yHHTajibHbix ajire6p 
— > A, hto KOMMyTaTHBHa cjiejjyroinafl flnarpaMMa 

\^ 

A 

3to onpeflejieHHe yHHBepcajibHoft oGepTbiBaioineft ajire6pbi npHBefleHO, Hanpn- 
Mep, b [116, CTp. 186]. yHHBepcajibHafl oGepTbiBaioinaH ajire6pa b cyinecTBeH- 

HOM eflHHCTBeHHa. 

J\jisi flOKa3aTejibCTBa ee cyinecTBOBaHHH Bbi6epeM 6a3nc {gx}x&a BeKTop- 
Horo npocTpaHCTBa g. B stom 6a3nce [e\, e^] = ^ c A M e ^ rfle c<( - CTpyKTyp- 
Hbie KOHCTaHTbi ajire6pbi JIh g. OcTaeTCH bbccth b paccMOTpeHne acconiiaTHB- 
Hyio ajire6py Ug c oflHOHMeHHbiMH o6pa3yioiHHMH {e\}\ e A h onpeflejiHioiHHMH 
cooTHomeHHHMH eA • — e M • e\ = ^x^v-, a Taicsce roMOMopcpH3M 

z : e x i-> e A . 

HeTpyflHO noKa3aTb [116, CTp. 186], hto stot roMOMopcpH3M z HBji5ieTC5i bjio- 
>KeHHeM, a napa (Ug,i) - yHHBepcajibHoft oGepTbiBaioineft ajire6poft. 

IlPHMEP 2.3.1 PaccMOTpHM KOMnjieKCHyio ajire6py JIh 5(2 c o6pa3yioiHHMH 

H } E } F li OnpefleJIHK)HJ,HMH COOTHOHieHHHMH 

[H, E] = 2£, [if, F] = -2F, [E, F] = H. 
Ona H30MopcpHa ajire6pe JIh KOMnjieKCHbix 2 x 2-MaTpni], c HyjieBbiM cjieflOM: 

*-(£;)■ 
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IlycTb Usk yHHTajibHaH acconiiaTHBHafl ajire6pa c oflHOHMeHHbiMH o6pa3y- 

H)II],HMH H , E , F H OnpefleJI5HOIU,HMH COOTHOIIieHHflMH 

HE -EH = 2E, HF-FH = -2F, EF - FE = H. 

roMOMop(pH3M ajire6p JIh 

% : sl 2 -> M 2 , i : H ^ H, i : E ^ E, i : F ^ F 

o6jiaflaeT cbohctbom yHHBepcajibHOCTH, h napa (t/s^, hbjihctch yHHBepcajib- 
Hoii oGepTbiBaroineft ajire6poft. 

B flajibHeiiiiieM mm 6yfleM OT05K,a,ecTBjiaTh ajire6py JIh g c ee o6pa30M npn 

BJIO^KeHHH b Ug. 

HMeeTCH flpyroe, noHTH SKBHBajieHTHoe onpeflejiemie. yHHBepcajibHoft 
o6epTbiBaioiii,eH ajire6poft Ha3biBaK)T He jiio6yio napy (U 0, i) co cbohctbom yHH- 
BepcajibHOCTH, a OflHy, BbiflejieHHyio napy, nocTpoeHHe KOTopoft npHBefleHO b 
[52, ct P . 167], [42, ct P . 85], [35, ct P . 41], [16, ct P . 20]. 

B TeopHH KBaHTOBbix rpynn Hcnojib3yeTCH TpeTbe onpeflejiemie yHHBep- 
cajibHoft o6epTbiBaK)m,eH ajire6pbi Ug, corjiacHO KOTopoMy OHa HBjineTCH aji- 
re6pofi Xoncpa. OGcyzniM noflpo6HO sto noHHTHe. 

Ha^HeM H3flajieKa - c mothbhpobok. PaccMOTpnM KOMnjieKCHyio acpcpHH- 
Hyio ajireGpaHHecKyio rpynny G h ee ajire6py J1h £([84]. HanpnMep, rpynny 

til, t\2 



SLo = 



t2l, t22 



tllt 2 2 — t\ 2 t2l — 1 



h ee ajire6py JIh s^- 

B a6ejieBoii KaTeropnn panHOHajibHbix npeflCTaBjieHHii rpynnbi G, iiomhmo 
onepanHH ©, HMeeTCH onepanHH (g): 

(T l ®T 2 )(g) = T 1 (g)®T2(g), g G G. 

KpoMe Toro, HMeeTCH TpHBnajibHoe oflHOMepHoe npeflCTaBjieHne, h Ka^KflOMy 
npeflCTaBjieHHio T OTBenaeT flBoftcTBeHHoe npeflCTaBjieHne T* b conp5i>KeHHOM 
BeKTopHOM npocTpaHCTBe: 

T\g) = Tig- 1 )*, g G G. 
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H3BecTH0 [52], hto KaTeropna U 0-MOflyjieii HacjieflyeT sth onepau,HH, h noHHTne 
ajire6pt.i Xoncpa npH3BaHO BbMBHTb OTBeTCTBeHHbie 3a hhx ajireGpaH^ecKHe 
CTpyKTypbi b Uq. 

riepeiifleM ot mothbhpobok k onpeflejiemiaM. BeKTopHoe npocTpaHCTBO A 
Ha3biBaK)T Koajire6poii, ecjin 3aflaHO jiHHeiiHoe OTo6pa>KeHHe A : A — > A (g) A, 
oGjiaflaiomee cbohctbom KoacconnaTHBHOCTH 

(A <g> id) A (a) = (id <g> A) A (a), a G A, 

h jiHHeftHoe OTo6pa»:eHHe £ : A — > C, fljiH KOToporo 

(e®id)A(a) = (id®e)A(a) = a, aG A 

3th Tpe6oBaHH5i paBHOCHjibHbi KOMMyTaTHBHOCTH cjieflyion],Hx flnarpaMM: 



A 



■A® A 



A ® A mK A ® A ® A 




A® A 

id(g)£ 



£®id 



OTo6pa>KeHHe A Ha3biBaiOT Koy MHOJKeHHeM , a OTo6pa^KeHHe s - KoeflHHHijeft . 

3AMEHAHHE 2.3.2 ^Ba cjiOBa 06 sthmojioitih. H3MeH5T5T HanpaBjieHM CTpe- 
jiok, nojiy^aeM flnarpaMMbi, Bbipa^aioniHe accou,HaTHBHOCTb yMHO»:eHH5i 

m : A <g> A -> A, 



m : a\ (g) «2 



aia2 



H HajIHMHe eflHHHD,bI 



I : C — ► A, 



b ajire6pe A: 



m 



■A (g> A 



A A *— A <8) A <8) A 



1 ! Z I — ► Z • 1 




A® A 

I®id 



A (g) A- 



idol 



BeKTopHoe npocTpaHCTBO A Ha3biBaiOT 6Hajire6poii, ecjin oho HaflejieHO 
KaK CTpyKTypoft ajire6pbi c eflHHHneft, Tax h CTpyKTypoft Koajire6pbi c ko- 
eflHHHu,eft, npHHeM OTo6pa»:eHH5i A h e 5ibji5iiotc5i roMOMopcpH3MaMH ajire6p. 
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rioflpa3yMeBaeTC5i CTaHflapTHa^ CTpyKTypa ajire6pbi b A ® A: 

(a' ® b') ■ (a" ® 6") = o'o" ® a, a", b\ b" G A. 

OTMeTHM, MTO A(l) = 1 ® 1, £(1) = 1. CKa3aHHOe paBHOCHJIbHO KOMMy- 



TaTHBHOCTH cjieflyiomHx flHarpaMM: 



A®A^A® A® A® A 



A 



A 



A 



m 



c 



A®A^A®A®A®A 



A 



C 



m 



^^c®c 



3flecb a - onepaTop "HanBHoii" nepecTaHOBKH TeH3opHbix coMHO^KHTejieft: 
a : A & A ^ A ® A, a : a\ ® a,2 i— > a2 ® «i • 



KoyMHO>KeHHe A no3BOji5ieT bbccth onepau,HK) TeH3opHoro npoH3BefleHH5i 
npeflCTaBjieHHii ajire6pbi A (= ^-MOflyjieii), oGjiaflaioiuyK) npnBbiMHbiMH cboh- 
CTBaMH onepau,HH TeH3opHoro npoH3BefleHH5i BeKTopHbix npocTpaHCTB. HMeH- 
ho, nycTb 7Ti, 7T2 - npeflCTaBJieHHH 6iiajire6pbi A b BeKTopHbix npocTpaHCTBax 

Vl, V2 COOTBeTCTBeHHO. Hx TeH30pHbIM npOH3BefleHHeM 7Ti (8) 7T2 Ha3bIBaiOT cjie- 

flyiomee npeflCTaBjieHHe 6iiajire6pbi A b npocTpaHCTBe Vi ® V2'. 

A^A®A * End(Fi) ® End(F 2 ) ^ End(Vi ® V 2 ). 

TpHBnajibHbiM npeflCTaBjieHneM 6najire6pbi A Ha3biBaiOT ee oflHOMepHoe 
npeflCTaBjieHne, 3aflaBaeMoe KoeflHHHijeft e: A — > C = End(C). OTBe^aiomHH 
STOMy npeflCTaBjieHHio ^-MOflyjib C Ha3biBaiOT TpHBnajibHbiM ^-MOflyjieM. 

PaCCMOTpHM A-MOffyjlb V H BeKTOp V G V. 9TOT BeKTOp Ha3bIBaiOT A- 

HHBapnaHTHbiM, ecjin jiHHeiiHoe OTo6pa5KeHHe C — > A, npn kotopom 1 h 

SBJI5ieTC5I MOp(|)H3MOM ^-MOflyjieft. ^pyrHMH CJIOBaMH, j4-HHBapHaHTHOCTb B6K- 

Topa i> 03HaHaeT, mto av = e(a) npn Bcex a E A. 
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H3 CBOHCTB KOyMHO>KeHH5I H KOeflHHHUbl CJieflyeT, MTO KaHOHHMeCKHe H30- 
MOp(|)H3MbI BeKTOpHblX IipOCTpglHCTB 



Vi <8> (V 2 <8» V 3 ) = {Vi <8> V 2 ) <8» V 3 , 



V (g> C ^ C <8) V = V 



Wi 

w 2 - 



55BJMIOTC5I H30MOp(|)H3MaMH A-MOpjJieVL. EcjIH f\ \ V\ — > VFi, /i : Vl 
55BJMIOTC5I MOp(J)H3MaMH ^-MOflyjieft, TO H fl®f 2 '• ^1 ® — ► V 2 

Mop(pH3M v4-MOflyjieft, to ecTb ^4-MOflyjiH o6pa3yK)T TeH3opHyio KaTeropnio, cm. 
nyHKT 2.3.8. 

riepefifleM ot 6najire6p k ajire6paM Xoncpa. PaccMOTpHM 6najire6py A c 
yMHO>KeHHeM m : A (g) A — > A, KoyMHO>KeHHeM A : — > ® ^4 h KoeflHHnnen 
e : A — > C. JlHHeftHoe OTo6pa»:eHHe S : A — > ^4 Ha3biBaiOT aHTnnoflOM, earn 
m(5' id) A (a) = m(id<g>S)A(a) = e(a)l npn Bcex a E A, mto paBHOcnjibHO 
KOMMyTaTHBHOCTH cjieflyroineii flnarpaMMbi 

SO id 



A® A- 



A® A 



m 



A 



■C 



m 



A A- 



■A (8) A 



KaK BbiTexaeT H3 onpe-flejieHHft [194, CTp. 13], aHTHnofl eflHHCTBeH, HBjiaeTca 
aHTHroMOMop(pH3MOM ajireGpti h aHTHroMOMopcpH3MOM Koajire6pbi, to ecTb 
KOMMyTaTHBHbi cjie,zryioinHe flHarpaMMbi 

A 



m 



A <g> A — 

s®s 

A® A—=*A® A 



m 



A 



A 



A A 

s®s 

A — rA® A^-A® A 



Bciofly flajiee aHTnnofl S 6yfleT npeflnojiaraTbca o6paTHMbiM. 
Bnajire6py A, oGjiaflaiomyK) aHTnnoflOM, Ha3biBaiOT ajire6poii Xoncpa. 

PaccMOTpHM ajire6py Xoncpa A n ^4-MOflyjib V. Conp5i>KeHHoe BeKTopHoe 
npocTpaHCTBO V* HaflejineTC^ CTpyKTypoii A-MOflyjia: 



(al){v) = l{S{a)v) : 



aeA,veV,leV* 
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KaHOHH^ecKoe cnapHBamie BeKTopHbix npocTpaHCTB 

5IBJI5ieTCfl MOp(|)H3MOM ^-MOflyjieft. 

yHHBepcajibHaa o6epTbiBaioina5i ajire6pa aBjiaeTca ajire6poii Xoncpa. 
/^eiicTBHTejibHO, roMOMopcpH3Mbi ajire6p J1h 

q— >Uq®UQi x i— > i{x) <S> 1 + 1 ® i{x), h q — > C, x i-> 

eflHHCTBeHHbiM o6pa30M npoflOji^KaiOTca flo roMOMopcpH3MOB ajire6p 

A : C/g -> C/g ® e : t7 -> C, 

a aHTHaBTOMopcpH3M ajire6pbi JIh 0, npn kotopom x nepexoflHT b —x, eflHH- 
CTBeHHbiM o6pa30M npoflOJiJKaeTCH flo aHTHaBTOMopcpH3Ma 5* ajire6pbi Ug. 

riPHMEP 2.3.3 KoyMHO^KeHne A, KoeflHHnna e h aHTHnofl 5* ajire6pbi Xoncpa 
Usl2 onpeflejiaiOTca paBeHCTBaMH 

A(H) = H®1 + 1® A(E) = E 01 + 1® E, A(F) = 1 + 1 <g> F, 

e(H) = e(E) = e{F) = 0, 
S(H) = -H, S(E) = —E, S(F) = -F. 

lloH5iTHfl TeH3opHoro npoH3BefleHH5i Ug-Mopjjiem, TpHBHajibHoro Uq- 
MOflyjiH h flBOHCTBeHHoro Ug-MORyjisi corjiacyiOTCH c cooTBeTCTByioinHMH no- 
hhthhmh TeopHH rpynn JIh [52]. 

B TeopHH KBaHTOBbix rpynn yHHBepcajibHOH o6epTbiBaioineH ajire6poii Ha- 
3biBaK)T onncaHHyio Bbinie ajire6py Xoncpa Ug. 

Ajire6pa Xoncpa Us {2 KOKOMMyTaTHBHa, to ecTb A = A op , r^e A op = a A. 
KpoMe Toro, S 2 = id. IlpHBefleM npHMep HeKOKOMMyTaTHBHoii ajire6pbi Xoncpa 
c aHTHnoflOM 6ecKOHenHoro nop^flKa. HanoMHHM, hto q 6 (0, 1). 
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riPHMEP 2.3.4 ([186, rjiaBa 3], [48, rjiaBa 7]). PaccMOTpnM ajire6py c o6pa3y- 
h)ii],hmh K } K , E 7 F h cjieflyK)m,HMH onpeflejifliomHMH coothoihghhsemh : 

KK 1 = K X K = 1, K ±X E = q ±2 EK ±x , K ±l F = q T2 FK ±x , (2.3.2) 

K - K 1 

EF — FE = (2.3.3) 

q-q 1 

Moxho flOKa3aTb cym,ecTBOBaHHe roMOMopcpH3MOB 

A : UgSlt -> U q sl 2 ® ^sl 2 , £ : C^ffe -> C 
h aHTHroMOMopcpH3Ma S ajire6pbi U q sl2, fljra KOTopbix 

A(A' ±1 ) = K ±l ®K ±l , A(E) = E®l + K®E, A(F) = F^K^ + l^F, 

e(E) = e(F) = 0, e(K ±l ) = 1, 

5(i^ ±1 ) = K T \ S(E) = -K~ l E, S(F) = -FK. 

TeM caMbiM U q sl2 HaflejiaeTca CTpyKTypoii ajire6pbi Xon(pa. Onpefleji5nom,He 
ee cooTHOHieHM CB5i3aHbi c onpefleji5nom,HMH cooTHonieHHSMH fljra Usk nofl- 

CTaHOBKOH 

, = exp , K ±l = exp ( T ^f) 

h (popMajibHbiM npeflejibHbiM nepexoflOM h — ► 0. 

O nyTH, KOTopbiii npnBeji k stoh ajire6pe Xoncpa, paccKa3aHO b 0630- 
pe /^pHHCpejibfla [147, CTp. 807]. OHa aBjiaeTca npocTeiiniHM npeflCTaBHTe- 
jieM Kjiacca KBaHTOBbix yHHBepcajibHbix o6epTbiBaioiii,Hx ajire6p /JpniKpejibfla- 
^>khm6o [186, rjiaBa 4]. 

2.3.2 *-Ajire6pbi Xoncpa Usu^i, USU2, U q su\j_, U q s\i2. IlycTb 

* : ~^ ~~ aHTHJIHHeftHblft HHBOJIIOTHBHblH aHTHaBTOMOp(J)H3M KOMIIJieKCHOH 

ajire6pbi Jim g, to ecTb 

(A a + ji b)* = A a* + ji &*, a** = a, [a, 6]* = [6*, a*] 
fljia jno6bix a, 6 G 0, A, /i G C. Taxaa hhbojiioii,h5i * eflHHCTBeHHbiM o6pa- 

30M npOflOJI>KaeTC5I flO aHTHJIHHeHHOrO HHBOJIIOTHBHOrO aHTHaBTOMOp(J)H3Ma 

* : Uq — > f7 g yHHBepcajibHoft oGepTbiBaiomeft ajire6pbi. 
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MHCCKeCTBO aHTHSpMHTOBblX SJieMeHTOB {d G Q | CL* = ~a} HBJIHeTCH Be- 

m,ecTBeHHoft ajire6poft JIh. B Teopnn yHHTapHbix npeflCTaBjieHHft rpynn JIh 
KjnoneByio pojib nrpaiOT npeflCTaBjieHHH BeinecTBeHHbix ajire6p JIh aHTHspMH- 
tobbimh onepaTopaMH, to ecTb *-npeflCTaBjieHH5i ajire6pbi Ug. 9to no3BOJiHeT 
b psifle cjiynaeB 3aMeHHTb Bbi6op BeinecTBeHHoft (popMbi KOMnjieKCHoft ajire6pbi 

Jim Bbl6opOM HHBOJIIOHHH. 

JX&jiee Bee hhbojiioli,hh npeflnojiaraiOTCH aHTHjiHHeiiHbiMH aHTnaBTOMop- 
(pH3MaMH, ecjin He oroBopeHO npoTHBHoe. 

riPHMEP 2.3.5 HaflejiHM ajire6py J1h HHBOjnoirHeH *, nojiaran 

H* = H, E* = F, F* = E, (2.3.4) 

npoflOJi>KHM 9Ty hhbojik)li,hio Ha Us^ h BBefleM o6o3HaHeHHe Usu.2 = (Usi2,-k). 
OneBHflHO, KOHeHHOMepHbie *-npeflCTaBjieHHH ajire6pbi U&U2 HaxoflHTCH bo B3a- 

HMHO OflH03HaHHOM COOTBeTCTBHH C KOHeHHOMepHblMH npeflCTaBJieHHHMH BeiHe- 

CTBeHHoii ajire6pbi Jim SU2 = {a G SI2 | a* = —a} aHTHspMHTOBbiMH onepaTO- 
paMH. Otmcthm, hto BeinecTBeHHan ajire6pa J1h SU2 H30MopcpHa ajire6pe Jim 
rpynnbi flBH^KeHHH flByMepHoii c(pepbi, cp. [26, CTp. 78], [24, CTp. 109,110]. 

riPHMEP 2.3.6 HaflejiHM ajire6py J1h $[2 HHBOjnoirHeH *, nojiaran 

H* = H, E* = —F, F* = —E, (2.3.5) 

npOflOJDKHM 9Ty HHBOJHOU,HK) Ha H BBefleM o6o3HaHeHHe Usui^i = (Usi2, *). 

Benj,ecTBeHHaH ajire6pa J1h su^i = {a G s[2 | fl* = —a} HHTepecHa HaM noTO- 
My, hto OHa H30Mop(pHa ajire6pe J1h rpynnbi flpo6HO-jiHHenHbix npeo6pa30Ba- 
mmm eflHHHHHoro xpyra D, cp. [86, CTp. 45], [24, CTp. 294, 295]. 

Otmcthm, hto BBe-fleHHbie o6o3HaHeHHH HecyinecTBeHHO OTjinnaiOTCH ot 
TpaflHUHOHHbix, corjiacHO KOTopbiM yHHBepcajibHbie oGepTbiBaroinne ajire6pbi 
Usxii^i, U5U2 HBjiHiOTCH ajire6paMH Hafl R, a He Hafl C. 

*-Ajire6pa XoiKpa A - sto ajire6pa Xoncpa c HHBOjnonHeft *, HBjriHomeftcH 
aBTOMopcpH3MOM Koajire6pbi: 

A(a*) = A(a)* *, a G A. 
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HeTpyflHO flOKa3aTb, mto 

1* = l, *S* = S~\ e{a*) = e{aj, a G A. (2.3.6) 

^eftcTBHTejibHO, nycTb A c ° v - ajire6pa Xoncpa, OTjinnaioina5iC5i ot A 3aMeHoft 
KoyMHO^KeHHa Ha npoTHBonojio>KHoe. IlepBoe n TpeTbe paBeHCTBa BbiTexaiOT 

H3 eflHHCTBeHHOCTH eflHHHnbl H KOeflHHHnbl, a BTOpOe - H3 eflHHCTBeHHOCTH H 

o6paTHMOCTH aHTnnofla, nocKOjibKy onepaTopbi *S*, S^ 1 5tbjijiiotc5i aHTnno- 
flaMH ajire6pbi Xoncpa A cop . ,ZJoKa3aTejibCTBO e-flHHCTBeHHOCTH aHTnnofla cm. b 
[48, CTp. 65], [194, CTp. 13]. 

PaccMOTpHM flBa *-npeflCTaBjieHH5i 7Ti,7T2 *-ajire6pbi Xoncpa A b npe-fl- 
rHjib6epTOBbix npocTpaHCTBax 7i\ 7 7^2- H3 onpeflejieHnft cjie-flyeT, mto hx tch- 
3opHoe npoH3BefleHHe 5iBji5ieTC5i *-npeflCTaBjieHHeM stoh *-ajire6pbi Xoncpa b 
TeH3opHOM npoH3BefleHHH npeflrHJib6epTOBbix npocTpaHCTB. 3to yTBepjKfleHHe 
cpoflHH TOMy, hto TeH3opHOG npoH3BefleHHe yHHTapHbix npeflCTaBJieHHii rpyn- 
nbi aBjiaeTca ee yHHTapHbiM npe-flCTaBjieHneM. 

H3 onpe-flejieHnn ajire6pbi Xoncpa A Ha n3biKe KOMMyTaTHBHbix flnarpaMM 
BHflHO, hto npn ycjiOBHH dimv4 < 00 conpsraceHHoe BeKTopHoe npocTpaHCTBO 
A* 5iBji5ieTC5T ajire6pon Xoncpa c y MHOJKeHneM , eflHHnnen, Koy MHO^KeHneM , ko- 
eflHHHneft n aHTnnoflOM, conp5i>KeHHbiMH k KoyMHOJKeHHio, Koe-flHHnue, yMHO- 
>KeHHio, eflHHHu,e n aHTnnofly ajire6pbi Xoncpa A. 

3AMEHAHHE 2.3.7 Tpe6oBaHne KOHenHOMepHOCTn ajire6pbi Xoncpa A b 
npeflbiflym,nx paccy^KfleHnax mo>kho ocjia6nTb. Hmchho, paccMOTpHM MHO^Ke- 
ctbo A* jiHHeifflbix cpyHKu,noHajiOB Ha A, flflpa KOTopbix coflep>KaT flBycTO- 
poHHne Hfleajibi KOHenHoii Kopa3MepHOCTH. Kax H3BecTHO [194, CTp. 27], A* 
no flBOHCTBeHHOCTH HaflejineTC^ CTpyKTypoii ajire6pbi Xoncpa. Ee Ha3biBaiOT 
flBoncTBeHHoii ajire6pon Xoncpa. Ecjih A aBjiaeTcn *-ajire6pon Xoncpa, to pa- 

BeHCTBO 

I* (a) = l(S(a)*), leA*, aeA (2.3.7) 
HaflejiaeT A* CTpyKTypoii *-ajire6pbi Xoncpa. 
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KaK cjieflyeT H3 onpeflejieHHft, Usu\^ h Usuz 5ibji5iiotc5i *-ajire6paMH 
Xoncpa. BBefleM b paccMOTpeHne hx KBaHTOBbie aHajiorn. 

PaCCMOTpHM HHBOJIIOnHIO * B U q Sl2, flJIH KOTOpOH 

(K ±x y = K ±x , E* = -KF, F* = -EK \ (2.3.8) 

OHa cym,ecTByeT, eflHHCTBeHHa h HaflejiaeT U q $i2 CTpyKTypoii *-ajire6pbi 
Xoncpa, o6o3HanaeMoii U q SU\,\. 

AHajIOrHMHO, HHBOJIK)nH5T -k B U q Si2, flJIfl KOTOpOH 

(K ±l f = K ±l , E* = KF, F* = EK \ (2.3.9) 

cym,ecTByeT, eflHHCTBeHHa h HaflejineT U q $ \^ CTpyKTypoii *-ajire6pbi Xoncpa, 
o6o3HanaeMoii U q 5U2- 

*-Ajire6pa Xoncpa U q $U2 o6jiaflaeT flByMepHbiM *-npeflCTaBjieHneM tt b 
rnjib6epTOBOM npocTpaHCTBe C 2 : 

CooTBeTCTByionj,ee npeflCTaBjieHne ajire6pbi U q si2 b bcktophom npocTpaHCTBe 
C 2 Ha3BiBaiOT ee BeKTopHbiM npeflCTaBjieHneM. 

2.3.3 (7 g 5[2-MO/i,yjTbHbie ajire6pbi C[z] g , C[z*] g . IlycTb A - ajire6pa 
Xoncpa. Ajire6py F 6e3 eflHHHUbi, HaflejieHHyio CTpyKTypoii ^-MOflyjiH, Ha3bi- 
BaiOT v4-MOflyjibHon, ecjiH yMHOJKeHHe 

m:F®F -> F, m: fc® f 2 ^ frf 2 

nBjineTcn MopcpH3MOM ^-MOflyjieii. 9to 03HanaeT, mto a(/i/2) = ^i(/i) c i(/2) ) 
ecjiH a G A h A(a) = ^ 6j (g) Q. B cjiynae ajire6pbi c e-flHHHneft b onpeflejieHHe 
BKjiionaeTCfl flonojiHHTejibHoe Tpe6oBaHHe, htoGm jiHHeftHoe OTo6pa»:eHHe 

I:C->F, (2.3.11) 

6buio MopcpH3MOM ^4-MOflyjieii. /^pyrHMH cjiOBaMH, eflHHHD,a ajire6pbi F ppjiyK- 
Ha 6biTb ee ^-HHBapnaHTHbiM sjieMeHTOM. 
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B MacTHOM cjiy^ae A = U q sl2 sth Tpe6oBaHH5i osHa^aiOT cjieflyiomee: 

K ±l {hh) = K ±1 {fi)K ±1 {f 2 ), K ±l {l) = 1, (2.3.12) 
E(fif 2 ) = E{h)f 2 + X(/i)E(/ 2 ), £7(1) = 0, (2.3.13) 
F{fih) = K-\h)F{f 2 ) + /iF(/ 2 ), F(l) = 0. (2.3.14) 

roMOMop(|)H3MOM ^-MOflyjibHbix ajire6p Ha3biBaeTC5T jiHHeiiHoe OTo6pa>Ke- 
HHe, 5iBji5nom,eec5i KaK roMOMop(pH3MOM ajire6p, Tax h MopcpH3MOM A-Mopjjiem. 

AHajrorHMHO iiohsethk) ^-MOflyjibHoft ajire6pt.i BBOflHTCH iioh5ith5i ^4- 
MOflyjibHoro jieBoro MOflyjia, ^-MOflyjibHoro npaBoro MOflyjia h ^-MOflyjibHoro 
6nMOflyji5i M Hafl ^-MOflyjibHoii ajire6poii F: 

- M - MOflyjib Hafl ajire6poii Xon(pa A, 

fleftcTBHA mieft : F (8> M — > M, h m r i g ht : M (g) F — > M hbjihiotch 
Mop(pH3MaMH ^-MOflyjieii, 

eflHHHD,e ajire6pbi F OTBe^aeT TO>KflecTBeHHbiii onepaTop b M . 

MopcpH3MOM ^-MOflyjibHbix F-MOflyjieft Ha3biBaeTC5i jiHHeftHoe OTo6pa»:eHHe, 

5IBJI5IIOIII,eeC5I KaK MOp(|)H3MOM F-MOflyjieft, TaK H MOp(|)H3MOM ^-MOflyjieft. 

IlpHBefleM npnivtepbi. 

riPHMEP 2.3.8 J\jir jiio6oro MOflyjia V Hafl ajire6poii Xon(pa A ajire6pa 
End(y) Bcex jiHHeiiHbix onepaTopoB b V aBjiaeTca ^-MOflyjibHoii. Hmchho, 
ecjin a E A, A(a) = ^2 bi <S> Ci, to 

i 

(aT) v = biT(S{ci) v), T G End(V), veV. (2.3.15) 

i 

EcTecTBeHHoe BjicxaceHiie 

C^End(V), 1^1, 

aBjiaeTca roMOMopcpH3MOM ^-MOflyjibHbix ajire6p. 

J\jisi jno6bix A-MOjxyjieR V\ h V 2 BeKTopHoe npocTpaHCTBO Hom(Vi, V 2 ) jih- 
HeftHbix onepaTopoB H3 V\ b Hafleji5ieTC5i CTpyKTypoft A-Mopyjin paBeHCTBOM, 
aHajiorHMHbiM (2.3.15). 
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riPHMEP 2.3.9 PaccMOTpHM flHCpcpepeHUHajibHbie onepaTopbi nepBoro nopflfl- 
Ka b npocTpaHCTBe Cft^ 1 ,^ 1 ] iiojihhomob JlopaHa flByx nepeMeHHbix 

H = ti-J- - t 2 E = *i F = t 2 (2.3.16) 

C/ti OT2 OT2 OTi 

Ohh yflOBjieTBopHiOT onpefleji5iioiii,HM cooTHonieHHHM ajire6pbi Usl 2} hbji5iiotc5i 
flH(p(pepeHii,HpoBaHH5iMH ajire6pbi C^ 1 ,^ 1 ] h, cjieflOBaTejibHO, HaflejiaioT ee 
CTpyKTypoft C/s^-MOflyjihHoft ajire6pbi. Otmcthm, mto 

(Ht 1 ,Ht 2 ) = (t 1 ,t 2 ) ^ ] , (2.3.17) 

(Et h Et 2 ) = (t h t 2 ) T' M , (Ft h Ft 2 ) = (t h t 2 ) (°'° ) . (2.3.18) 



riPHMEP 2.3.10 PaccMOTpHM ajire6py C[z] nojiHHOMOB oflHoii nepeMeHHoft h 
Bjio^KeHne ajire6p 



06pa3 C[z] npn stom Bjio>KeHHH aBjiaeTca noflMOflyjieM t/^-MOflyjia 

C^ 1 ,^ 1 ]. 3HanHT, C[z] HacjieflyeT CTpyKTypy L^^-MOflyjihHoft ajire6pbi: 

TT ~ d ,_ ^ d „ d , , 

if =2z— , £7 = -z 2 — , F = — . 2.3.19 

OMeBHflHO, 

#2 = 22, Fz = -z 2 , Fz = 1. (2.3.20) 

IlocTpoeHHe t/gB^-MOflyjibHbix ajire6p Ha^HeM c oflHoro Ba>KHoro nacTHO- 
ro anyHaa. PaccMOTpHM BeKTopHoe npocTpaHCTBO M, ero TeH3opHbiii KBafl- 
paT M <S> M h noflnpocTpaHCTBO TV C M <g> M. KBaflpaTHMHoft ajire6poft c 
npocTpaHCTBOM o6pa3yK)m,Hx M h npocTpaHCTBOM cooTHOineHHii N Ha3biBa- 
tot cpaKTop-ajire6py T(M)/(N) TeH3opHoii ajire6pbi T(M) no flByeropoHHeMy 
Hfleajiy, nopo^KfleHHOMy mho^kcctbom N [48, CTp. 118], [262, CTp. 19]. Ecjih 
A - ajire6pa Xon(pa, M - MOflyjib Hafl A u N - noflMOflyjib ero TeH3opHoro 
KBaflpaTa, to KBaflpaTHHHaa ajire6pa T(M)/(N) HBji5ieTC5i ^-MOflyjibHoft. 



47 



riPHMEP 2.3.11 PaccMOTpHM ajire6py C[ti, t 2 ] q = C(ti, t 2 )/(tit 2 — ^2^1) c 06- 
pa3yK)m,HMH ti,t 2 m onpefleji5nom,HM cooTHonieHHeM ^2 = ^2^1- Ee Ha3biBaiOT 
ajire6poft peryjinpHbix (pyHKHHft Ha KBaHTOBOM BeKTopHOM npocTpaHCTBe C 2 . 
^OKaJKCM, hto paBeHCTBa 

(K ± H 1 ,K ± H 2 ) = (t 1 ,t 2 )(^ ± ^ (2.3.21) 

(Et h Et 2 ) = (t h t 2 ) \' q 2 ) , (Ft h Ft 2 ) = (t h t 2 ) (7 ° ) (2.3.22) 

\o, y V^'' / 

HaflejifliOT C[£i,£ 2 ] g CTpyKTypoft t/gS^-MOflyjibHoft ajire6pbi. 9Toro p£ 



ac- 



cmotphm BeKTopHoe npe-flCTaBjieHne ajire6pbi Xon(pa U q sl 2 b M = C h CTaH- 
flapTHbiii 6a3HC {ti, ^2} • AeiicTBHe o6pa3yioiHHx ajire6pbi £/g£[ 2 na ti, t 2 onn- 
cbiBaeTca paBeHCTBaMH (2.3.21), (2.3.22). Kax HeTpyznio noxasaTb, BeKTop t\(g) 
t 2 — qt 2 ®t\ 5TBji5ieTC5i C/gS^-HHBapnaHTHbiM. Ilojiarafl N = C(ti0^2 — qt 2 ®ti), 
npnxoflHM k [/gS^-MOflyjibHoii KBaflpaTHMHoii ajire6pe, ecTecTBeHHO H30Mop(p- 

Hoii C[ti, t 2 ] q . 

Otmcthm, hto paBeHCTBa (2.3.21), (2.3.22) hbjihiotch g-aHajioraMH pa- 
BeHCTB (2. 3. 17), (2. 3. 18). 

q-ARajiom 6HHOMnajibHbix K09(p(pHnHeHTOB 6bijin BBefleHbi Tayc- 
com [92]. Hcnojib3y5T ajire6py C^i,^]^, Jierxo oGb^CHHTb no^BjieHHe q- 
GnHOMHajibHbix K09(p(pHLi,HeHTOB b paccMaTpHBaeMOM Kpyre BonpocoB. Mho- 

JKeCTBO {t J 2 2 t J l}j 1 ,j 2 &%+ ^BJIfleTCH 6a3HCOM BeKTOpHOrO npOCTpaHCTBa C[ti,t 2 ] q . 
(^efiCTBHTejIbHO, JIHHefiHaH He3aBHCHMOCTb MOHOMOB CJieflyeT H3 Toro, hto aji- 

re6pa C^i,^]^ HBjraeTCH Z -rpaflynpoBaHHoft 

deg(*i) = (l,0), deg(* 2 ) = (0,l), 
h 6ncTeneHH paccMaTpnBaeMbix mohomob nonapHO pa3jiHMHbi. OcTaeTca 3aMe- 

THTb, MTO 9TH MOHOMbI OTJIHMHbl OT HyjI5I, nOCKOJIbKy OTJIHMHbl OT HyjI5I Onepa- 

Topbi T{t J 2 tf) npeflCTaBjieHHa T ajire6pbi C[ti, t 2 ] q b bcktophom npocTpaHCTBe 
(pyHKD,HH Ha MHCo-KecTBe q , onpeflejiaeMoro paBe-HCTBaMH: T(t\)f{u) = f(qu), 
T(t 2 )f(u) = uf(u).) 
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g-AnajiorH (^J 6HHOMHajibHbix K09(p(pHii,HeHTOB (^) mo>kho BBecTH pa- 

BeHCTBOM 

(*i+fc) B = E(?) tf*r fc - 

fc=o W 9 

OMeBHflHO, lim = (^J. Be3 Tpyzja HaxoflHTCH hbhbih bh/t, g-6HHOMHajibHbix 
K09(p(|)HLI,HeHTOB [48, CTp. 96]: 

( n ) = {S13k (2 3 23) 

w q {Q;q)k(q;q)n-k 

rfle Hcnojib30BaHO CTaHflapTHoe o6o3HaMeHHe 

m— 1 

riepeiifleM k oiracaHHio g-aHajiora t/s^-MOflyjihHoft ajire6pbi Cft^ 1 ,^ 1 ]. 
Cjieflyiomee yTBep^KfleHne OMeBHflHO. 

JlEMMA 2.3.12 Ec/ra uoauhom Jlopana n nepeMennux Ui, 1*2, ■ ■ ■ , u n o6paut ) a- 
emcM e nyjib na MHOMcecmee { g- 72 , . . . , g- 7 ™) | Ji, J2, • • • , in £ , mo oh 
paeen nyAW mootcdecineeHHO. 



JlEMMA 2.3.13 Cyu^ecmeyem u eduHcmeemia manasi mpouKa noAUHOMoe Jlo- 
pana k(ui, U2), e(ui, U2), f(ui, 112) G C^ 1 , 1*2 wpw ecex ji,j2 E N e 
^[^1,^2] 9 ujuewm Mecmo paeencmea 

K ±l {t% ) = k{q ±j \q ±h ) # 1{\ (2.3.24) 

i?^ 2 tf ) = e(g* g*) f 2 2+1 \ F(^ 2 2 *f ) = /(^W 2 ) (2.3.25) 

,Z^OKa3aTejibCTBO. CymecTBOBaHHe TaKHx nojiHHOMOB JlopaHa ycTaHaB- 
jiHBaeTCH np^MbiMH BbiMHCJiGHHSMH c noMombio (popMyjibi cyMMbi MjieHOB reo- 
MeTpHMecKofi nporpeccHH. EflHHCTBeHHOCTb BbiTexaeT H3 jieMMbi 2.3.12. □ 



IlPHMEP 2.3.14 KaK jierxo noxasaTb, Hcnojib3y5i Z 2 -rpaflyHpoBKy, ajire6pa 
C[^i,^2]g ne HMeeT flejiHTejieft Hyjia, h ee MyjibTHnjiHKaTHBHoe nc-flMHCc-KecTBO 
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(^2) Z+ flBji5ieTC5i MHO>KecTBOM Ope (cm. nyHKT 2.3.7). JloKajiH3aii,Hio o6o3Ha- 
hhm Cft^ 1 ,^ 1 ]^. 3Ty ajire6py mojkho 3aflaTb o6pa3yioiirHMH tf 1 , t^ 1 h onpe- 

flejI5IK)III,HMH COOTHOHieHHHMH 

t\t2 = qt<2t\i t\ti 1 = ti 1 1\ = 1, ^2^2 1 = ^2 1 ^2 = 1- 

Kax h npe^Kfle, flOKa3biBaeTC5i, hto MHCOKecTBO {t 2 2 ^fjju^ez HBjineTCH 6a3HCOM 
BeKTopHoro npocTpaHCTBa Cfi^ 1 , t^jq. 

IloKa>KeM, hto CTpyKTypa L^s^-MOflyjibHoii ajire6pbi eflHHCTBeHHbiM o6pa- 
30M npoflOji>KaeTC5i c C[ti,£ 2 ]g na ( C[t 1 ,t 2 ] q . EflHHCTBeHHOCTb npoflOji>KeHH5i 
jierKO cjieflyeT H3 onpeflejieHHii. OcTaeTCH npe,zrb5iBHTb npoflC-jLaceHHe. 

Hcnojib3y5i jieMMy 2.3.13, BBefleM jiHHeftHbie onepaTopbi K ±l , E, F b npo- 
CTpaHCTBe C^ 1 ,^ 1 ]^, 3aflaB hx fleftcTBne Ha ajieMeHTbi 6a3nca {t J 2 2 t J i}ji ,j 2 ez 
paBeHCTBaMH (2.3.24), (2.3.25). HeTpyznro noxasaTb, hto sth onepaTopbi ya,o- 
BjieTBopfliOT onpeflejiHioiHHM cooTHonieHHHM (2.3.2), (2.3.3) ajire6pbi U q sl2 h 
HaflejiaiOT Cf^ 1 ,^ 1 ]? CTpyKTypoii f/gS^-MOflyjibHoii ajire6pbi. OrpaHHHHMCH 
npoBepKoii cooTHOineHHH (2.3.3). 

Tax Kax cy>KeHH5i onepaTopoB EF — FE, K q Zf~i Ha noflnpocTpaHCTBO 

£ 2 ]g paBHbl, TO 

/ — i \ r( x ,/ -i w x fe(m,u 2 ) - fc^f 1 ,^ 1 ) 

e(qui,q U2)J{u h u 2 ) - J{q u h qu2)e{u h U2) = — — 

(2.3.26) 

npn Bcex ui, 112 G H3 jieMMbi 2.3.12 cjie^yeT, mto (2.3.26) HMeeT MecTO npn 
Bcex Ui,U2 G riojiynaeM Tpe6yeMoe paBeHCTBO onepaTopoB b C^ 1 , t^ 1 ]^. 

Pa3yMeeTC5i, L^S^-MOflyjibHaa ajire6pa C^ 1 ,^ 1 ]? «Bji5ieTC5i g-aHajiorc-M 
[/s^-MOflyjibHoft ajire6pbi C^ 1 ,^ 1 ]. 

IlPHMEP 2.3.15 rOMOMOp(|)H3M 

c[z] ^ c[4\4% f^^fit-H,), 

HHTjeKTHBeH, nocKOjibKy Cfi^ 1 , t 2 l ] q He HMeeT flejiHTejieii Hyjin, o6pa3 9Toro ro- 
MOMopcpH3Ma HBjineTCH [/ g s[2-noflMOflyjieM, h C[z] HacjieflyeT CTpyKTypy U q sl 2 - 
MOflyjibHoft ajire6pbi: 

K ±1 z = q ±2 z, Ez = -q 1/2 z 2 , Fz = q 1/2 . (2.3.27) 
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BBefleM fljifl stoh £/g£[2-MO,z],yjihHoft ajire6pbi o6o3HaneHHe C[z] g . PaBeHCTBa 
(2.3.27) 5iBji5noTC5i g-aHajioraMH paBeHCTB (2.3.20). H3 (2.3.27), (2.3.12), 
(2.3.13), (2.3.14) nojiy^aeM: K ±l f{z) = f{q ±l z), 

Ef{z) = - q ^ z) - f f Z \ Ff(z)= q ^ f{q ~\ z) - f{z \ (2.3.28) 

z — q z z q 1 z — z 

3to (/-aHajiorn paBeHCTB (2.3.19). 

,11,0 chx nop Mbi H3ynajiH rojiOMop(pHbie nojiHHOMbi JlopaHa b C 2 h hx 
KBaHTOBbie aHajiorn. IlepeHfleM k aHTnrojiOMopcpHbiM nojiHHOMaM JlopaHa. 
IlycTb C[(t^) ±1 , {&i) ±V \q ~ ajire6pa c o6pa3yK)mHMH t\, {t\)~ l , t 2 , {t 2 )~ l h onpe- 

flejI5IK)III,HMH COOTHOineHH3MH 

f 2 t\ = qt{t* 2i {ti)-Hl = tKtl)- 1 = 1, {t* 2 )-H* 2 = tlitiy 1 = 1. 

PaCCMOTpHM aHTHJIHHeftHblft aHTHH30MOp(J)H3M 

* : CM)* 1 , - C[4\4\ * : tl^t u *:t* 2 ^t 2 . 

o6paTHoro aHTHjiHHeftHoro aHTHH30Mop(pH3Ma 6yfleM Hcnojib30BaTb to me 
caMoe oGosHaneHHe *. HaflejiHM C[(£i) ±:L , (^O^lg CTpyKTypoft ^s^-MOflyjibHofi 
ajire6pbi, nepeHeca ee H3 C^ 1 ,^ 1 ]^: 

af = (S(am\ a G C^fe, f E C[(*I) ±1 , (^) ±1 ] 9 . (2.3.29) 

(PaBeHCTBO (2.3.29) HaflejraeT C[(^) ±1 , (^D^k CTpyKTypoii [/qS^-MOflyjra no- 

TOMy, HTO aHTHJIHHeilHblH OnepaTOp *S 5TBJI5ieTC5I aHTHaBTOMOp(|)H3MOM Koaji- 

re6pbi U q si2. PaBeHCTBa (2.3.12)-(2.3.14) BbiTexaiOT H3 aHajiornnHbix paBeHCTB 
fljia C^ 1 ,^ 1 ]? H H3 Toro, t ito *,S aBjiaeTca aHTHaBTOMopcpH3MOM Koajire6pbi 
U q si 2 .) 

Tax >Ke, KaK npeo-Kfle, c noMombio Bjio>KeHH5i 

c[z*] ciw)^, K) ±i ] g , /(^) - / wm)- 1 ) 

BBOflHTCH t/gS^-MOflyjibHafl ajire6pa C[z] g , ajih KOTopoft 

Jf±V = Ez * = ^-3/2^ ^* = _ g 5/2 z *2 (2.3.30) 
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2.3.4 YmiBepcajibHaa it'-MaTpnija. Moflyjib V h&r ajire6poii U q si2 
6yfleM Ha3biBaTb BecoBbiM, ecjin 

V = 0y A , V x = {vEV\K ±1 v = q ±x v}. 
Bee paccMaTpHBaeMbie b stoh pa6oTe C/gS^-MOflyjiH 5ibji5iiotc5i BecoBbiMH. 5 

riPHMEP 2.3.16 C[z] q - GecKOHeHHOMepHbift BecoBoft L^s^-MOflyjib, a npocTeft- 
niHft HeBecoBOH UqS^-Mopyjib oflHOMepeH: K ±l = —1, E = F = 0. 

^jih BecoBoro (TgS^-MOflyjM V KoppeKTHO onpeflejieH jiHHeftHbift onepaTop 

H : V - V, H\ Vx = A. 

OMeBHflHO, K ±l v = g ±i7 f npn Bcex v E V. 

Ilojiiiaa noflKaTeropna BecoBbix (TgS^-MOflyjieii 3aMKHyTa OTHOCHTejibHO 
nepexofla k noflMOflyjuiM, 6 (paKTop-MOflyjiaM h TeH3opHbiM npoH3BefleHH5iM, to 
ecTb aBjiaeTca a6ejieBoii TeH3opHoii KaTeropneii. Ka^Kflbiii (TgS^-MOflyjib 06- 
jiaflaeT HanGojibiuHM BecoBbiM noflMOflyjieM, mto no3BOji5ieT bbccth noH5iTHe 
flBoiicTBeHHoro BecoBoro (TgS^-MOflyjra. Hmchho, 

v* ^ e (v*) x , {v*) x = (v- x y, 

ecjiH V = V x . 

IlycTb B - noflajire6pa ajire6pbi A. ToBop^T, mto ^4-MOflyjib V 5iBji5ieTC5i 
jiOKajibHO 5-K0HeMH0MepHbiM, ecjin dim^Bv) < oo fljia Bcex v E V. 

PaccMOTpHM noflajire6py Xoncpa U q b + , nopo^KfleHHyio sjieMeHTa- 
mh {K^^E}, n noflajire6py Xoncpa U q b~ , nopo^KfleHHyio sjieivteHTaMH 
{K ±l ,F}. nojiHyio noflKaTeropnio BecoBbix jioxajibHO (7 (7 b + -KOHenHOMepHbix 
(7gS[2-MOflyjieft o6o3HannM C + , a nojrayio noflKaTeropnio BecoBbix JiOKajibHO 
(Tgb^-KOHenHOMepHbix U gS^-Mopy jieft - C . 

PaCCMOTpHM (7 g S[2"MOflyjIH V', V" H HX TeH30pHbie npOH3BefleHH5I V ' ®V" ', 

V" (8) V. HaHBHaa nepecTaHOBKa TeH3opHbix coMHO>KHTejieH 

oyyn : V' <8> V" -> V" (8) V', oy/,y« : u' <8) u" ^ u" <g> u', 

5 KoHe x iHOMepHbie BecoBbie t/gSb-MOflyjin Ha3MBaiOT TaKJKe J7 g sl2-MO,a;yjiaMH Tiina 1 [186]. 
6 Cm., HanpHMep, [51] npefljiccKeHiie 1.5 
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He 5iBji5ieTC5i, Boo6m,e roBopn, MopcpH3MOM t/q-S^-MOflyjieft. B. ^pHHCpejibfl BBeji 
noHHTHe yHHBepcajibHoft i?-MaTpHu,bi h c ero noMOinbio onpeflejiHji JiHHeftHbie 
onepaTopbi, Hrparoinne pojib nepecTaHOBOK uyy b Teopnn L^s^-MOflyjieft. 
OnnineM sth JiHHeftHbie onepaTopbi. 
IlycTb 

*=0 \j=l H J 

h V', V" - BecoBbie [/gS^-MOflyjiH. BBefleM b paccMOTpeHne jiHHeftHbift onepaTop 

B V <S> V" paBeHCTBOM 

Rvv'W <g> v") = exp^dq- 1 - q)E <g> F)q- 3 ^ L (v' <g> u"). (2.3.31) 

Oh KoppeKTHO onpeflejieH, ecjin jih6o V E C + } jih6o V" G C . 

KaK noKa3biBaK)T cjieflyioiHHe npefljio»:eHH5i, JiHHeftHbie onepaTopbi 

Rv'V" = o"v"'V' Ryy 
hbjihiotch g-aHajioraMH nepecTaHOBOK TeH3opHbix coMHo;>KHTejieft ayy- 

IlPE/yiOKEHHE 2.3.17 1. PaccMompuM maKue eecoeue U q s[2-ModyAU V , 
V" , umo jiu6o V G C + , jiu6o V" G C . JIuneuHuu onepamop 

Ryy ■ V <g> V" -> V~" <g> V 

o6pamuM u MGAMemcM MopcfiusMOM UqS^-ModyAeu. 

2. Ecau f : V' — > W 7 /" : V" — > VK" - MopcfiusMU eecoeux U q sl2-ModyAeu, 
u au6o V\ W G C+, ./mtfo V", W" G C", mo 

U"®f)-Rv>y» = Rw>,w»-{f®f"). 

riPEflJlOKEHHE 2.3.18 1. Ecau V , V , V" - eecoeue U q sl 2 -ModyAU u au6o 
V\V" G C + , au6o V G C , mo 

Rv®v"y = {Rvy ® idy«)(idy ®Ryy)- 

2. Ecau V , V , V" - eecoeue UqSXi-ModyAu u au6o V G C + , au6o V' , V" G C ; 
mo 

^y/'®y« = (idy <8>-Ry,y")(-Rvy ® idy"). 
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3. JJ.am jik>6ozo eecoeoso U q sl2-Mody.AM V 

Rv,c = Rc,v = idy . 

H3 npHBefleHHbix cbohctb onepaTopoB Ryy cneflyeT, hto C h C + hbjih- 
iotc5i cnjiGTeHHBiMH TeH3opHbiMH KaTeropHHMH, cm. nyHKT 2.3.8. OGmhho npefl- 
jio>KeHHfl 2.3.17, 2.3.18 (popMyjinpyioTCH b npe,i],nojio:>KeHHH o KOHenHOMepHOCTH 
nepecTaBjiaeMbix BecoBbix U q si2-MOffyjiew. [135, CTp. 329]), ho h3 flOKa3aTejibCTB 

BHflHO, HTO Tpe60BaHHe KOHeMHOMepHOCTH M05KHO OCJia6nTb. 

riPHMEP 2.3.19 H3 onpeflejieHHft cjie-flye-T, hto t/g-sfe-MOflyjih C[z\ q hbjihctch 
BecoBbiM h jioKajibHO f/gb -KOHe^HOMepHbiM. HivieeT MeCTO paBeHCTBO 

mR c[z ] q c[z] q (h ® h) = /1/2, /1, / 2 G C[*] g , (2.3.32) 

rfle m : C[z] q <S> C[z] q — > C[z] g - yMHO^KeHne b C[z] g . /JocTaTOHHO floxasaTb sto 
paBeHCTBO npn /1, ji 6 {1, 2}. HeoneBHfleH jinnib cjiynaft f\ = fi = z: 

mR C [z] q C[z] q {z ®z)=m(l + {q' 1 - q)F <g> E)q- 3 ^ K (z <g> z)) = 

= m [(f 2 z ®z- (q~ 2 - 1)(1 <8) z 2 )) = z 2 . 

PaBeHCTBO (2.3.32) 03HanaeT, hto t/g-sfe-MOflyjibHaa ajire6pa C[z] q KOMMyTa- 
THBHa b TeopeTHKO-KaTeropHOM CMbicjie, cm. nyHKT 2.3.8. 

CjieflyiOHj,He 3aMenaHH5i He npeTeHflyiOT hh Ha nojiHOTy, hh Ha CTpo- 
rocTb. Ohh npH3BaHbi noncHHTb CBH3b ccpopMyjinpoBaHHbix Bbiuie npefljio>Ke- 
hhh 2.3.17, 2.3.18 c BBefleHHbiM B. /JpHiKpejihflOM [147] noHHTneM yHHBepcajib- 
hoh i?-MaTpHD,bi. Xopouiee H3jio>KeHHe cm. b [48, rjiaBbi 16, 17]. 

PaccMOTpHM TonojiorHnecKoe KOjibnp (popMajibHbix CTeneHHbix pnflOB 
C[[/i]] c /i-aflHHecKoii Tonojiorneii - Tonojiorneii c 6a3oii OKpecTHOCTeii Hyjin 
{h n C[[h]]} ne z + [48, CTp. 481]. (Otmcthm, hto C[[/i]] He hbjihctch KOMnjieKC- 

HblM TOnOJIOrHHeCKHM BeKTOpHbIM npOCTpaHCTBOM B /i-aflHHeCKOH TOnOJIOrHH, 

nocKOJibKy 6HjiHHeftHoe OTo6pa»:eHHe 

C xV^>V[[h]], {z,v) 1 — ► zv, 
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He HenpepbiBHO.) 

Cjieflyn TpaflHu,H5iM Teopnn flecpopMannft [157], BBefleM b paccMOTpe- 
HHe aflflHTHBHyio KaTeropHK) A TonojiorHnecKH CBo6oflHbix C[[/i]]-MOflyjieft. 
Ka^KflOMy BeKTopHOMy npocTpaHCTBy V conocTaBHM TonojiorHHecKHH C[[/i]]- 

MOflyjIB V[[/i]] (|)OpMajIBHbIX pHflOB C K03(p(pHD,HeHTaMH H3 V H Zi-aflHHeCKOH 

Tonojiorneft - TonojiorHeft c 6a3oft OKpecTHOCTeft Hyjin {h n V[[h]]} ne z + . 

TonojiorHHecKne C[[/i]]-MOflyjiH, H30Mop(pHbie fljiH HeKOToporo Bex- 

TopHoro npocTpaHCTBa V, Ha3biBaK)T TonojiornHecKH CBo6oflHbiMH. 9to oGb.eK- 

Tbl KaTerOpHH A, a ee MOp(|)H3MaMH 5IBJI5HOTC5T BCe MOp(|)H3MbI TOnOJIOrHHeCKHX 

C[[/i]]-MOflyjieii. IlpaMbie cyMMbi h TeH3opHbie npoH3Be,o,eHHa b A bbo,o,5itc5i pa- 

BeHCTBaMH 

v'[[h]\ e v"[[h}} ^ (venw, vim ^viw ^ (v® oiwi 

Ha oG^eKTax [48, CTp. 487] h ecTecTBeHHbiM o6pa30M - Ha MopcpH3Max. "Ha- 
HBHa5i" nepecTaHOBKa TeH3opHbix coMHCc-KHTejieft b KoscpcpHirneHTax (popMajib- 
hmx p^flOB H3 (V (g) V 7 ') [[/&]] HaflejiaeT nojiyneHHyio TeH3opHyio KaTeropnio 
CTpyKTypoft CHMMeTpHMecKoft TeH3opHoft KaTeropHH, cm. nyHKT 2.3.8. 

Cjie-flyfl B. ^pHH(pejibfly [148], nocTpoHM ajire6py Xoncpa UhSh b KaTero- 
pHH A. 

PaccMOTpHM CBo6oflHyio HeKOMMyTaTHBHyio ajire6py C(H, E, F) c o6pa- 
3yK)Hj,HMH H, E, F h noflnpocTpaHCTBO V C C(H, E, F} } nopcoKfleHHoe mho- 
^KeCTBOM {WWF k | ij,ke Z + }. 

TonojiorHHecKHii noflMOflyjib V [[/&]] C <C(F, H, E)[[h]] He HBjineTCH nofl- 
KOjibu,OM, Tax Kax b npoH3BefleHHH (F l W E k )(F l W E k ) HapyuieH nopHflOK 
o6pa3yroiHHx. IlepeHeceM o6pa3yK)nryio H BjieBO, a o6pa3yK)nryio F snpaso c 

nOMOIHblO KOMMyTaiJ,HOHHbIX COOTHOHieHHH 

HE- EH = 2E, HF - FH = -2F, EF - FE = sh ( hH f 2 \ 

sh(Ai/2) 

oo 2n+1 

rfle sh(t) = ^2 (2n+i)! ^ ^[M] ~ P fl fl Teftjiopa rHnepGojinnecKoro CHHyca. IIo- 

n=0 

jiynaeM onepannio yMHOJKeHHH, HaflejiaioiHyio U^si^ = V[[h]] CTpyKTypoft aji- 
re6pbi b TeH3opHoft KaTeropHH A. 
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PaBeHCTBaMH 

A(H) = H <8> 1 + 1 <8> H, £{H) = 0, S(H) = -H, 

A(E) = E <8> 1 + e _Wf / 2 <8> E, e{E) = 0, S(E) = -e hH/2 E, 

A{F) = F <S> e hH/2 + 1 ® F, = 0, 5(F) = -Fe~ hH ' 2 . 

BBOflOTca A : C/feS^ — ► ^5[ 2 ®^s[ 2 , £ : — > C[[/i]] h 5 : J7^t 2 — > t^sfe 

KoyMHO^KeHne, KoeflHHHna h aHTnnofl, HaflejraioinHe tT/^s^ CTpyKTypoii ajire6pt>i 
Xoncpa b CHMMeTpnnecKon TeH3opHoii KaTeropnn A. 

3AMEMAHHE 2.3.20 Ajire6pa Xoncpa Uh^h CBH3aHa c (7 g s[ 2 cjieflyromnMn "3a- 
m6H£imh o6pa3yK)m,Hx n napaMeTpa flecpopMannn": 

q = e~ h ' 2 , K ±l = e* hH ' 2 . (2.3.33) 

3jieMeHT 

R = exp^dq- 1 - q)E ® F)q- M ^ L (2.3.34) 

TeH3opHoro KBaflpaTa UhSh&UhSh Ha3biBaeTC5i yHHBepcajibHon i^-MaTprnjeft 
ajire6pt.i Xoncpa £//jSl 2 . ripHMeHHH CTaHflapTHbie Bjio»:eHH5i 

nojiy^aeM cpopMajibHbie paflbi i? 1 ' 2 , R 1 ' 3 , R 2,3 . B 9tom KOHTeKCTe aHajiora npefl- 
jio>KeHHH 2.3.17, 2.3.18 BhirjiaflflT cjieflyioiHHM o6pa30M: 

A^(0 = R ■ A(0 • iT 1 , £ G C^fe, (2.3.35) 

(A <8) id)(i?) = i? 1 ' 3 • i? 2 ' 3 , (2.3.36) 

(id(g)A)( J R) = J R 1 ' 3 - J R 1 ' 2 , (2.3.37) 

rzje A op - npoTHBonojio^KHoe KoyMHOJKeHHe. Ajire6pbi Xoncpa c BbiflejieHHbiM 
9jieMeHTOM TeH3opHoro KBaflpaTa, o6jia,i],aioiHHM tskhmh CBoftcTBaMH, BBeji 
^pHHcpcjTbfl. Hx Ha3biBaiOT cnjieTeHHbiMH ajire6paMH Xoncpa [48, CTp. 219]. 

PaccMOTpnM aHTnaBTOMopcpH3M t TonojiornnecKH CBo6oflHoft ajire6pbi 
(7/j5[ 2 , onpeflejiHeMbift paBeHCTBaMH 

t(H) = H, t(E) = e~—F, t(F) = Ee~ . 
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CjieflyK)m,He Macro Hcnojib3yeMbie paBeHCTBa nojiyneHbi b [46, CTp. 34, 37]: 

(S®S)R = R, (t®t)R = R 2 \ (2.3.38) 

rfle R 21 OTjiH^aeTCH ot R nepecTaHOBKoft TeroopHbix coMHo:>KHTejieft. 

2.3.5 L^sui i-MO/ryjibHaa *-ajire6pa Pol(C) q . B nyHKTe 2.3.3 6bijio 
flaHO onpeflejieHHe ^-MOflyjibHoft ajire6pbi F. Ecjih A 5iBJiaeTC5i *-ajire6poft 
Xoncpa n F - *-ajire6pa, to b sto onpeflejieHne BKjnonaeTCfl flonojiHHTejibHoe 
Tpe6oBaHne corjiacoBaHHOCTH HHBOjiionHft: 

(af)* = S(ayr (2-3.39) 

npn Bcex a E A, f E F. 

riPHMEP 2.3.21 PaccMOTpHM *-ajire6py Xoncpa A = (Ug,*) h OTBenaioiHyio 
eft Bem,ecTBeHHyio noflajire6py JIh {a E Q | a* = —a}, cm. nyHKT 2.3.2. IlycTb 

- X - oflHopoflHoe npocTpaHCTBO rpynnbi JIh c 9Toft BeinecTBeHHoft ajire6poft 
JIh, 

- a - oflHH H3 ee sjieMeHTOB, 

- F - ajire6pa rjiaflKHx KOMnjieKCHbix (pyHKunft Ha X, 

- / E F - ee caMOConpsraceHHbift sjieMeHT. 

B 9tom cjiynae paBeHCTBO (2.3.39) npnHHMaeT bha (af)* = (—a)*/* = af h 
03HanaeT, hto OTBenaioiHee sjieMeHTy a BeinecTBeHHoe BeKTopHoe nojie Ha X, 
paccMaTpHBaeMoe xax flHCpcpepeHHHajibHbift onepaTop nepBoro nopnflKa, oto6- 
pa«aeT BeinecTBeHHbie rjiaflKne (pyHKHHH b BeinecTBeHHbie rjiaflKne (pyHKHHH. 

HaM npeflCTOHT bjiojkhtb [/gS^-MOflyjibHyio ajire6py C[z] g "rojiOMop(p- 
hmx nojiHHOMOB" b £7g5Ui ; i-MO,zryjibHyio *-ajire6py "Bcex hojihhomob Ha KBaHTO- 
Boft KOMnjieKCHoft njiocKOCTn". HaflejiHM CTpyKTypoft £/q£[2-MO,zryjibHOH ajire6- 

pbl UqSh-MORyjlb C[z] q <g) C[z] q . 
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OMeBHflHO, t/gS^-MOflyjIH C[z] g , C[z] q 5TBJI5TIOTC5I BeCOBblMH H UqS^-MOfl^Jlb 

C[z] q jioKajibHO t/gb^-KOHeMHOMepeH, a U q Q-MOffyjib C[z] q — jioicajibHO U q b + - 
KOHeMHOMepeH. SiiaMHT, onpeflejieH MopcpH3M L^s^-MOflyjieft 

R = Rc[z] q C[z] q ■ C[z]q <8> C[z] q -> C[^]g (8) C[s] g . 

HaflejiHM C[z] g ® CTpyKTypoft ajire6pbi, 3aflaB yMHO)KeHHe 

m : (C[z] q <g> C[*] ? ) (8) (C[z] ? <g) C[z] q ) -> C[z], <g) C[z], 



C nOMOIU,bK) yMHOJKeHHH 

m + : C[£] g ® C[z] ? -> C[^] g , wT : C[^] g <8> C[z] 5 
b ajire6pax C[z] g , C[z] g . Hmchho, iiojio^khm 

m = (to - <g> ra + )(id C [ z ] 9 (8) # <8> idq*],)- 

Bojiee noflpo6HO, 

(C[z] g <g> C[*] g ) (8) (C[z] 5 (g) C[z] ( 



C[*]< 



(2.3.40) 



C[z] q ®(C[z] q ®C[z] q )®C[z] q 

id®E®id 

cW?®H4®c[z] g )(g)C[4 



(C[*] ff (8) C[*] g ) ® (C[*] g ® C[z] q ) 
C[z] q ® C[z] q 

H3 npefljio^KeHHii 2.3.17, 2.3.18 BbiTexaiOT cjieflyromne paBeHCTBa: 
(to - (8) id) J Rc^„c[^] 9 ®CM (! = ^c[z] 9 c[z] 9 (id <8> m - ), 
(id <g> m + ) J R C [z-]^c[z] 9 ,c[z] 9 = #c[z] 9 c[z] 9 (™ + <8> id), 
Rc[z] q ,c[z} q ^c[z} q = (idc[z] 9 <8) Rc[z] q c[z] q ) • (Rc[z] q c[z] q <8) id C [z] 9 ), 



,c[z] 9 = (^c[z] 9 c[z] 9 <8) idc[z] q ) • ( id c[z] 9 <8> #c[*],c[*],)- 
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C hx noMom,bK), Hcnojib3y5i accou,HaTHBHOCTb yMHCOKeHHH m ± b ajire6pax C[z] g , 
C[z] g , jierxo flOKa3aTb accou,HaTHBHOCTb yMHCOKeHM m. (3to flOKa3aTejib- 
ctbo xopoino H3BecTHO b TeopHH cnjieTeHHbix TeH3opHbix KaTeropnii, CM. [260, 
CTp. 439].) OcTajibHbie yTBep>KfleHH5i cjieflyiomero npe-fljicoKeHHH BbiTexaiOT H3 
npefljio>KeHH5i 2.3.17. 

IlPEflJlOKEHHE 2.3.22 YMHODfceHue m HadeAsiem C[z] g (8C[z] g cmpyKmypou 
U q 5\2-ModyjibHou aAse6pu c edunui^eu 1(8)1. 

H3 (2. 3. 31), (2. 3. 27), (2.3.30) BbiTexaiOT paBeHCTBa 

%C[z],(«*®«) = (1 + iff 1 - q)F ® E) q- 3 ^ {z ® z*) = 

= q 2 z (0 z* + 1 - g 2 . 

SiiaMHT, 

(1 (8) z*)(z 1) = g 2 (2 1)(1 (8) **) + 1 - g 2 . (2.3.41) 

CjieflOBaTejibHO, OTo6pa»:eHHe 

z i— ► 2 (8) 1 , i— > 1 <8 

eflHHCTBeHHbiM o6pa30M npoflOjDKaercfl flo H30Mop(pH3Ma ajire6pbi Pol(C) g h 
nojiyMeHHoii ajire6pbi (C[z] g C[z] g ,m). Ha,o,eji5i5i 9Ty ajire6py HHBOJnou,Hefi 

*: z (8) 1 i— > 1 <8> £*, * : 1 z* i— >• z 1, 

nojiy^aeM H30Mop(pH3M *-ajire6p. PaBeHCTBO (2.3.41) mcokho 3anncaTb 6ojiee 
jiaKOHHMHo: z*z = g 2 zz* + 1 — q 2 . 

ByfleM OTO>KflecTBJi5iTb Pol(C)g c nocTpoGHHoft b 9TOM nyHKTe *-ajire6poft. 

^OKa^ceM corjiacoBaHHOCTb hhbojiioli,hh - paBeHCTBO (2.3.39). PaccMOT- 
Phm npeflCTaBjieHHe 

n(a)f = a/, a G U q sl 2 , f G Pol(C) 9 , 

ajire6pbi U q sl2 b Pol(C) g h ee npeflCTaBjieHne 

7r'(a)/ = (7r(S(a)*)f )*, « € C^fc, / G Pol(C) ff , 
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b tom me npocTpaHCTBe. Mm BOcnojib30BajiHCb TeM, hto *S HBjineTCH aHTHjin- 
HeftHbiM aBTOMopcpH3MOM ajire6pbi U q g. IIpeflCTaBjieHHe n' , Kax h npeflCTaBjie- 
HHe 7r, HaflejiaeT Pol(C) 9 CTpyKTypoft [/gS^-MOflyJibHoft ajire6pbi, nocKOJibKy 

aHTHJIHHeHHblH OnepaTOp *S 5TBJI5ieTC5I aHTHJIHHeifflblM aHTHaBTOMOp(|)H3MOM 

Koajire6pbi U q g (cp. c aHajiornMHbiMH paccy>KfleHH5iMH b nyHKTe 2.3.3). Cjie- 
flOBaTejibHO, paBeHCTBO onepaTopoB 

ti{K ±1 ) = n\K ±l ), n(E) = tt'(E), tt(F) = tt'(F) 

BbiTexaeT H3 hx paBeHCTBa Ha TpexMepHOM noflnpocTpaHCTBe, nopo:>K,z],eHHOM 
sjiGMeHTaMH 1, z, z*, a oho, b cbok) onepeflb, jierKO cjieflyeT H3 onpeflejieHHft. 

B nyHKTe 2.2.3 *-ajire6pa Pol(C) g 6bijia Bbi6paHa KaK-6bi Hayrafl, 6e3 
cepbe3Hoft MOTHBau,HH. OnHcaHHbift b 9tom nyHKTe nyTb k *-ajire6pe Pol(C)q 
He TOJibKO npHBOflHT k Heft c Heo6xoflHMOCTbio, ho h HaflejiHeT ee CTpyKTypoft 
^ySU-ij-MOflyjibHoft ajire6pbi. 

2.3.6 KBaHTOBaa rpynna SL2. HanoMHHM, mto q G (0, 1). Bnpo^eM, 
pe3yjibTaTbi HacTOflinero nyHKTa BepHbi fljra Bcex Mnceji q, He 5tbji5tioihhxc5i 
KopH5iMH H3 eflHHHHbi [214, rjiaBbi 3, 4], [48, rjiaBbi 6, 7]. 

IlycTb n G Z + h u - (pyHflaMeHTajibHbift Bee ajire6pbi J1h s[2, to ecTb 
u)(H) = 1. BBefleM o6o3HaneHHe L(nu) ajih UqSh-Mopyjm c o6pa3yioiHeft v(nu) 

H OnpeflejIHIOIHHMH COOTHOIIieHHHMH 

Ev(nu)=0, K ±l v{nu) = q ±n v(nu), F n+1 v(nu) = 0. (2.3.42) 
Cjieflyroinee yTBep>KfleHHe BbiTeKaeT H3 (2.3.2), (2.3.3). 
JlEMMA 2.3.23 dAeMenm 

C q = FE + {q ^ l _ q)2 (q- 1 *- 1 + qK- (q- 1 + q)) (2.3.43) 

npuHadAeotcum t^enmpy aAse6pu U q si2. 
OneBHflHO, 

C q = EF + (q- l K + qK- 1 - (q' 1 + q)) (2.3.44) 
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Us jieMMbi 2.3.23 h h3 paBeHCTBa 

_ (g-f - gf)(g-(§ +1 ) - g§ +1 ) 

= jrp _ v{nu) 

nojiy^aeM 

CJlEflCTBHE 2.3.24 

CJl^) = _ q y • (2.3.45) 

9to g-aHajior xoponio H3BecTHoii cpopMyjibi fljra fleiicTBira ajieivteHTa Ka- 
3HMHpa C = FE + g (^ +2 ) ajire6pbi J1h 5(2 b KOHCHHOMepHbix st2-MO,zryji5rx [47, 
CTp. 149]. 

JlEMMA 2.3.25 1. L(nu) npocmou eecoeou U q si2-ModyAb pa3MepHocmu 
n+1. 

2. Kaotcduu KOHeuHOMepuuu npocmou eecoeou U qSXi-Modujih usoMopcfieu od- 
HOMU U3 L{nu). 

3. B Kamezopuu UqSk-ModyAeti, 

min(ni,n 2 ) 

L(n\£j) ® L(ri2Uj) ~ L((ni + n 2 — 2n)u), ni,n 2 GZ + . (2.3.46) 

n=0 

/],OKa3aTejibCTBO aHajiornMHO flOKa3aTejibCTBy b KjiaccH^ecKOM cjiy^ae q = 
1, cm. [214, ct P . 61-62, 72]. 

CJlEflCTBHE 2.3.26 ifo/ra L' u L" - Heu30Mop$Hue KOHeuHOMepnue npocmue 
eecoeue U q si2-ModuAU, mo C q \u ^ C q \L»- 

Hcnojib3y5i jieMMy 2.3.25, He-TpyiiHO noxasaTb [214, CTp. 65], mto Ka>K- 
flbift KOHeMHOMepHbift BecoBoft U q Q-MOffyjib nojiynpocT, to ecTb, mto Ka^Kflbift 
ero noflMOflyjib flonojiiraeM. Hcnojib3y5i nojiynpocTOTy, jierxo nojiy^HTb (cm. 
flOKa3aTejibCTBO npefljicoKeHM 3.1.34) cjieflyiomnii pe3yjibTaT. 

JlEMMA 2.3.27 Ecau eecoeou UqS^-ModyAb V AonaAbno KoneHHOMepen, mo 
ecmt dim([/ g 5(2 • v) < 00 npu ecex v 6 V , mo oh usoMoptfieu npsiMou cyMMe 
npocmux eecoeux KOHeuHOMepnux U q si2-ModyAeu. 
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MaTpHMHbiMH 9jieMeHTaMH npeflCTaBjieHHa A —> End(V) ajire6pbi A Ha- 
3bmaK)T ajieMeHTbi o6pa3a conpsrjKeHHoro jiHHeftHoro onepaTopa End(V)* — > 
A*. ripHMafl cyMMa h TeH3opHoe npoH3BefleHHe KOHe^HOMepHbix Becc-Bbix 
U q sl2-Mop,yjiem hbjihiotch KOHe^HOMepHbiMH Becc-BbiMH U q sl2-MOffyjisiMm. 3na- 
hht, MaTpHMHbie sjieMeHTbi TaKHx U q si2-MOffyjiew. o6pa3yK)T noflajire6py Xon(pa 
C[SL2] q C (UqS^y, cm. 3aMeHaHHe 2.3.7. Ee Ha3biBaK)T ajire6poft peryjrapHbix 
(pyHKD,HH Ha KBaHTOBoii rpynne SL2 [237, CTp. 96]. 

ripocTOTa h KOHeMHOMepHOCTb L(nu) no3BOJi5iK)T c noMom,bK) TeopeMbi 
BepHcaiifla [62, CTp. 177], [47, CTp. 100] flOKa3aTb, mto ecTecTBeHHbift tomo- 
Mop(pH3M Koajire6p End [L (no)))* — > C[SX2] g hh'bgkthboh . ByzjeM OTCo-KflecTB- 
ji5iTb BeKTopHoe npocTpaHCTBO End [L (nu))* c ero o6pa30M npn Bjio^KeHHH b 
C[SL/2] q . riojiyHHM aHajior pa3jic»KeHH5T IleTepa-Beftjia. 

00 

nPEflJTO>KEHHE 2.3.28 C[SL 2 ] q = End(L(W))*. 

n=0 

^OKa3aTejibCTBO. H3 jie-MM 2.3.25, 2.3.27 cjie^yeT, hto C[SL2] q - cyMMa 
cbohx noflnpocTpaHCTB End(L(n(Z>))*. TpeGyeTca flOKa3aTb hx jiHHeftHyio He3a- 
BHCHMOCTb. Ho ohh 5ibji5iiotc5i co6cTBeHHbiMH noflnpocTpaHCTBaMH c nonapHO 
pasjiHMHbiMH co6cTBeHHbiMH SHaMeHHHMH JiHHeftHoro onepaTopa 

b BeKTopHOM npocTpaHCTBe C[SL2]q, KaK HeTpyflHO noKa3aTb c noMombio cjiefl- 

CTBH5I 2.3.26. □ 

3AMEMAHHE 2.3.29 IlycTb U q si^ - ajire6pa Xonxpa, OTjimaiomaflCfl ot U q si2 
3aMeHoii yMHCOKeHHs Ha npoTHBonojio>KHoe. HaflejiHM C[SL2] q CTpyKTypoii 
U q sl2-6w.MOffyjisi, 3aflaB fleiicTBHe U q si2 h fleiicTBHe U q sl^ cjie-flyiomHM o6pa- 
30m: 

Rre g (0 : f(ri) I ► /(77O, WO = /fa) -> /(^), (2.3.47) 

rfle / G C[5Z/2] g , r/ G U q sl z . H3 onpeflejieHHii cjie^yeT, hto C[5L2] q ab- 
jiaeTca t/gSd^ <S> t/qS^-MOflyjibHoft ajireGpoii. Ilpefljio^KeHHe 2.3.28 flocTaBjraeT 
pa3Jio»:eHHe < C[SLr2] q b cyMMy npocTbix nonapHO HeH30Mop(pHbix t/^S^^^S^- 
MOflyjieft. (B flajibHeftnieM mm 6y^eM OTflaBaTb npe-flnoHTeHHe npe-flCTaBjieHHio 
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R reg nepefl npeflCTaBjieHHeM L reg h Hcnojib30BaTb coKpam,eHHoe oGosHaHeHHe 

MacTO Hcnojib3yeTC5i flpyroe, 6ojiee HarjMflHoe onncaHHe ajire6pbi Xoncpa 
C[SLi] q ee onncaHne b TepMHHax o6pa3yK)m,Hx h cooTHOineHHii. IlycTb 
{ei, ei\ - CTaHflapTHbiii 6a3nc spMHTOBa npocTpaHCTBa C 2 . PaccMOTpnM npefl- 
CTaBjieHne 7r ajire6pbi £/ g 5l2 b C 2 , BBefleHHoe paBeHCTBaMH (2.3.10), h ero 
MaTpHMHbie sjieMeHTbi = (7r(£)e 7 -, e^). HeTpyflHO flOKa3aTb cjieflyK)m,He 

yTBep^KfleHHa, cm. [22]. 

IlPEflJlOKEHHE 2.3.30 Mnootcecmeo {£11, £12, £21, £22} nopootcdaem aji2e6py 
C[SL 2 ] q , u 



tutu — hitu, tutu — tutu — (q — Q X ) ^12^ 



^11^12 — qtutll, hlhl — qhltll, tutu — qtntu, ^21^22 — ^^22^21, 

*n*i2 " #12*21 = 1. (2-3.48) 

9mo MHoatcecmeo coomHomenuu Meotcdy o6pa,3yK>ut ) UMU {£ij}ij=i,2 MOAMemcM 
onpedeAMwmuM. 7 JJeucmeue KoyMHOMcenua A, KoeduHU%u e u anmunoda S 
onucueatomcM cjiedyiou^UMU paeencmeaMu: 

A{tij) = tn <g> tij + £ i2 (8) i) = ^j, z, j = 1, 2, 

5 (tn), S(tu) \ I tn, —q~ l ti2 



S{t 2 i), S(t 2 2) I \ -qt2i, t n 



(2.3.49) 



rioacHHM nepBoe H3 sthx yTBep^KfleHHii. Kax BbiTexaeT H3 (2.3.46), npo- 
ctoh [/ g s[2-MOflyjib L{nu) flonycxaeT Bjio>KeHHe b L{uj)® n . 3HaMHT, H3 npefljio- 
^KeHHa 2.3.28 cjie-flyeT, mto noflnpocTpaHCTBO End(L(u)))* nopo>KflaeT ajire6py 

C[SLi] q . Ho 3TO nOflnpOCTpaHCTBO 5TBJI5ieTC51 JIHHeHHOH 060JIOMKOH MHO^KeCTBa 
{tu, ti2, tn, tll\. 

^pyriiMii cjiOBaMH, OTBeHaiomee eMy MHOKecTBO sjieMeHTOB cbo6o^,hoh ajire6pbi C < tn, tyi, t<i\, t<ii > 
nopo»c^,aeT s^po ee ecTecTBeHHoro roMOMopcpH3Ma b C[SL/2]q. 
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CJlEflCTBHE 2.3.31 1. Paeencmea 



n+(tu)ej = y/q 2 ^' +1 ) - le i+ i, 7r+(£i 2 )ej 




7r+(t2i)ej = -g {J+ >ej, 



7T+(^22)e 



'J 



i, jVo 



j = o 



onpedeAMom nenpueoduMoe 6ecKoneuHOMepnoe npedcmaeAenue tt + ajizeSpu 



p(t n )f(z) = zf(z), p(t 12 )f(z)=p(t 21 )f(z) = 0, p(t 22 )f(z) = z- l f(z) 



onpedeAMwm 6ecKOHeuHOMepHoe npedcmaeAenue p aAze6pu C[SX 2 ] 9 e eenmop- 
hom npocmpancmee C[z ±1 ] noAunoMoe Jlopana nepeMennou z. 

C noMom,bio npeflCTaBjieHM 7r + ® p jierxo flOKa3aTb jnmeifflyK) He3aBHCH- 

MOCTb SJieMeHTOB 



ajire6pt»i CfST^jg. Shsihiit, HMeeT MecTO 

CJlEflCTBHE 2.3.32 Mnootcecmeo (2.3.50) aeAMemcM 6a3ucoM eeKmopnoso 
npocmpancmea C[SL,2] q . 

3AMEHAHHE 2.3.33 Hcnojib3y5i npHBefleHHoe Bbinie onncaHHe ajire6pbi 

C[SL 2 ] q B TepMHHaX o6pa3yK»LLI,HX H COOTHOnieHHH, HeTpyflHO flOKa3aTb, HTO 

9Ta ajire6pa HBjiaeTCii HeTepoBoft o6jiacTbio u^jiocthocth [123, CTp. 18]. 

PaccMOTpHM Koajire6py A c KoyMHCc-KeHiieM h KoeflHHHu,eft s A - BeK- 
TopHoe npocTpaHCTBO F Ha3biBaiOT (npaBbiM) yl-KOMOflyneM, ecjin 3aflaHO Taxoe 
jiHHeftHoe OTo6pa>KeHHe : F — > F ® A } mto 

(A F ® id A ) ■ A F = (idjr ® A A ) ■ A F , (id F ®e A ) ■ A F = id F . 

Ka^KflOMy U q si2-MOffy jik> F oTBe^aeT JiHHeftHoe OTo6pa>KeHHe 



C[SL,2] q e eeKmopnoM npocmpancmee c 6a3ucoM 
2. Paeencmea 



a, 6, 



c, d G Z + } 



(2.3.50) 



F^Hom(^s[ 2 ,F) 
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conocTaBji5nomee BeKTopy / E F jiHHeftHbift onepaTop 

U q sl 2 — ► F, cl i — ► a/. 

Ecjih BecoBoft t/gSfe-MOflyjib F jioKajibHO KOHe^HOMepeH, to o6pa3 SToro oto6- 
pa^KeHHa jie>KHT b noflnpocTpaHCTBe F ® CfSZ^jg Hom(U q sl 2 , h bo3hh- 
Kaiomee jiHHeiiHoe OTo6pa»:eHHe : F — > F(g)C[SX2]q HaflejraeT F CTpyKTy- 
poft C[S'L2] (? -KOMOflyji5i. 3to JiHHeiiHoe OTo6pa>KeHHe HBjraeTCH roMOMopcpH3- 
mom yHHTajibHbix ajire6p, ecjiii F - yHHTajibHan £/ g sl 2 -MOjxyjibHa5i ajire6pa c 

BeCOBbIM H JIOKajIbHO KOHeMHOMepHbIM fleHCTBHeM U q si 2 b F. TeM CaMbIM F 

HaflejiaeTca CTpyKTypoii C[SX 2 ]g-KOMO,z],yjihHoft ajire6pbi. 
riPHMEP 2.3.34 C[ti,t 2 ] q 5iBji5ieTC5i C[SL 2 ] q KOMOflyjibHoft ajire6poft: 
A : C[t h t 2 ] q -> C[t b * 2 ]« ® CIS'LaJg, A : ^ ^ ^ <g> + t 2 ® t 2j . 

Ba>KHO OTMeTHTb, HTO f/gS fe-MOflyjIH Cf^ 1 , t^jg, HrpaiOHTHe KJIIOMe- 

Byio pojib b paccMaTpHBaeMOM Kpyre BonpocoB, He hbjihiotch JioKajibHO KOHen- 
HOMepHbiMH. IlosTOMy Mbi b flajibHeiinieM OTflaeM npeflnoHTeHne H3biKy U q sl 2 - 
MOflyjibHbix ajire6p fla>Ke b Tex cjiynanx, Kor^a fleiicTBHe ajire6pbi U q sl 2 b F 
HBjraeTCH BecoBbiM h JioKajibHO KOHeHHOMepHbiM, cp. [48, rjiaBa 4]. 

2.3.7 ^onojiHeHHe o KOJibijax h MO/iyjiax nacTHBix. IlycTb S 
MyjibTHnjiHKaTHBHoe nojj,MHO»:ecTBO KOJibna R. 3to 03HaHaeT, hto S ■ S C S 
m 1 E S. Kojibup Rs BMecTe c roMOMopcpH3MOM <p : R — > Ha3biBaiOT 
KOJibu,OM ^acTHbix OTHOCHTejibHO 5*, ecjiH BbinojiHeHO cjieixyioiHee Tpe6oBaHHe 
yHHBepcajibHOCTH . 

J\jik Jiio6oro roMOMopcpH3Ma KOjieu, ip : R — > Q H3 o6paTHMOCTH Bcex 
sjieivteHTOB ^(s), s E S, BbiTexaeT cymecTBOBaHne h e/jHHCTBeHHOCTb Taxoro 
roMOMopcpH3Ma ^5 : — > Q, hto i/j = i/js o p. 

Ecjih (p' : R —> R' s , p" : R — > i?^. - ijBa KOjibua nacTHbix, to cymecTByeT 
h eflHHCTBeH TaKoii H30MopcpH3M KOJien, / : i?^ — >• mto = / ,HpyrHMH 

CJIOBaMH, KOJIbUO HaCTHblX B CyiHeCTBeHHOM eflHHCTBeHHO. 
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IlpH flOKa3aTejibCTBe ero cyinecTBOBaHHH mcc-kho CHHTaTb, hto KOJibnp R 
3aflaHO cbohmh o6pa3yK)m,HMH h onpeflejifliomHMH coothoiiighhhmh . ConocTa- 
bhm Ka^KflOMy sjieMeHTy s G S flonojiHHTejibHyio o6pa3yioiiryK) s h flBa flonoji- 
HHTejibHbix cooTHonieHHa ss = 1, ss = 1. IlycTb Rs - KOjibu,o, onpeflejiaeMoe 
pacniHpeHHbiMH TaKHM o6pa30M MHOJKecTBaMH o6pa3yK)m,Hx h cooTHOineHHii. 

EcTeCTBeHHOe BJIO>KeHHe MHO>KeCTB 06pa3yK)IU,HX npHBOflHT K rOMOMOp(|)H3My 
(f : R — > Rs- OneBHJJHO, 9TO JIOKajIH3aU,H5I R OTHOCHTejIbHO S. 

Ecjih - rpaflynpoBaHHoe KOJibnp h 5* coctoht H3 oflHopoflHbix ajieMeH- 
tob, to KOJibu,OM ^acTHbix Ha3biBaiOT rpajxynpoBaHHoe KOJibD,o Rs BMecTe c 
roMOMopcpH3MOM (f : R — > Rs rpajxyHpoBaHHbix KOJieu,, ecjin BbinojiHeHO aHa- 
jiorHMHoe npHBefleHHOMy Bbinie Tpe6oBaHHe yHHBepcajibHOCTH. CymecTBOBamie 
h eflHHCTBeHHOCTb KOJibD,a ^acTHbix flOKa3biBaeTC5i b 9tom cjiynae Tax >Ke, KaK 
npe>Kfle. 

Ecjih M - npaBbift i?-MOJj,yjib, to Ms = M <S>r Rs 5iBji5ieTC5i npaBbiM 
-R^-MOflyjieM. Ero Ha3biBaiOT MOjjyjieM MacTHbix. 

B npHBefleHHbix Bbinie onpe-flejieHMx MyjibTHiuiHKaTHBHoe mhojkgctbo S 
MO^KeT 6biTb npoH3BOjibHbiM, h KOjibu,o MacTHbix Rs o6jiajj,aeT HeKOHTpojiH- 
pyeMbiMH CBoiicTBaMH. BBejj,eM flonojiHHTejibHbie onpeflejieHM h CB5i3aHHbie c 
hhmh orpaHHMeHHa Ha S [246, erp. 299]. 

Kojibu,o nacTHbix Rs BMecTe c roMOMop(pH3MOM ip : R — > Rs Ha3biBaiOT 

KJiaCCHHeCKHM npaBbiM KOJIhD,OM HaCTHblX, ecjin 

1. (f(s) - o6paTHMbiii sjieMeHT KOJibna Rs flJin Bcex s G S, 

2. Ka»cjj,biH ajieMeHT Rs HMeeT bhjj, (p(r)ip(s)~ 1 , r G R, s G S, 

3. Kerip = {r G R\ rs = npn HexoTopoM s G S}. 

CjieflyiomHii pe-3yjibTaT xoponio H3BecTeH. 

iiPEflJIOKEHHE 2.3.35 ([13, cmp. 110], [246, cmp. 300]) Kojib%o R s mbam- 
emcM KAaccuuecKUM npaeuM KOAbi^oM uacmnux e moM u moAKKO e moM CAy- 
uae, Kosda S o6Aadaem CAedywu^UMU ceoucmeaMu: 

1. rS n sR ^ 3am ecex s G 5, r G fl, (2.3.51) 
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2. ecjiu s'r = npu Henomopux s' G S , r G R, mo rs = d/u neKomoposo 
s G 5. 

Tohho Tax tkb bboahtch KjiaccHHecKne jieBbie KOjibna nacTHbix, h fljia hhx 
HMeeT MecTO aHajiorHHHoe yTBep>KfleHHe. Pojib (2.3.51) nrpaeT ycjiOBHe 

SrDRsjt fljia Bcex s G S, r E R. (2.3.52) 

B 6ojibiiiHHCTBe npHjio>KeHHH ycjiOBHH (2.3.52), (2.3.51), Ha3biBaeMbie ycjiOBH- 
hmh Ope, BbinojiH5iioTC5i, h 5* coctoht H3 HeflejiHTejieft Hyjlfl. 

2.3.8 ^onojiHeHne 06 ajireSpax h MO^yjrax b TeH3opHbix KaTe- 
ropnax. MHorne H3 nepeHHCjieHHbix b nyHKTe 2.3.4 cbohctb yHHBepcajibHoii 
i?-MaTpHu,bi flonycKaiOT TeopeTHKO-KaTeropHyio HHTepnpeTanHio [196]. 

HanpHMep, xax o6 r b3CH3eTCH b 3aKjnoHHTejibHoft nacTH HacTOHinero nyHK- 
Ta, BBefleHHaa b nyHKTe 2.3.4 KaTeropHH C~ HBjineTCH a6ejieBoii cnjieTeH- 
hoh TeH3opHoii KaTeropneii. HanoMHHM, hto t/g-S^-MOflyjih npHHafljie^KHT 9toh 
KaTeropHH, earn h TOJibKO ecjin oh HBjineTCH BecoBbiM h jioKajibHO U q b~- 

KOHeHHOMepHblM . 

Ajire6poft b KaTeropHH C~ Ha3biBaK)T yHHTajibHyio [/gS^-MOflyjibHyio aji- 
re6py, npHHafljie>KaHj,yK) C~ . JleBbiM MOflyjieM Hafl ajire6poft F b KaTeropHH 
C Ha3biBaiOT [7 g 0-MOflyjibHbiH jieBbift F-MOflyjib, npHHafljie)KaiHHH C . Ana- 
jiorHHHO BBOflHTCH noHHTHH npaBoro MOflyjiH h GnMOflyjiH Hafl ajire6poii F b 
KaTeropHH C . 

Ajire6pa F b KaTeropHH C~ Ha3biBaeTCH KOMMyTaTHBHoii b stoh KaTero- 
pHH, ecjin m = m Rff, r^e m : F <g> F — > F - yMHO^KeHne b F. 

PaccMOTpHM 6nMOflyjib E Hafl KOMMyTaTHBHoii ajire6poft F b KaTeropHH 

C : 

mieft : F <g) E — > E, m righ t : E <g) F — > E. 
Cjieflyn [256], 6yfleM Ha3biBaTb ero CHMMeTpnHHbiM, ecjin 

m r i g ht = mieft Ref- 
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riPHMEP 2.3.36 Ajire6pa F b KaTeropHH C 5iBji5ieTC5i 6nMOflyjieM Hafl jiio- 
6or CBoeii no,o,ajire6poft F' . Ecjih F - KOMMyTaTHBHaa ajire6pa bC", to stot 

6HMOflyjIb CHMMeTpHMeH. 

IlPEflJlOKEHHE 2.3.37 [277, SaMenanue 1.1] Ecjiu E\, E<i - cuMMempuunue 
6uModyAU nad aAse6pou F e Kamesopuu C , mo 6uModyAb E\ ®p E<i manotce 
cuMMempuuen. 

IlPEflJIOKEHHE 2.3.38 ]277, Sclmchclhuc 1.2] Ilycmb E - Aeeuu ModyAb 
mieft : F (g) E — > E nad KOMMymamuenou aAze6pou F e C . Mopcf)U3M 

bright = ITlMtREF 

nadeAMem E cmpyKinypou cuMMempuunoso 6uModyAM nad F e C . 

3to coHaHaeT, mto Kamp^m jieBbift MOflyjib E Hafl KOMMyTaTHBHoft ajire6- 

POH F B C aBJI5ieTC5I CHMMeTpHHHbIM 6HM0flyjieM Hafl F b C . 

BnMOflyjib E h&r KOMMyTaTHBHoii ajire6poii F b KaTeropHH C~ Ha3biBaiOT 

JIOKajIbHbIM, ecjin 

ra r ight = micft Ref, rn\ch = m T i gh t Rfe 

(stot BOjibHbiii nepeBOfl BBefleHHoro riapeiirHCOM b [277] TepMHHa "dyslectic" 
Hcnojib3yeTC5i b pa6oTax no KOHCpopMHoii KBaHTOBoii TeopnH nojia). 

riPEflJlOKEHHE 2.3.39 [277, npedAoofcenue 2.4, meopeMa 2.5] Ilycmb E\, 
E2 AOKdAbHue 6uModyAU nad KOMMymamuenou aAse6pou F e Kamesopuu C 
u j - KaHOHunecKuu 9nuMopcf)U3M E\® E2 — > E\®f E^. Toeda 

1. E\ ®F E2 MGAMemCM AOKaAbHUM 6uModyA6M Had F ; 

2. cymecmeyem u eduHcmeen maKou Moptfiu3M 

Re 1 e 2 '■ E\ ®p E2 — > E2 ®F E\, 
e Kamesopuu C~ , umo Re 1 e 2 J = j Re x e 2 - 
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3to 03HanaeT, hto KaTeropHH jioKajibHbix 6HMO,zryjieH Hafl KOMMyTaTHBHoft 
ajire6pofi b KaTeropHH C HBjineTCH a6ejieBoft cnjieTeHHoft TeH3opHoii KaTero- 
pneft (cm. onpeflejieHHH b 3aKJiK)HHTejibHOH nacTH nyHKTa). 

CcpopMyjiHpoBaHHbie yTBep>KfleHH5i nojiyneHbi ilapeftrHCOM MeTOflaMH 
TeopHH KaTeropHH b oneHb GojibHioft o6ihhocth. 

06cyflHM HeKOTopbie hohhthh, He ynoMHHaeMbie b o6ihhx Kypcax TeopHH 
KaTeropHH, HanpHMep, b [10]. 

HaHHeM c TeH3opHbix KaTeropHH. Ochobhbim npHMepoM cjiy^KHT KaTero- 
pna Ca MOflyjieii Hafl ajire6poii Xoncpa A. 

PaCCMOTpHM KaTeropHH) C C BblflejieHHbIM o6t>6ktom I h (pyHKTop 

(g) : C x C — > C. Hto6bi 3aflaTb TaKoii (pyHKTop, Hy^KHO BBecTH TeH3opHbie npo- 

H3BefleHHH o6T>eKTOB H TeH30pHbie npOH3BefleHHH MOp(|)H3MOB TaK, HTO 

idu®v = idu®id v , (f ® g")(f ® g') = f'f ® g"g', 
fljiH jiio6bix flByx o6T>eKTOB U, V KaTeropHH C h jiio6bix ee MopcpH3MOB 

/' G Hom(U,U / ), f" <E Hom(U / ,U // ), g' <E Hom(V,V'), g" <E Hom(V', V"). 

Iloflpo6HocTH cm. b [48, CTp. 350], [49, CTp. 22]. 

CTpyKTypa TeH3opHOH KaTeropHH b C onpeflejineTCH ceMeiicTBaMH H30- 

MOp(|)H3MOB 

a x , Y ,z :X®(Y®Z) ^ {X®Y)®Z, (2.3.53) 
X x : I®X ^ X, p x : X®I ^ X, (2.3.54) 

yflOBJieTBOpHK)HJ,HMH eCTeCTBCHHblM Tpe6oBaHHHM, KOTOpbie BbinOJIHHIOTCH flJIH 

KaTeropHH MOflyjieft Hafl ajire6pon Xoncpa [48, CTp. 351-357]. B stom nacT- 
hom cjiynae BbiflejieHHbiM sjieMeHTOM 1 cjiy^KHT TpHBnajibHbin ^4-MOflyjib C, a 

H30MOp(J)H3MaMH CtX,Y,Z, ^X , PX ~ KaHOHHHeCKHe H30MOp(|)H3MbI BCKTOpHblX 
npOCTpaHCTB, HTO n03BOJIHeT HCnOJIb30BaTb 3HaK paBeHCTBa BMeCTO 3HaKa ~, 

He onacancb ohih6ok b paccy^KfleHHHx. B o6tti,cm cjiynae npnHHTO 3aMeHHTb 
paccMaTpHBaeMyio TeH3opHyio KaTeropnio SKBHBajieHTHOH eit TeH3opHOH KaTe- 
ropneft, fljiH KOTopoii b (2.3.53), (2.3.54) BbinojiHHioTCH paBeHCTBa [48, CTp. 
361], to ecTb CTporoii TCH3opHoft KaTeropneft. 
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Ajire6pa b TeH3opHoft KaTeropHH C - 9to ee oGt^kt F h napa MopcpH3MOB 

m: F ® F -> F, 1 : I —> F, 
yflOBjieTBopflion],Hx cjieflyrornHM Tpe6oBaHHHM [260, CTp.438]: 

m(m (2) idp) = m(idF <2> m), m(l (g) F) = m(F (g) 1) = idp. 
JleBbiii MOflyjib Hafl ajire6poii F b TeH3opHoii KaTeropHH C - sto ee oGteKT F 

H MOp(J)H3M mieft : ^ <g> E — > F , flJIH KOTOpblX 

mi cft (m (g) id E ) = mieft(id F <8> mi cft ), mi cft (l (g) id E ) = id E . 

IlPHMEP 2.3.40 PaccMOTpHM TeH3opHyio KaTeropnio Ca MOflyjieii Hafl ajire6- 
poii Xoncpa A. Ka^Kflan yHHTajibHan ^-MOflyjibHan ajire6pa F HBjineTCH ajire6- 
poii b Ca, a Ka^Kflbiii ^-MOflyjibHbra jieBbiii F-MOflyjib - jieBbiM MOflyjieM Hafl F 
b C A . 

AHajIOrHHHO BBOflHTCH nOHHTHH npaBOrO MOflyjIH H 6HMOflyjI5I B TeH30pHOH 

KaTeropHH. B cjiynae 6HMO,zryjia Tpe6yeTCH, htoGm jieBoe h npaBoe fleiicTBHH 

mieft : F®E^E, m light : E®F^E 

6bijiH nepecTaHOBOHHbi: m r i g ht(idF <2> mi e ft) = mi e ft(idF <g> m r i g ht). 

Ecjih Ka^Kfloft nape V, V" o6T>eKTOB CTporoft TeH3opHoft KaTeropHH C co- 

nOCTaBJieH H30MOp(pH3M i^yy" : V'(g)V" — > V"<S>V, 06jiaflaK)HJ,HH CBOHCTBaMH, 

nepeHHCJieHHbiMH b npefljio>KeHH5ix 2.3.17, 2.3.18, to C Ha3biBaiOT cnjieTeHHoft 
TeH3opHoft KaTeropneft, a H30MopcpH3M Ryv ~ cnjieTeHHeM. ,ZJjih HecTpornx 
TeH3opHbix KaTeropHH b onpeflejieHHH ynacTByiOT H30MopcpH3Mbi ctx,Y,z, cm. 
[48, ct P . 395]. 

CnjieTeHHaa TeH3opHan KaTeropHH Ha3biBaeTCH CHMMeTpHnecKoii, ecjin 
Rv»v>Rw" = id-v'®v" [48, CTp. 400]. 

Ajire6pa F b cnjieTeHHoft TeH3opHoft KaTeropHH Ha3biBaeTCH KOMMyTaTHB- 
Hoft, ecjin m = m Rff, r^e m : F (g) F — > F - yMHOJKeHne b F. Moflyjin Hafl 
KOMMyTaTHBHbiMH ajire6paMH b cnjieTeHHbix a6ejieBbix TeH3opHbix KaTeropnnx 
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Hcnojib3yK)TC5T b ajire6paHMecKOH K-Teopw [256] h ecTecTBeHHO B03HHKaiOT b 
KOH(popMHOH KBaHTOBoii Teopini IIOJT5I [210, 161]. 8 

2.4 HHBapnaHTHbiH HHTerpaji 

2.4.1 HHBapnaHTHbie HHTerpajibi h *-npeflCTaBjieHHa. PaccMOT- 
pHM A-MOffyjibnyto ajire6py F. JlnHeftHbift (pymajHOHaji v : F — > C Ha3biBaiOT 

j4-HHBapHaHTHbIM HHTerpajIOM, eCJIH V 5IBJI5ieTC5I MOp(J)H3MOM A-MOflJJiem, TO 

ecTb 

v(af) = e(a)f, a e A, f € F, 

rfle £-KoeflHHHu,a ajire6pbi Xoncpa A. /JpyrHMH cjiOBaMH, HHBapHaHTHbiii HHTe- 
rpaji - 9to yl-HHBapHaHTHbiii sjieMeHT A-MOffyjiR F* . 

PaccMOTpHM MOflyjib V Hafl ajire6poii Xor±(pa A, ^-MOflyjibHyio ajire6py 
End V Bcex jiimeftHbix onepaTopoB b V h ee ^-MOflyjibHyio noflajire6py 

End; V = {T G EndV\ dim{TV) < oo}. 

Otmcthm, mto EndfV - ajire6pa 6e3 eflHHHD,bi, ecjra dimF = oo. Harnett 
6jiH5KaHnieii u,ejibio aBjiaeTca nocTpoeHne HeHyjieBoro ^-HHBapnaHTHoro HHTe- 
rpajia Ha End/ V b npeflnojio>KeHHH, hto KBa^paT aHTnnofla S ajire6pbi Xor±(pa 
A HBjiaeTca BHyTpeHHHM aBTOMopcpH3MOM: npn HeKOTOpOM o6paTHMOM g G A 

S 2 (a) = gag' 1 , a G A. (2.4.1) 

IlycTb 7r(a) - npeflCTaBjieHne ajire6pbi A, OTBe^aiomee ^-MOflyjno V. Tor^a 
npeflCTaBjieHne 7t(S 2 (o)) SKBHBajieHTHO npeflCTaBjieHHio it (a), nocKOjibKy 

ir(S 2 (a)) = 7r(^)7r(a)7r(5') _1 , a G A. 

SiiaMHT, jiHHeftHoe OTo6pa>KeHHe 

V^V*\ v^7r{g)v, 

5IBJI5ieTC5I MOp(|)H3MOM ^-MOflyjieft, H IjeilOHKa MOp(J)H3MOB A-MOflJJiem 

End/ V ^ V ® V* ^ V** ® V* -> C 

8 A6ejieBM TeH3opHbie KaTeropim onpe^ejisiOTCH o^eBH^HMM o6pa30M [167]: (pyracTop ® ,a;ojiJKeH 6biTb 
6lia,imHTHBHbIM [10, CTp. 106, 98]. 



71 

flocTaBjiaeT cjieflyK)m,HH xoponio H3BecTHbift pe3yjibTaT. 
IlPEflJIOKEHHE 2.4.1 JIuneuHuu ^ynKi^uonaA 

v : End/(V0 Q Th tr(T7r(p)) 

MGAMemcM A-uHeapuawnriHUM uwmezpaAOM. 

B npeflnojio^KeHHH, mto ajieivteHT g b (2.4.1) yflOBjieTBopsre-T cjie,zryioiHHM 

flOnOJIHHTejIbHbIM yCJI0BH5IM 

&(g) = g®g, e(g) = h (2.4.2) 

mhcjio tr g (A) = tr(A7r(g)) Ha3biBaK)T g-cjieflOM jiHHeiiHoro onepaTopa ^4 b npo- 
CTpaHCTBe npeflCTaBjieHHa n. H3 (2.4.2) cjie^yeT, mto 

tr q (A ®B) = ti q A- tr q B. 

B cjiy^ae KOHe^HOMepHoro npeflCTaBjiemM tt onpe-flejieH q-cnep, eflHHHHHoro 
onepaTopa, Ha3biBaeMbift g-pa3MepHOCTbio npocTpaHCTBa npeflCTaBjieHH^: 

dim g V = f tr7r(p). 

riojiyMHM aHajior (popMyjibi "HHTerpnpoBaHHa no T iacT5iM". 

IlPEflJlOKEHHE 2.4.2 Ecau v - uHeapuaHiJiHuu unmezpaA na A-ModyAbnou 
a,Ase6pe F , mo 

v((afi)'f2) = v(fi'S(a)f 2 ), /i,/ 2 GF, a G A. (2.4.3) 

,Z^OKa3aTejTbCTBO. rioKa>KeM, hto ajih jno6bix A-MOffyjiem U, V h jno6oro 
Mop(pH3Ma A-MOflyjieft I :V ®U — > C HMeeT MecTO paBeHCTBO 

l(av ®u) = l(v ® S(u)), ueU,veV,aeA (2.4.4) 

Ilocjie 9Toro ocTaHeTCH nojicc-KHTb t/ = V = F h Z(/i (8) ^2) = ^(/i ^2)- 

PaBeHCTBO (2.4.4) oneBHflHO b nacTHOM cjiynae ecTecTBeHHoro cnapHBa- 
hm / nat :U* ®U — > C. 06ihhh cjiynaii cboahtc^ k STOMy nacTHOMy cjiynaio c 
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noMOinbio MopcpH3Ma ^-MOflyneft V — > U* , onpeflejiaeMoro jinHeftHbiM (pyHK- 

UHOHajIOM I: 

v^v®c^v®u®u* l -^c®u* = u*. □ 

OnnineM o/i,hh H3 MeTOflOB nocTpoeHnsr *-npe,a,CTaBjieHHft *-ajire6p Xoncpa. 
HanoMHHM TepMHHOjiornio. JlnHenHyio no nepBoii nepeMeHHoii n aHTHjiHHen- 
Hyio no BTopoii nepeMeHHoii (popMy (v', v") Ha bcktophom npocTpaHCTBe V 
Ha3biBaiOT nojiyTopajiHHenHOH cpopMoii. Ee Ha3biBaiOT spmhtoboh (popMoii, ec- 
jih [v'\ v') = [v\ v") fljiH Bcex v\ v" E V. BpMHTOBa (popMa Ha3t»iBaeTC5i 
HeoTpnu,aTejibHOH, ecjin (v,v) > fljia Bcex v E V, n nojio:>KHTejibHOH, ec- 
jih (v, v) > fljiH Bcex HeHyjieBbix v E V . IIpeflCTaBjieHHe tt *-ajire6pbi A b 
BeKTopHOM npocTpaHCTBe V , HaflejieHHOM spmhtoboh cpopMoii (•,•), Ha3biBaeT- 
C5i *-npeflCTaBJieHneM, ecjin 

(7r(a)i/, v") = (i/, 7r(a*)v"), o G i, i;', i;" G V. 

Ha 5i3biKe ^-MOflyjieii 9to 03HanaeT, hto 

(ai/, u") = (V, aV), a G A, v\ v" E V. (2.4.5) 

IlPEflJlOKEHHE 2.4.3 PaccMompuM *-ajise6py Xornfoa A, A-ModyAtnyw 
*-a,A2e6py F u UHeapuanmHuu unmespaA v : F — > C, ydoeAemeopsiiou^uu 
ycAoeuw eeu^ecmeeHHOcmu 

v(t)=Wl f€F. (2.4.6) 
IIpedcmaeAeHue aAze6pu A e eenmopHOM npocmpaHcmee F c spMumoeou $op- 

MOU 

(/i,/ 2 ) = K/ 2 7i), (2-4.7) 
mAttemctt, *-npedcma6AeHueM. 

,ZJoKa3aTejTbCTBO. BBefleM noH^Tne ^-HHBapnaHTHoft nojiyTopajinHeft- 
Hoft (popMbi, flOKa»:eM, mto (2.4.5) paBHOcnjibHO ^-HHBapnaHTHOCTH, n, HaKO- 

HeiJ,, yCTaHOBHM j4-HHBapnaHTHOCTb SpMHTOBOft (popMbi (2.4.7). 



73 



Kax H3BecTH0 [63, CTp. 388], Ka^KflOMy BeKTopHOMy npocTpaHCTBy V ot- 
BenaeT aHTHnpocTpaHCTBO V , OTjiH^aiomeecfl ot V jiHiub fleftcTBHeM nojiH C: 

A : v h+ Xv, A G C, v G V. 

CTpyKTypa MOflyjia Hafl *-ajire6poft Xon(pa A nepeHOCHTCH c V Ha V: 

cl '. v i — ► S(a)*v, a G A, v G V, 

h BeKTopHoe npocTpaHCTBO nojiyTopajiHHeiiHbix (popM V\ x V2 — ► C ecTecTBeH- 
ho H30MopcpHO (V2<S)Vi)*. HaflejiHM BeKTopHoe npocTpaHCTBO nojiyTopajiHHeii- 
hmx (popM Ha V CTpyKTypoii MOflyjra Hafl ajire6poft Xoncpa A c noMom,bK) 9Toro 

H30MOp(J)H3Ma. 

PaccMOTpHM ^-HHBapHaHTHyio nojiyTopajiHHeftHyio cpopMy (•,•) b V. Eft 
OTBe^aeT jiimeftHbift onepaTop 

5IBJI5IIOIII,HHC5I MOp(|)H3MOM ^-MOflyjieft. /JpyrHMH CJIOBaMH, 

(1/, 5(a) V) = (S(aV, v"), a G A v" G V. 
SiiaMHT, b CHjiy o6paTHMOCTH aHTHnofla S, 

( I * //\ ( I ll\ A I II _ T/ 

(v,ou J = (gw , i> ), « € j4, t> , i> G K. 

H3 HHBapnaHTHOCTH nojiyTopajiHHeftHoft (popMbi cjie^yeT (2.4.5). 

06paTHO, npeflnojio>KHM, mto nojiyTopajiHHeftHaa cpopMa (•,•) b V yflo- 
BjieTBopaeT Tpe6oBaHHio (2.4.5). Ecjih A(a) = ® Qj T0 ; KaK BbiTexaeT H3 
(2.4.5), 

5(60 V) = (i/^cfS&JV) = 
= («', (^^(ftOciJV) = (t/,e(a)i/') = e(a)( V >"). 

i 

3to osHa^aeT ^4-HHBapHaHTHOCTb nojiyTopajiHHeftHoft (popMbi (•,•)• 

OcTaeTca flOKa3aTb ^-HHBapnaHTHOCTb spmhtoboh (popMbi (2.4.7). IlycTb, 
Kax h npe^Kfle, A(a) = ^bi<S> C{. Bocnojib3yeMC5i TeM, mto (* S) 2 = id. Hc- 

i 
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nojib3y5T 9to paBeHCTBO h (2.3.39), nojiy^aeM: 

Y^iafi, 5(6072) = E • Ci(/0), /1, h e f. 

i i 

Ho F 5iBji5ieTC5i 74-MOflyjibHoft ajire6poft, a v ^-HHBapnaHTHbiM HHTerpajiOM. 

3HaHHT, 

E "WD ■ <*(/i)) = "Wlh)) = e(a)v(fih) = s(a) ■ (/ b / 2 ). □ 

2.4.2 Cym,ecTByeT jth HeHyjieBoft HeoTpHijaTejibHbiH U q si2- 
HHBapnaHTHbiH HHTerpajr? Ha^HeM c o6iu,eH3BecTHbix onpeflejieHHft. 

BeKTopHbie noflnpocTpaHCTBa {F^A}j e z ajire6pbi A 3aflaiOT (pmibTpa- 
d,hk) 9Toft ajire6pbi, ecjin 

1. F&A C F^A, j < k, 

2. 1 G F(°)A, 

3. F&A ■ F^A C F^' +fc )A, j, k eZ. 

Ajire6pa c BbiflejieHHoii cpmibTpaipieft Ha3biBaeTC5i (pHjibTpoBaHHoii ajire6poii. 

riPHMEP 2.4.4 Ka>KflOMy flBycTopoHHeMy Hfleajiy I ajire6pbi A OTBe^aeT ee 

.A, j e Z+, 

(pHjibTpau,H3 F^'A = < . 9Ta (pmibTpaipra Ha3biBaeTC5i /- 



aflH^ecKOH. 



B flajibHeiinieM 6yfleT npeflnanaraTbca, mto paccMaTpnBaeMbie (pmibTpa- 

D,HH 06jiaflaK)T CJieflyK»LLI,HMH flOIIOJIHHTejIbHblMH CBOHCTBaMH: [J = A, 

jez 

P| = 0. CTeneHb HeHyjieBoro ajieMeHTa / G A TaKott ajire6pbi onpefle- 

jez 

ji5ieTC5T paBeHCTBOM deg(/) = min{j G 7L \ f G F^A}. 

riPHMEP 2.4.5 Ecjih A = (J) A, - rpaflynpoBaHHaa ajire6pa, to nocjieflOBa- 

TejIbHOCTb 

= A k , 3 G Z 
5iBji5ieTC5i (pHjibTpau,Hefi ajire6pbi A. 
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BeKTopHoe npocTpaHCTBO gr(A) = (J) (F^A/F^ l ^A) HaflejiaeTca 
CTpyKTypoft ajire6pt»i cjieflyioiHHM o6pa30M: 

[x + fV-^A] ■ [y + F^A] = xy + F^ +k ~^A : 

rfle x G F^A/F^A, G FWA/F^- 1 )^. Ajire6pa gr(A) 5IBJI5ieTC5I Z- 
rpaflynpoBaHHOH c oflHopoflHbiMH KOMnoHeHTaMH gr (A)j = fWA/FV-VA. 
Ona Ha3t»iBaeTC5i npHCoeflHHeHHoft rpaflynpoBaHHoft ajire6poft. O (pyHKTopax, 
CB5i3aHHbix c nepexoflOM ot (pHjibTpc-BaHHbix ajire6p k npncoeflHHeHHbiM rpa- 
flynpoBaHHbiM ajire6paM cm. [137, CTp. 278 - 292]. 

riPHMEP 2.4.6 PaccMOTpHM ajire6py Pol(C) g h ee (pHjibTpanHio: 

deg(z) = deg(z*) = 1. 

ripHCoeflHHeHHOH rpaflynpoBaHHOH ajire6poft cjiy>KHT HeKOMMyTaTHBHaa aji- 
re6pa C[z, z*] q 2 c oflHOHMeHHbiMH o6pa3yioiHHMH z, z* h onpefleji5nom,HM coot- 
HOineHHeM z* z = q 2 z z* . 

Ilepexofl ot A k gr(A) 5iBji5ieTC5i ^acTO Hcnojib3yeMbiM npneMOM. Hanpn- 
Mep, KaK oG^flCHfljiocb b nyHKTe 2.3.3, mhojkgctbo {z-i z* k \j,k G Z + } 5iBji5ieTC5i 
6a3HCOM BCKTopnoro npocTpaHCTBa C[z, z*] q 2. 3HaMHT, cnpaBe-fljiHBO cjieflyio- 
inee yTBep^Kflemie. 

IlPEflJlOKEHHE 2.4.7 Mnoofcecmeo {z j z* k \j,k G Z + } MeAMemcM 6cl3ucom 
eeKmopnoso npocmpancmea Pol(C) g . 

AHajiornMHO flOKa3biBaeTC5i, mto mho^kcctbo {z*i z k }j^ e z + ^BjiaeTca 6a3H- 
com BeKTopHoro npocTpaHCTBa Pol(C) g . 

IlepexoflH k gr(Pol(C) g ), He-TpyiiHO noxasaTb, mto ajire6pa Pol(C) 9 He 
HMee-T flejiHTejieft Hyjis. ^eftcTBHTejibHO, HMee-T MecTO cjieflyroinee HecjicxacHoe 
yTBep»:fleHHe [123, CTp. 109]. 

IlPEflJIOKEHHE 2.4.8 Ecau npucoedimeHHaM zpadyupoeaHHaM aAze6pa gr(A) 
HBAHemcM, o6Aacmt>w i^eAocrriHocmu, mo u A - o6Aacmb v^eAocmnocmu. 
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JlHHeftHbift (J)yHKu,HOHaji v Ha *-ajire6pe A Ha3biBaiOT HeoTpHnaTejibHbiM, 
ecjiH v(f*f) > npn Bcex / G A. HeoTpHnaTejibHbift jiHHeftHbift (pyHKinioHaji 
v Ha3biBaiOT nojio>KHTejibHbiM, ecjiH v(f*f) 7^ npn / ^ 0. 

H3 HeoTpHu,aTejibHOCTH jiHHeiiHoro (pyHKnnoHajia cjieflyeT ero BeinecTBeH- 
HOCTb (2.4.6), nocKOjibKy H3 HeoTpnnaTejibHOCTH MaTpnnbi (y(f*fj))i,j=i,2 c-^e- 
flyeT ee spMHTOBOCTb. 

IlpH OTBeTe Ha Bonpoc, BbmeceHHbift b Ha3BaHHe nyHKTa, 6yfleT Hcnojib- 
30BaH sjieMeHT (2.3.44) neirrpa ajire6pbi XJsli h paBeHCTBO 

C q f = 0, / G C[z] q (2.4.8) 

(ero flOKa3aTejibCTBO jierKO cboahtch k oneBHflHbiM nacTHbiM cjiynaHM / = 1 
h / = z). 

IlPEflJIOKEHHE 2.4.9 Ha Pol(C) g ne cyu^ecmeyem Henyjieeozo Heompui^a- 
meAbH020 U q sl2-UHeapuaHmH020 uwmezpajia. 

/JoKasaTejibCTBO. IlycTb v HeHyjieBoii BeinecTBeHHbiii £/g5[2-HHBa- 
pnaHTHbiii HHTerpaji Ha Pol(C) g . 

MHO>KecTBO {z* m z n } mjne z + HBjiHeTca 6a3HCOM BeKTopHoro npocTpaHCTBa 
Pol(C) g . H3 v{K ±l f) = v(f) cjieflyeT, hto v(z* m z n ) = npn m ^ n, a H3 
v(Ff) = 0, Fz = BbiTexaeT paBeHCTBO = 0. 

3HanHT, v(z* n z n ) 7^ npn HeKOTopoM n G N. Ho z n+1 jinnib hhcjiobbim 
MHO>KHTejieM OTjiHHaeTCH ot E n z. CjieflOBaTejibHO, v{z*z) 7^ 0. H3 HeoTpnna- 
TejibHOCTH v BbiTexaeT HepaBeHCTBO v{z*z) > 0. 

Hto6bi npniiTH k npoTHBopenHio flocTaTOHHO flOKa3aTb HajiHHHe OTpnna- 
TejibHbix HHceji b nocjieflOBaTejibHOCTH {is((E n z)*(E n z))} n£ ^. Kax cneflyeT H3 
(2.3.39), (2.4.3), 9to paBHOcnjibHO HajiHHHio OTpnnaTejibHbix nnceji b nocjieflo- 
BaTejibHOCTH {v{z*{F n E n z))} ne fi. 

Ho 3HaKH 9thx HHceji nepeflyiOTCH, nocKOjibKy 

F n E n z = -F n - 1 _ 1 1 (q^K- 1 + qK - (q' 1 + q)) E n ~ l z. 



77 



IlocjieflHee paBeHCTBO BbiTexaeT H3 (2.3.43) 




2 (q^K- 1 + qK- {q' 1 + q)) E n ~ l z 



H H3 (2.4.8). 



□ 



riojiyMeHHbiH pe3yjibTaT mcc-kho 6mjio cc-KHflaTb. ^JeftcTBHTejibHO, *- 
ajire6pa Pol(C) 9 TecHO CB5i3aHa c KBaHTOBbiM aHajioroM eflHHnnHoro Kpyra 
P = {zGC||z|<l}, Kax noKa3aHO b naparpa(pe 2.2. B KjiaccnnecKOM cjiy- 
nae q = 1 HHBapnaHTHbin HHTerpaji b D H3BecTeH [86, CTp. 46] 



h v(f*f) = +oo fljiH jiK)6oro HeHyjieBoro nojiHHOMa /. 

HtoGm H36e>KaTb pacxoflHMOCTn HHTerpajiOB, flocTaTonHO 3aMeHHTb aji- 
re6py iiojihhomob ajire6poft D(IED) rjiaflKHx (pyHKunft c KOMnaKTHbiMH HOCHTe- 
ji5imh b P. Hcnojib3yeMoe b 3a,i],anax rapMOHnnecKoro aHajiH3a b D rnjib6epTOBO 



B cjieflyiomeM nyHKTe bbo,o,htc5i t/gSUi^-MOflyjibHaa *-ajire6pa D(P) g , 5ib- 
ji5noma5iC5i g-aHajiorc-M ajire6pbi D(D). Kax 6yfleT noKa3aHO, nojio^KHTejibHbiii 
£7s ^-HHBapnaHTHbin HHTerpaji Ha D(Ti)) q cymecTByeT n eflHHCTBeH c tohhoctbk) 

flO MHCJIOBOrO MHO>KHTejI5I. 

2.4.3 06o6m,eHHbie cpyHKi^HH h cpHHHTHbie cpyHKii,HH. BsefleM 
npocTpaHCTBO D(D)g, 5iBji5iioineec5i g-aHajioroM npocTpaHCTBa D(D)' o6o6meH- 
hmx (pyHKunft b KBaHTOBOM xpyre. C 9Toft nejibio HaflejiHM BeKTopHoe npo- 
CTpaHCTBO Pol(C)q Tonojiorneft n nonojmnM ero. 

PaccMOTpHM BBefleHHoe b nyHKTe 2.2.3 TOHHoe *-npeflCTaBjieHne Tp *- 
ajire6pbi Pol(C) g b npeflrnjibGepTOBOM npocTpaHCTBe TL c BbiflejieHHbiM opTO- 
HopMHpoBaHHbiM 6a3HCOM {e n } ne z + . HaflejiHM Pol(C) g cjiaGeninen H3 Tonojio- 
rnii T, b KOTopbix HenpepbiBHbi Bee jinHenHbie (pyHKnnoHajibi 




(2.4.9) 



npocTpaHCTBO L 2 



(dv) He BbinaflaeT H3 nojin 3peHnn, nocKOjibKy nBjineTCs no- 




(2.4.10) 
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to ecTb Bee MaTpHMHbie sjieivieHTbi (|)OKOBCKoro npeflCTaBjieHHH b BbiflejieHHOM 
6a3Hce. 

HivteeTca flpyroe onncaHHe TonojiorHH T . KaK 6biJio noKa3aHO b nyHKTe 
2.2.3, Ka>Kflbiii ajieivteHT / G Pol(C) g aBjiaeTca KOHeHHoii cyMMoii BHfla (2.2.14) 

f = J2 z m Mv) + My) + E ^(y) z * m > ( 2 - 4 - n ) 

meN meN 

h Taxoe pa3jio^KeHHe eflHHCTBeHHO. 3flecb y = 1 — zz* h ^ m - nojiHHOMbi oflHoii 
nepeMeHHoft. 

riPEflJlOKEHHE 2.4.10 T - cAa6eumaM U3 monoAosuu, e Komopux nenpe- 
puenu ece Jiuneunue tfiyHKi^uoHajiu 

CM) = ^(q 2n ), meZ,neZ + , (2.4.12) 

mo ecmb 3HaneHUM Kostfitfiuyuenmoe ip m (y) pa3AoatceHUM (2.4.11) e mouKax 
geoMempunecKou npogpeccuu q m+ . 

/JoKasaTejibCTBO. IlycTb v m = 7V(z m )eo h lj,k{f) ~ MaTpn^Hbie sjie- 
MeHTbi onepaTopoB (pOKOBCKoro npeflCTaBjieHna b 6a3nce {"y m } m ez + - H3 onpe- 
flejieHHH cjieflyeT, hto T aBjiaeTca cjiaGennieii H3 Tonojiornii, b KOTopbix Henpe- 
pbiBHbi Bee jiHHeiiHbie (pyHKUHOHajibi 3flecb j, k G Z + . OcTaeTca 3aMeTHTb, 

HTO Ij^k JIHHIb HeHyjieBbIM HHCJIOBbIM MHO>KHTejieM OTJIHHaeTC5I OT jiHHeiiHoro 

cpyHKnnoHajia l'^ min(j fc) . □ 
HaflejiHM npocTpaHCTBO Bcex (pyHKinift Ha MHO)KecTBe q 2 + TonojiorHeii 

nOTOHeHHOH CXOflHMOCTH. OhO HBJIHeTCH nOJIHbIM B 9TOH TOnOJIOrHH [91, CTp. 

50], h cy^KeHHs nojiHHOMOB o6pa3yK)T njiOTHoe jiHHeiiHoe noflMHoroo6pa3ne. 
3HaMHT, npocTpaHCTBO Bcex (pyHKnnii Ha q 2Z+ , HaflejieHHoe TonojiorHeii noTO- 

HeHHOH CXOflHMOCTH, HBJIHeTCH nOnOJIHeHHeM npOCTpaHCTBa nOJIHHOMOB C HH- 

flyu,HpoBaHHoii TonojiorHeii [91, CTp. 51]. 

Paccy^Kflan aHajiornnHO, paccMOTpHM BeKTopHoe npocTpaHCTBO D(D) r q 
(J)opMajibHbix pa/i,OB BH/i,a (2.4.11) c KoscpcpHnneHTaMH H3 npocTpaHCTBa 
(pyHKD,HH Ha MHO»:ecTBe q 2Ij+ . HaflejiHM D(D)' TonojiorHeii noTOHeHHoft cxo- 

flHMOCTH K09(J)(pHLI,HeHTOB Ipj Ha MHCC-KeCTBe q 2Z+ . OneBHflHO, D(D)' q HBJIHeTCH 
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nojiHbiM TonojiornMecKHM BeKTopHbiM npocTpaHCTBOM, h Pol(C) ? ecTecTBeH- 
ho H30Mop(pHO ero njiOTHOMy jiHHefiHOMy noflMHoroo6pa3Hio. Cjie-flOBaTejibHO, 
D(D)^ - nonojiHeHHe TonojiorimecKoro BeKTopHoro npocTpaHCTBa Pol(C) g . 
Hhbojiioli,h5i * flonycKaeT npoflOJi»:eHHe no HenpepbiBHOCTH Ha D(P)^. 

IlycTb TL - np^Moe npoH3BefleHne oflHOMepHbix BeKTopHbix npocTpaHCTB 
TLj = Cej c Tonojiorneii np^Moro npoH3BefleHH5i. O^eBiiflHO, TL C TL - iuiOTHoe 
jiHHeiiHoe noflMHoroo6pa3ne. 

JlnHeiiHbie onepaTopbi H3 TL b TL HMeiOT bha 

oo 

Av = a kj (v, ej) e k , v eTL, (2.4.13) 

k,j=0 

rfle akj £ C ByzjeM Ha3bmaTb hx o6o6m,eHHbiMH jiHHeftHbiMH onepaTopaMH b TL 
h HaflejiHTb BeKTopHoe npocTpaHCTBO TaKHx onepaTopoB Tonojiorneii noK09(p- 

(pHU,HeHTHOH CXOflHMOCTH (J)OpMaJIbHbIX pflflOB (2.4.13). IIpHBefleM CJieflCTBHe 

npefljio>KeHH5i 2.4.10. 

CJlEflCTBHE 2.4.11 1. OonoecKoe npedcmaejienue aAse6pu Pol(C) g donycKa- 
em npodoAQtcenue no Henpepuenocmu do Auneunoeo omo6paotceHUA T){p)' q e 
npocmpancmeo o6o6ut ) eHHUx AuneuHux onepamopoe. 

2. 3mo Auneunoe omo6paotceHue AGAMemcM u30Mopcjju3MOM monoAosunecKux 
eenmopHux npocmpancme. 

CoxpaHHM o6o3HaMeHHe Tp fljia nojiyneHHoro npoflOji>KeHH5i Ha BeKTopHoe 
npocTpaHCTBO D(D)' r 

HanoMHHM, hto Pol(C) g 5iBji5ieTC5T [/ g sui ; i-MOflyjibHoii ajire6poii h, cjieflo- 
BaTejibHO, t/ g 5[2-MOflyjibHbiM Pol(C) (? -6HMOflyjieM. Mojkho noxasaTb, mto one- 
paTopbi npeflCTaBJieHHii ajire6p Po^C)^ h U q sl2 npo,i],oji)KaK)TC5i no Henpe- 
pbiBHOCTH c Pol(C) g Ha nonojiHeHHe D(P)^, na^ensisi ero CTpyKTypoft U q sl2- 
MOflyjibHoro Pol(C) g -6HMOflyji5i. ^OKasaTejibCTBO 6yfleT npHBefleHO no3flHee b 
cym,ecTBeHHO 6ojibnieft o6ihhocth, cm. naparpacp 3.4. 

IlPHMEP 2.4.12 PaBeHCTBa K ±l ^{y) = ip(y), 

Eip{y) = ~q 2 zy , Fip(y) = -q^y z 2.4.14 

y - q y y - q y 
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HeTpyflHO flOKa3aTb no HHflyKu,HH fljin ip = y n . SHaHHT, ohh BepHbi fljin Bcex 
nojiHHOMOB ip(y), a, cjieflOBaTejibHO, h ajih Bcex (pyHKu,HH ip(y) Ha g 2Z+ . 

JlHHeftHbift onepaTop A bTC Ha30BeM (pHHHTHbiM, ecjiH Aej = ajih Bcex 

j G Z+, KpOMe KOHeHHOrO HX HHCJia. IlpHMepOM MOJKeT CJiy^KHTb OflHOMep- 

Hbift opToroHajibHbift npoeKTop Po na BaKyyMHoe noflnpocTpaHCTBO 7~^o = Ceo. 

CTaHflapTHbIM 06pa30M BBOflHTCH nOHHTHe COnpHJKeHHOrO K (pHHHTHOMy JIH- 

HeimoMy onepaTopy. 

C noMom,bio npefljio^KeHHH 2.4.10 jierxo flOKa3biBaeTC5i 

IlPEflJIOKEHHE 2.4.13 CAedytomue ymeepofcdenuM 3am f G ^(D))' aneuea- 
AenmHu: 

1. Tp(f) MGAMemcM cfiuHurriHUM auhcuhum onepamopoM e 7i; 

2. KoneuHU %a% hucao nenyAeeux HAenoe (fiopMaAbHoso psida (2.4.11), man 
u HocumeAU fyywKuxiu ipj(y) 6 (2.4.11); 

3. z* N f = / z N = npu HenomopoM N G Z+. 

3jieMeHTbi / G D(D)' q , yflOBjieTBop5nom,He ycjiOBHHM npefljio>KeHH5i 2.4.13, 
6yfleM Ha3biBaTb (Phhhthmmh (pyHKu,HHMH b KBaHTOBOM Kpyre. Ohh o6pa3yiOT 
njioTHoe b T>(B>)' q jiHHeftHoro noflMHoroo6pa3He, o6o3HanaeMoe D(P) g . 

KaK cjieflyeT H3 onpeflejieHHft, OTo6pa»:eHHe Tp HBjineTCH H30Mop(pH3- 

MOM BeKTOpHOrO npOCTpaHCTBa D(D)q H BeKTOpHOrO npOCTpaHCTBa (pHHHT- 

Hbix jiHHeiiHbix onepaTopoB b TL. 9to no3BOji5ieT HaflejiHTb 2)(ID ) ) g CTpyKTypoii 
*-ajire6pbi. YMHO>KeHHe b T)(D) q mo>kho nojiynnTb h flpyrnM cnoco6oM - no 
HenpepbiBHOCTH, ncxoflH H3 yMHO^KeHna b Pol(C) g . Tax mo>kho flOKa3aTb, hto 
T)(D) q aBjiaeTca t/gSUi^-MOflyjibHoii ajire6poii. Bojiee o6ih,hh noflxofl H3jio^KeH 
b naparpa(pe 3.4. 

ElPHMEP 2 .4. 14 Cym,ecTByeT h eflHHCTBeH sjieMeHT fo G D(P) g , ajih KOToporo 
T F f = P . OneBHflHO, 

z*fo = foz = 0, (2.4.15) 
fo = /o, fo = fo- (2.4.16) 
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[0, npn y^l 

SHglMHT, 



1/2 



1/2 



K ±l k = /o, Ff = V-f/o^*, #/o = -r-^zfo. (2.4.17) 

o—l l—o 



Kax cjieflyeT H3 onpeflejieHHft cpoKOBCKoro npeflCTaBjieHM Tp h sjieivieHTa /o, 



3AMEHAHHE 2.4.15 Coo6pa^KeHH5i, KOTopbie npHBejiH Hac k t/gSU^i-MOflyjib- 
hoh ajire6pe D(D) (? , HarjraflHbi h flocTaTOMHO xoponio MOTHBnpoBaHbi. B cjiy- 
nae KBaHTOBoii orpaHH^eHHoii CHMMeTpHMecKOH o6jiacTH o6iu,ero BHfla ajire6pa 
(pHHHTHbix (pyHKD,HH 6yfleT nocTpoeHa HHa^e, 6ojiee cpopMajibHO, h ajieivteHT /o 
cbirpaeT KjiroMeByio pojib b nocTpoeHHH. Bcxope nocjie 9Toro CTaHeT OMeBHflHoii 

SKBHBajlGHTHOCTb 060HX nOflXOflOB. 

2.4.4 HHBapnaHTHbiii HHTerpaji Ha D(P) g . Ha^HeM co cjieflyiomero 
BcnoMoraTejibHoro yTBep>KfleHH5i. 

JlEMMA 2.4.16 PaccMompuM A-Modyjitnyjo aA2e6py F , A-Modyjitnuil Aeeuu 
F-ModyAb V u omeeuaminee ejuy npedcmaejieHue ir ajise6pu F e eenmopHOM 
npocmpaHcmee V 



D(B) q = C[z] q ■ f ■ C[z] q . 



(2.4.18) 




,Z^OKa3aTejTbCTBO. IlycTb a £ A, 




3 
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Tpe6yeTC5i flOKa3aTb paBeHCTBO 7r(a/) = cm(f) fljra Bcex / G F, to ecTb 

paBeHCTBO 

3 

Ho bj <S> CjS(dj) = a® 1 no onpeflejieHHio aHTnnofla S. □ 

i 

H3 pe3yjibTaTOB npe-flbiflymero nyHKTa cjieflyeT, mto = C[z] q fo hbjm- 
eTca KaK U q b + -mo flyjibHbiM D(P) (? -MOflyjieM, Tax h t/ g b + -MOflyjibHbiM Pol(C) g - 
MOflyjieM. O^eBHAHO, 

H = {/ G D(D) 9 | /z = 0} = {/ G D(D) g | T F (/) ej = np H ecex j ^ 0}. 

JlnHeiiHoe OTo6pa^KeHHe 

H^n, il>{z) f ^ T F (^(z))e (2.4.19) 

5TBJI5ieTC5I H30MOp(J)H3MOM Pol(C) (? -MOflyjieH. 

C noMombio (2.4.19) nepeHeceM CTpyKTypy U q b + -Mop,yjisi H3 TL b TL h BBe- 
fleM o6o3HaMeHHe T fljra nojiyneHHoro npeflCTaBjieHM ajire6pbi U q b + b npefl- 
rnjibGepTOBOM npocTpaHCTBe TL. 

IlPEflJlOKEHHE 2.4.17 JIuneuHuu ^ynKi^uonaA 

f fdv d ^ (1 - q 2 ) tr q T F (f) = (1 - g 2 ) tr(T F (/)r(i^- 1 )) (2.4.20) 

wa T)(fi])) q MGAMemcM noAootcumeA'bHUM U q $i2-UHeapuaHmHUM uwmezpaAOM. 

,HoKa3aTeji£>CTBO. IlpH / G D(ID)) g onepaTopbi T F (f) b aBjiaiOTca 
(pHHHTHbiMH. 3HaMHT, (2.4.20) onpe,o,eji5ieT HeoTpnnaTejibHbiH jiHHeiiHbiH (pyHK- 
nnoHaji z/ H a D(D) g : ti q T F (f*f) = tr(Tp(/)r(if_ 2i0 )Tp(/)*) > 0. Ero nojio- 
5KHT6jibHOCTb BbiTexaeT H3 tohhocth npeflCTaBjieHM Tp ajire6pbi D(D) g , cm. 
nyHKT 2.4.3. 

roMOMop(pH3M ajire6p Tp : D(ID)) 9 — > End(i7)/ aBjiaeTca MopcpH3MOM 
t/ g b + -MOflyjieft, KaK cjieflyeT H3 jieMMbi 2.4.16. SHa^HT, t/ g b + -HHBapHaHTHOCTb 
jiHHeiiHoro (pyHKUHOHajia v BbiTeKaeT H3 npefljio>KeHH5i 2.4.1 h paBeHCTBa 

S 2 {a) = K~ l aK, a G U q si 2 . 
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H3 [/ (Z b + -HHBapHaHTHOCTH h paBeHCTBa (2.3.39) cjie-flyeT t/^b -nHBapnaHT- 
HOCTb, nocKOjibKy jiHHeiiHbiH (pyHKu,HOHaji v aBjiaeTca Bem,ecTBeHHbiM: 



f (f ) = »u\ 



OcTaeTca 3aMeTHTb, mto noflajire6pbi Xoncpa U q b ± nopo^KflaiOT U q sl2- □ 
3AMEHAHHE 2.4.18 HanoMHHM oGosHaneHiie ^jKeKCOHa 

„1 oo 

/ f(t)d?t = (l-q 2 )J2f(Q 2j )Q 2j - 
Ecjih /= E * m ^m(j/) + «2/) + E ^-m(y) G D(D) 9J TO 

meN meN 



iv = I My) 

Jo 



fdv = I MV) V d q 2 y. (2.4.21) 

B (popivtajibHOM npeflejie q — ► 1 nojrynaeM: y = 1 — |z| 2 , 

dRe 2 dim 2 

= 7T(1-H 2 ) 2 ' 
IIPEflJIOKEHHE 2.4.19 £/ g sl 2 ■ /o = 2)(B)g- 

^OKa3aTejibCTBO. *-Ajire6pa D(D) g aBjiaeTca C/^sxii^-MOflyjibHofi, h 
HMeiOT MecTO paBeHCTBa (2.3.27), (2.4.17), (2.3.30). SHanuT, 

E(z-7o) = %^' +1 /o, (2.4.22) 
F(foz* k ) = b k f z< k ^ 

F(zi +1 f z* k ) = c jk zJf z* k + d jk z-i +1 f z< k+ V 
fljia HexoTopbix HeHyjieBbix nncjiOBbix MHO^KHTejieii aj, b k , Cj k , dj k . 
PaccMOTpHM noflnpocTpaHCTBa 



Oij eC c T>{B) q , m e Z+. 



£m = < / = XI S a ij zl fo Z * 3 ; 
I j=0 i=0 

Kax cjie-flye-T H3 (2.4.18), flocTaTOHHO flOKa3aTb, hto U q sl2 ■ fo D L m npn 
Bcex m G Z + . Bocnojib3yeMca HHflyKUHeft no m. Bo-nepBbix, H3 (2.4.22) cjie- 
flyeT, hto Lq = £/qb+ • fo, nocKOjibKy a,j npn Bcex j G Z+. Bo-BTopbix, H3 
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(2.4.23) cjieflyeT, mto L m+i C L m + F-L m , nocKOjibKy b k ^ 0, c jk ^ 0, d jk ^ 
npn Bcex j, k 6 Z+. □ 

CJlEflCTBHE 2.4.20 U q sl2-UH6apuaHmHuu uwmezpaA na T)(D) q eduHcmeen c 
moHHOcmhK) do uucaobozo MHODtcumejiM. 

Mm flOKa3ajin cym,ecTBOBaHHe h eflHHCTBeHHOCTb L^s^-HHBapHaHTHoro 
HHTerpajia h HanijiH ero hbhbih bh^ (2.4.20). 

ripefljio>KeHHe 2.4.19 mcokho yTOMHHTb. 

riPEflJlOKEHHE 2.4.21 SAeMewm fo MBAMemcM o6pa3yK>w ) eu U q sl2-ModyAM 
f D(JD>) q , a coorriHomeHue i^ ±1 /o = fo e2 ° onpedeAMtomuM coomHomenueM. 

,HoKa3aTeji£>CTBO. PaccMOTpHM [/ g s[2-MOflyjib Vo c o6pa3yiomeH vo H 
onpefleji5nom,HM cooTHOineHneM K^vq = vq. Tpe6yeTC5i flOKa3aTb 6neKTHB- 
HOCTb MopcpH3Ma L^s^-MOflyjieii j : Vo — > D(D) q , OTo6pa}KaioiHero Vq b fo. 

PaccMOTpHM noflnpocTpaHCTBa V m c V Q , D(D)£' fc) c D(D) g , 

IU,HeC5I JIHHeftHblMH oGojIOMKaMH nOflMHOJKeCTB 

{F fcl £^ I ifei < k kh < i) , {z h f z* kl \ h < k & h < i) . 

Paccy>Kfla5i Tax tkb, xax npn flOKa3aTejibCTBe npefljicoKeHM 2.4.19, mcokho no- 
jiy^HTb BKjiiOMeHHe j Vq 1 ^ D D(J})q ,k ^ fljia Bcex Z + . /JeiicTBHTejibHO, 

D(O)^) c ^(D)^- 1 ^- 1 ) + FD(D)^- 1 ), z, Jfc ^ 0, 
D(D)(°'i) c FD(D)^'- 1 ), D(D)^°) c £?D(D)^' -1 '°\ j ^ 0, 

cm. (2.4.22), (2.4.23). 

Ho dimVo*'^ < dim ^D(D)g' fc ^ < oo. 3HaMHT, j Ghckthbho OTo6pa>KaeT 

V ( ^ HaD(D)^' fc) . □ 
2.5 /],H(J)(J)epeHLi,HajibHbie HCHHCJieHHa 

2.5.1 /^HCpCpepeHIJHajIbHbie CpOpMM C IIOJIHHOMHajIbHfclMH K03(p- 

cpHii,HeHTaMH. BBefleM Heo6xoflHMbie onpeflejieHHH, cjiepjsi [214]. Ajire6pbi 
6yflyT npeflnojiaraTbCH yHHTajibHbiMH, ecjiH He oroBopeHO npoTHBHoe. 
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PaccMOTpHM rpaflynpoBaHHyio ajire6py Q = (J) h jiHHeHHbiii onepa- 

Top <i : Q — > Q CTeneHH 1 b O. Ilapy (fi, d) Ha3biBaK)T ,a,H(p(pepeHnHajibHOH 
rpaflynpoBaHHoii ajire6poii, ecjin d 2 = h 

d(a/ • a;") = da;' • a;" + (-1) V • du", J G Q n , u" G Q. (2.5.1) 

roMOMop(pH3M flH(p(pepeHii,HajibHbix rpaflyHpoBaHHbix ajire6p onpefleji5ieTC5i 

OHeBHflHbIM 06pa30M. J\jlK yMHO>KeHH5I B Q Hap5Ifly C • HCnOJIb3yiOT CHMBOJI 

A. O^eBHAHO, dl = 0. 

,ZjH(p(pepeHL],HajibHoe hchhcjighhg Hafl ajire6poft F - sto Taxaa flH(p(pe- 
peHu,HajibHa5i rpaflynpoBaHHafl ajire6pa (Q,d), mto £1o = F h Q nopo>KflaeTC5i 
9jieMeHTaMH H3 F® dF. PaccMOTpHM ajire6py Xoncpa ^4 h ^-MOflyjibHyio aji- 
re6py F. /JncpcpepeHirHajibHoe HCHHCjieHne (fi, <i) Ha3biBaeTC5i KOBapnaHTHbiM, 
ecjin ajire6pa f2 aBjiaeTca ^-MOflyjibHoii ad- 9HflOMop(pH3M A-MORyjin £7. 

IlycTb A = U q sl2 h (A(C)g, <i) - KOBapnaHTHoe ,a,H(p(pepeHnHajibHoe hc- 
MHCJieHHe Hafl C[z] g . H3 (2.3.27) cjieflyiOT paBeHCTBa 

Fdz = 0, K ±1 dz = q ±2 dz, (2.5.2) 

Edz = -q 1/2 {dzz + zdz). (2.5.3) 

HanoMHHM, hto C[z] g - KOMMyTaTHBHaH ajire6pa b cnjieTeHHoii TeH3opHoft 
KaTeropHH C~ . Ilpeflnojio^KHM, hto A(C) g = ©igz+A*(C) g aBjiaeTca cynepKOM- 
MyTaTHBHoii ajire6poii b stoh KaTeropHH, to ecTb 

rnR A( c) q ,A(C) q (ui®U2) = {-l) mn u x ■ u 2 (2.5.4) 

fljia jno6bix cji G A m (C) ? , cj 2 G A n (C) g , cp. c (2.3.32). Hs paBeHCTB (2.3.31), 
(2.5.2) cjieflyeT KOMMyTairnoHHoe cooTHonieHHe 

zdz = q~ 2 dzz. (2.5.5) 

ilpHMeHHfl flH(p(pepeHLi,Haji d, nojiy^aeM: 

dzAdz = 0. (2.5.6) 
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Mm BHflHM, hto "ecTecTBeHHoe" kob&ph&hthog flHcpcpepeHiniajibHoe hc- 
HHCJieHHe Hafl ajire6poft C[z] q eflHHCTBeHHo: rpaflynpoBaHHaH ajire6pa A(C) g 
nopo>KfleHa sjiGMeHTaMH z, dz CTeneHeft 

deg(z) = 0, deg(dz) = 1 

h onpeflejiaeTca cooTHOineHHHMH (2.5.5) (2.5.6), a CTpyKTypa U q sl2- 
MOflyjibHoii ajire6pbi onncbiBaeTca paBeHCTBaMH (2.5.2) - (2.5.3). 

Pa3yMeeTC5i, Hy^KHO flOKa3aTb cyinecTBOBaHne onpeflejineMoro paBeHCTBa- 
mh (2.5.5) - (2.5.6), (2.5.2) - (2.5.3) KOBapnaHTHoro flHCpcpepeHunajibHoro hc- 
MHCjieHHa. /^OKa3aTejibCTBO 6yfleT npnBefleHO b nyHKTax 3.6.1, 3.6.2 b cyine- 
CTBeHHO 6ojibiueii o6ih,hocth. Otmcthm, hto flHcpcpepeHiniajibHoe hchhcjighhg 
Ha KBaHTOBoft KOMnjieKCHoft njiocKOCTH 6bijio HaftfleHO b [244, CTp. 1158]. 

riepefifleM k *-ajire6paM. ^HCpcpepeHiniajibHoe HCHHCJieHHe Hafl *- 
ajire6poii F Ha3biBaiOT *-HCHHCjieHHeM [214, CTp. 462], ecjin 3aflaHO aHTHjin- 
HeiiHoe HHBOjiiOTHBHoe OTo6pa>KeHHe * : D, — ► D,, coBnaflaroinee c HHBOjnouHeii 
* Ha Qo = F H Taxoe, hto npn Bcex U\ G Q m , 0J2 G O n , u G £1 

(u 1 Au 2 )* = (-l) mn u* 2 Aul (du)*=du*. (2.5.7) 

PaccMOTpHM nacTHbift cjiyHaft A = U q 5Ui^, F = Pol(C) g . H3 (2.5.5) - 
(2.5.6) BbiTexaiOT coothohighhh 

z* dz* = q 2 dz* z*, dz* A dz* = 0. (2.5.8) 

ripeflnojio>KHM, hto Pol(C) g -nofl6HMOflyjiH, nopo>KfleHHbie ajieMeHTaMH dz, dz*, 
HMeiOT HyjieBoe nepeceneHHe. ^HCpcpepeHinipyH (2.2.9), nojiynaeM: 

z* dz = q 2 dzz*, dz* z = q 2 zdz*, (2.5.9) 

dz* Adz = -q 2 dzAdz*. (2.5.10) 
H3 (2.3.30) cjieflyiOT paBeHCTBa 

K ±l dz* = q T2 dz*, Ez* = 0, Fz* = -q 5/2 {dz* z* + z* dz*). (2.5.11) 
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Mm nojiy^HjiH nojiHbift cnncoK cooTHOineHHft h mcc-rem npHCTynHTb k no- 
CTpoeHHio flH(p(pepeHii,HajibHbix hcmhcjighhh Hafl Pol(C) 9 . Heo6xoflHMbie npo- 
BepKH KoppeKTHOCTH onpeflejieHHft otjicxhchm flo nyHKTa 3.6.3, r^e ohh 6yayT 
npoBefleHbi b cyinecTBeHHO 6ojibineii o6ihhocth. 

PaccMOTpHM GnrpaflyHpoBaHHyio ajire6py 

n(Q q = e n^(c) q 

j,je{o,i} 

c o6pa3yion],HMH z, z*, dz, dz* GncTeneHeii 

deg(z) = deg(z*) = (0, 0), deg(dz) = (1, 0), deg(dz*) = (0, 1) 

h onpefleji5nom,HMH cooTHonieHH^MH (2.2.9), (2.5.5), (2.5.9), (2.5.8), (2.5.6), 
(2.5.10): 

z z = q z z + 1 — q , 
z dz = q~ 2 dzz, z* dz = q 2 dzz*, dz* z = q 2 zdz*, dz* z* = q~ 2 z*dz*, 

dz A dz = 0, dz* A dz* = 0, dz* A dz = —q 2 dz A dz* . 
HaflejiHM ee rpaflynpoBKoft Q k (C) q = 0j + j=fc f2 M (C) g . 

Ka^Kflblft H3 Pol(C) g -6HMOflyjiefi fT J (C) g 5IBJI5ieTC5I KaK CBo6o,Z],HbIM jie- 

bbim, Tax h CBo6oflHbiM npaBbiM Pol(C)q-MOflyjieM paHra 1. B nacTHOCTH, fljiH 
jiK)6oro ajieMeHTa u G Q(C) g cyinecTByeT h eflHHCTBeHHO pa3Jio>KeHHe 

w = /o,o + dz • /i,o + /o,i • dz* + dz ■ • dz*, (2.5.12) 
rfle / y G Pol(C),. 

CTpyKTypa [/gS^-MOflyjibHoii ajire6pbi b Q(C) g BBOflHTca paBeHCTBaMH 
(2.3.30), (2.3.27), (2.5.2), (2.5.3), (2.5.11), a flncpcpepeinpiaji d - ero SHa^e- 
hhhmh Ha o6pa3yioiii,Hx (d : z i— > dz, d : z* i— > dz*) h Tpe6oBaHHeM d 2 = 0. 
Hhbojik)li,h5i * h rpaflynpoBKa onpefleji5iK)TC5i oneBHflHbiM o6pa30M. 

Ilapa (Q(C) 9 , d) HBjiaeTCfl KOBapnaHTHbiM *-nc x iHCJieHHeM Hafl ?7 g sui ; i- 
MOflyjibHoft ajire6poft Pol(C) q . 

^HcpcpepeHi^Haji d eflHHCTBeHHbiM o6pa30M pa3JiaraeTC5i b cyMMy d = d-\-d 
onpeaTopos 

d : n iJ (c) q -> n i+1J (C) g , a : ft iJ (c) 5 -> n iJ ' +1 (C) g , 
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npnneM 

d 2 = 0, d 2 = 0, dd + dd = 0, (2.5.13) 

Kax cjieflyeT H3 paBeHCTBa d 2 = 0. 
riojiaran 

n°'*(C) g = n°'°(c) g e ^(C),, n*'°(c) g = ft°'°(c) g e ^(c),, 

nojiynaeM eine flBa KOBapnaHTHbix flHCpcpepeHirnajibHbrx HCHHCjieHHH 

(n°'*(c) g ,a), (n*'°(c) g ,5). (2.5.14) 

Pa3yMeeTC5i, ohh He hbjihiotch *-HCHHCjieHHHMH, n ohh HeH30MopcpHbi, no- 
CKOJibKy Kerd 7^ Kerd. Otmcthm, hto onepaTop d nrpaeT Ba^KHyio pojib b 
KOMnjieKCHOM aHajiH3e [87]. 

2.5.2 ^HCpCpepeHI^HajlbHbie CpOpMbI C CpHHHTHblMH K03CpCpHIl,H- 

eHTaMH. Ha^HeM c g-aHajiora BeKTopHoro npocTpaHCTBa flncpcpepeHirnajib- 

HblX (|)OpM C o6o6lU,eHHbIMH K09(p(pHI],HeHTaMH. 

PaccMOTpHM B6KTopHoe npocTpaHCTBO 0(D)' cyMM, aHajiornHHbix (2.5.12) 

u = / ,o + dz ■ /i, + / ,i • dz* + dz ■ • d**, / y G D(D);, (2.5.15) 

c KOScpcpHuneHTaMH H3 npocTpaHCTBa D(D)g o6o6ineHHbix (pyHKirnH b KBaH- 
tobom Kpyre, cm. nyHKT 2.4.3. HaflejiHM O(D)^ Tonojiorneii c noMOinbio to- 

nOJIOrHH B D(D) q H H30MOp(|)H3Ma BeKTOpHblX npOCTpaHCTB, npH KOTOpOM 

u ^ (70,05/1,05/0,15/1,1)- BBefleHHoe b nyHKTe 2.5.1 BeKTopHoe npocTpaHCTBO 
0(C) g 5iBji5ieTC5i njiOTHbiM jiHHeftHbiM noflMHoroo6pa3HeM b Q(D)^. ^pyrHMH 
cjiOBaMH, fi(D)^ - nonojiHeHHe Q(C-) q b cooTBeTCTByroinen TonojiorHH. Hhbo- 
jnonnH *, fleftcTBHe U q $i2 h CTpyKTypa n(C) g -6nMO,zryji5i nepeHOC5iTC5i no Henpe- 
pblBHOCTH c Q{C) q Ha Q(D)' KaK h b nyHKTe 2.4.3. 

OnepaTopbi d, d, d TaK^Ke npo,z],oji;>KaK)TC5i no HenpepbiBHOCTH c Q(C) g Ha 

9 ^) = - fc Mzf!j!) z ., ^ ) = . Z M»!^ (2.5.16) 
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rfle y = 1 — zz* n ip - cpyHKUHH Ha MHO>KecTBe q + . (PaBeHCTBO (2.5.16) 
flocTaTOMHO nojiy^HTb b nacTHOM cjiynae ip(y) = y n , hto jierxo c^ejiaTb c 
noMOiubio (2.2.13).) 

HanpHMep, ajih BBe-fleHHoro paBeHCTBaMH (2.4.15), (2.4.16) ajieivteHTa fo 

dfo = -—^dzfoz* - —^zfodz*. (2.5.17) 
1 — q z 1 — q z 

Pa3yMeeTC5i, ^(B)g HBjineTCH L^s^-MOflyjibHbiM n(C) g -6nMOflyjieM, flncp- 

(pepeHD,HajI d - 9H,Z],OMOp(pH3M L^S^-MOflyjIH £l(B)' , H BbinOJIHHIOTCH paBeHCTBa 

(2.5.1), (2.5.13). 

MacTHbie npoH3BOflHbie o6o6in,eHHoft cpyHKUHH / G BBefleM paBeH- 

CTBaMH 

d f - df 
df = dz-£, df = dz*-^. (2.5.18) 

IljioTHoe jiHHeftHoe noflMHoroo6pa3He 
fi(B) 9 = {/o,o + dz ■ /i, + /o,i • <fc* + dz ■ fi,i ■ dz* G Q(B)' q \ f itj G D(D)J 

6yfleM Ha3biBaTb npocTpaHCTBOM flHCpcpepeHUHajibHbix cpopM c (phhhthmmh 
K09(p(pHLi,HeHTaMH b KBaHTOBOM xpyre. KaK cjieflyeT H3 npefljiojKeHHH 2.4.13, 
u G Q(D) g , ecjiH h TOJibKO ecjiH z*^ • u = u • z N = npn HexoTopoM iVGN. 

OnepainiH yMHCG-KeHHH flHCpcpepeHiniajibHbix cpopM nepeHOCHTCH no Henpe- 
pbiBHOCTH c Q(C) g Ha Q(D) g . H3 /o2 = z*/o = cjie-flyiOT paBeHCTBa 

dfo z = -f dz = -dz fo, z* dfo = -dz* fo = -fo dz* . 

C hx nc-MOiHbio He-Tpyznro flOKa3aTb, hto ajire6pa fJ(ID)) 9 nopo>KflaeTC5i cbohm 
noflnpocTpaHCTBOM D(P) (? ©o?D(P) g . Ilapa (Q(C) q , d) HBjiaeTCH KOBapnaHTHbiM 

*-HCHHCJieHHeM Hafl t/^SUl^-MOflyjIbHOH ajire6pOft D(P) g (pHHHTHblX (pyHKHHH 

b KBaHTOBOM xpyre. 

Hcnojib3yH to, hto O(D)^ HBjineTCH [/gS^-MOflyjibHbiM Q(C)g-6HMO,a,yjieM, 
h coo6pa>KeHHH HenpepbiBHOCTH, HaflejiHM ^0^) r q CTpyKTypoii U q sl2- 
MOflyjibHoro Q(C) g © Q(P) g -6HMOflyjiH. 

BBe-fleM b paccMOTpeHne flHCpcpepeHunajibHyio (popMy, HBjinioiHyiocH q- 
aHajioroM (pyHflaMeHTajibHoft 2-cpopMbi, accoHHHpoBaHHoft c HHBapHaHTHoft 
KSJiepoBoft MeTpHKoft b xpyre [54, CTp. 140], [39, CTp. 120]. 
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riPEflJlOKEHHE 2.5.1 JJucf)(f)epeHii f uaA'bHaM cfiopMa 



UQ = y - 2 dzAdz* E fi(D)' 



(2.5.19) 



mjinemcM, U q s[2-UH6apuaHrriHou, 8uq = 8uq = 0, u 



U A Uq = Uq A u 



(2.5.20) 



3am ecex u E Q(C) q © Q(P) g . 



^OKa3aTejlbCTBO. HeOMeBHflHa JIHHIB £7gSt2-HHBapHaHTHOCTB (1,1) 



(|)OpMbI Uq. Pa3yMeeTC5T, K Uq = Uq. /JoCTaTOMHO flOKa3aTb OflHO H3 paBeHCTB 

Euq = 0, Fuq = 0. Ho, Kax cjieflyeT H3 (2.4.14), E(y~ 2 ) = q^(l + q 2 )y~ 2 z. 
KpoMe Toro, 

E{dz A dz*) = d{Ez) A dz* = d{-qh 2 ) A dz* = -q*(l + q 2 )zdz A dz*. 
3HaMHT, E{2iuq) = q^(l + q 2 )y~ 2 zdz A dz* - q^(l + q 2 )y~ 2 zdz A dz* = 0. □ 

3AMEMAHHE 2.5.2 Kax cjieflyeT H3 (2.5.16), flH(pcpepeHi],HajiBHa5i (popMa uq 
c tomhoctbk) flo MHCJiOBoro MHO>KHTeji5i paBHa ddlogy, cp. [39, CTp. 122], TO 
ecTb (pyHKu,H5i if = log y HBji5ieTC5i Q-aHajioroM KajiepoBa noTeHuiiajia. 

JlHHeftHblft (J)yHKLI,HOHajI 



aBjiaeTca g-aHajioroM HHTerpajia no HopMHpoBaHHOH Mepe Jle6era b P. Boc- 
nojib3yeMC5i pa3jio>KeHHeM 





(2.5.21) 



IlPEflJIOKEHHE 2.5.3 JIuneuHuu (fjyHKi^uoHCLA 




(2.5.22) 



na Q 1,1 (U)) q MGAsiemcM Uq^-UHeapuanmHUM. 
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,ZJoKa3aTejTbCTBO. H3 npefljio>KeHH5i 2.5.1 cjieflyeT, hto OTo6pa>KeHHe 

T>(B) q Q^\B) qi f^fuo 

aBjiaeTca H30MopcpH3MOM t/gfi^-MOflyjiefi. OcTaeTCJi BOcnojib30BaTbC5i npefljio- 
^KeHneM 2.4.17 06 [/gS^-HHBapnaHTHOCTH HHTerpajia z/ Ha D(B) g . □ 

Otmcthm, hto jiHHeftHbift (pyHKD,HOHajT (2.5.21) flonycKaeT npoflOJiJKeHHe 
no HenpepbiBHOCTH Ha Pol(C) g . 

CJlEflCTBHE 2.5.4 JIuueuHuu (fjyHK%uoHaA (2.5.22) ua Q 1,:L (C) g MeAMemcM 
UqSi^-UHeapuanmHUM. 

PaCCMOTpHM flByCTOpOHHHH Hfleajl J C Pol(C) g , nopOJKfleHHblft 9JieMeH- 

tom 1 — zz*, h KOMMyTaTHBHyio (paKTop-ajire6py Pol(C) g /J. ByzjeM otcb*- 
flecTBjiHTb ee c ajire6poft hojihhomob JlopaHa h Ha3biBaTb o6pa3 f\j sjieMeHTa 
/ G Pol(C) g npn KaHOHHHecKOM roMOMopcpH3Me ero cy^KeHneM Ha eflHHHHHyio 

OKpy>KHOCTb T. 

OnpeflejiHM HHTerpaji Ha Q 1,0 (G) q paBeHCTBOM 

Jdzf = 2iriJ(z- f)\ T dv, f G Pol(C) ff , 

T T 
dcf 2n 

rfle j ' ip dv = J tl)(e td )j^. Cjieflyromee yTBep^KfleHne 5iBji5ieTC5i g-aHajioroM 

T 

(popMyjibi TpHHa. 

IlPEflJlOKEHHE 2.5.5 fljm ecex ip G Q lfi (C) q 

Jdip = J ' ip. (2.5.23) 

,ZJoKa3aTeji£>CTBO. IlycTb ip G Q 1,0 (C) q , 

i/j = dz \Y,z m ^ m (y) + Mv) + E (?/)^* m ) • ( 2 - 5 - 24 ) 

\m>0 m>0 / 

Mcc-kho orpaHHHHTbCH cjiynaeM ip = dzip-i(y)z* } Tax KaK cjiaraeMbie 
dzipj(y) dz* flaiOT HyjieBoft BKjiafl b (2.5.23) npn j ^ —1. 
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H3 (2.5.16) cjieflyeT paBeHCTBO 



■8{dz1>-M*) = dz ( t-M - q- ^- 1 ^ ^ liy) (1 - y)) dz 



q 2 y-y 



nojio™ g(y) = ! (y ) - q~ 2 ^CS't^ ( 1 ~ V ) ■ Ec ™ <M°) = °> T0 > KaK 



jierKO noKa3aTb, ^ g(q 2n )q 2n = 0. Sh&hht, b stom cjiynae J dip = J ^ = 0, n 

npefljio>KeHHe 2.5.5 flOKa3aHO fljra (l,0)-(popM H3 jinHeimoro noflnpocTpaHCTBa 
Kopa3MepHOCTH 1. OcTaeTca y6e,o,HThca b ero cnpaBefljiHBOCTH npn ip = dzz*: 

I B(dz z*) = - I dzA dz* = 2m, [ dz z* = 2m. □ 
J Jd„ J 



I 



JlHHeftHbie (pyHKD,HOHajibi b o6enx nacTn flOKa3aHHoro paBeHCTBa npofloji- 
»:aiOTC5i no HenpepbiBHOCTH Ha n 1 '°(C) (? © f2 1,0 (D)g. 

CJlEflCTBHE 2.5.6 fdip = 3am ecex ip G Q lfi (B) q . 

U) q 

2.5.3 HHBapHaHTHfcie apMHTOBbI MeTpHKH H HHBapHaHTHblH jia- 

njiacnaH. /Jn(p(pepeHnHajibHbiH onepaTop 

D = -(l-\z\r~ (2.5.25) 

ozoz 

b eflHHHHHOM xpyre Ha3biBaeTC5i HHBapnaHTHbiM jianjiacnaHOM. B Bbi6ope 3HaKa 
b (2.5.25) mm cjieflyeM Tpaflnnn^M KOMnjieKCHoro aHajiH3a [7, CTp. 159]. 

HanoMHHM flOKa3aTejibCTBO SU ii-HHBapnaHTHOCTH 3Toro onepaTopa 
□ . BeKTopHbie npocTpaHCTBa rjiaflKnx (pHHHTHbix (pyHKnnft n rjiaflKHx 

(0, l)-(pOpM C (pHHHTHblMH K09(p(pHnHeHTaMH MO>KHO HaflejIHTb SU\^- 
HHBapHaHTHblMH nOJIOJKHTejIbHblMH SpMHTOBblMH (|)OpMaMH 

' — „ d Re z A d Im z 

(i-\z\ 2 y 



(/i,/2)= / /2/1— i.,| 2 N2 ' (fcdz,f 2 dz) = / f 2 fidRez Adlmz. 



H3 SU 1 i-HHBapiiaHTHOCTH flncpcpepeHirnajibHoro onepaTopa d cjieflyeT 
S'[/i j i-HHBapHaHTHOCTb cpopMajibHO conp5i>KeHHoro flH(p(pepeHu,HajibHoro one- 
paTopa d : fdz 1 — ► —(1 — \z\ 2 ) 2 3HannT, onepaTop □ = d d TaioKC 
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SU i i-HHB&pH&HTeH. Bocnojib3yeMC5i aHajiorHMHMMH paccyjKfleHHHMH b cjiynae 
KBaHTOBoro Kpyra. 

B nyHKTe 2.4.1 paccMaTpHBajracb HHBapnaHTHbie nojryTopajiHHeiiHbie 
(popMbi. BBefleM 6ojiee o6m,He iioh5ith5t, 3aMeHHB nojie KOMiuieKCHbix Mnceji A- 
MOflyjibHoii ajire6poii F . Mbi cjieflyeM Heony6jiHKOBaHHoii pa6oTe IIlKjrapoBa 
o g-aHajiorax KSjiepoBbix MHoroo6pa3Hii. 

PaccMOTpHM *-ajire6py F. Ecjih V aBjiaeTca jieBbiM F-MOflyjieM, to V 
Hafleji5ieTC5i CTpyKTypoft npaBoro F-Mopyjisi 

vf ^ f*v, feF,veV, 

a ecjiH V 5iBji5ieTC5i npaBbiM F-MOflyjieM, to V Hafleji5ieTC5i CTpyKTypoft JieBoro 
F '-MOfly jm: 

fv = vf*, feF,veV. 

PaccMOTpHM F-6nMOflyjib V. IIojiyTopajiHHeftHoe OTo6pa^KeHHe h : V xV ^ F 
Ha30BeM SpMHTOBOft MeTpHKOH, ecjiH oho Bem,ecTBeHHO 

h(v 2 ,vi) = h(v h v 2 )*, vi,v 2 eV, 
h OTBenaiomee eMy jiimeftHoe OTo6pa^KeHHe 

h: V® F V -> F (2.5.26) 

5TBJI5ieTC5I MOp(|)H3MOM F-GnMOflyjieft. 

3pMHTOBy MeTpHKy Ha30BeM HHBapHaHTHOft, eCJIH V 5IBJI5ieTC5I A-MO- 

AyjibHbiM F-6HMOflyjieM h OTo6pa>KeHHe (2.5.26) - MopcpH3MOM A-Moj\yjieVi. 

3pMHTOBy MeTpHKy Ha30BeM HeoTpHna/rejibHOH, ecjiH h(i>, v) > fljin Bcex 
v G V, h nojio>KHTejibHOH, ecjiH, KpoMe Toro, h(-u, , u) 7^ npii v 7^ 0. 

IlpHBefleM npHMepbi spmhtobmx MeTpHK. OneBHflHo, n°'°(D) g , ^ 1 '°(B) g , 

Sl '^©)^ n 1 ' 1 (D) g 5TBJI5TIOTC5I KaK CBo6oflHbIMH IipaBblMH, TaK H CBo6oflHbIMH 

jieBbiMH D(P) (? -MOflyji5iMH c o6pa3yioiii,HMH 1, dz, dz* , dzAdz* cooTBeTCTBeHHO. 

IlPEflJlOKEHHE 2.5.7 PaccMompuM *-aji2e6py Xoncfja U q SU\,\, U q SU\,\- 
Modyjihuyw *-a,/ige6py T>(3) q u U q 5U\^-ModyAbHuu r D{p) q -6uModyjih £l 0,l (p) q . 
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Cjiedyiou^ue noAymopaAuneuHue omo6paatceHUM moamtotticm nojiootcumejihHU- 
mu uHeapuanmHUMU spMumoeuMU MempunaMu: 

ho,o(/i, / 2 ) = / 2 7i, (2-5.27) 
ho,i(<fe* /i , cfc* / 2 ) = /* (1 - zz*f f h (2.5.28) 

zde /i, / 2 € 0)(D) fl . 

/]^OK3aTejibCTBO. HHBapnaHTHOCTb spMHTOBbix MeTpHK (2.5.27), (2.5.28) 
cjieflyeT H3 npefljio>KeHH5i 2.5.1 h KOBapnaHTHOCTH *-HCMHCjieHH5i (Q(P) g , d). 
riojio>KHTejibHOCTb BbiTexaeT H3 nojio^KHTejibHOCTH jiHHeiiHoro onepaTopa 

T F (1 - zz*) : e n ^ q 2n e n , n G Z+, 

nocKOjibKy (pOKOBCKoe npeflCTaBjiemie ocymecTBjraeT H30MopcpH3M *-ajire6pbi 
D(D) g h *-ajire6pbi (pHHHTHbix jiHHeiiHbix onepaTopoB b TL. □ 

CJlEflCTBHE 2.5.8 dpMumoeu cjjopMU 
(/i,/ 2 ) = y / 2 7idf, (dz*f h dz*f 2 ) = J r 2 {l-zz*f hdv (2.5.29) 

e D(D) g; il 0,1 (P) g mjismmcsi uueapuaumHUMU u noAoatcumeAbHUMU. 
3AMEHAHHE 2.5.9 Kax cjieflyeT H3 onpeflejieHHH, 

(/id** , f 2 dz*) = J f 2 h (1 - zz*) 2 dv, fij 2 e D(D) g . (2.5.30) 

PaccMOTpHM jiHHeiiHbiH onepaTop 5 H3 npeflrnjib6epTOBa npocTpaHCTBa 
2)(D) g b npeflrnjib6epTOBO npocTpaHCTBO 

riPEflJlOKEHHE 2.5.10 JIuneuHuu onepamop 

5* : Q 0,1 (B)' q -> D(D)' ? , 5* : dz* / h-> -g 2 (1 - zz*) 2 ^ 
MBAMemcM conpxcHceHHUM k d, moHnee, 3am aw6ux fi, f 2 £ ^{^q 

(Bfi , dz*f 2 ) = (fi , -q 2 (1 - zz*) 2 • (2.5.31) 
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,ZJoKa3aTejTbCTBO. Hcnojib3y5i paBeHCTBO <9(/|) = {8/2)* h cjieflCTBHe 
2.5.6, nojrynaeM 

= J 9(fldzfl) = J S(f;)Adzfl _ J f;dzA9fl = 



dz 



,Z],JI5I JIK)6bIX /l, /2 £ ^)(II%- SHaHHT, 



{dz*f 2 )*Adfi= I f^J dz*Adzfr. 



CjieflOBaTejibHO, 



OcTaeTCH Bocnojib30BaTbC5i paBeHCTBaMH (2.5.19), (2.5.20) h (2.5.22). □ 
CJlEflCTBHE 2.5.11 JIuneuHuu onepamop 

O q = 5*d = -q*(l-zz') 2 ~ (2.5.32) 

6 D(fi])) q MBJlMemCM 3Hd0M0p(f)U3M0M U q s\<i- ModyAsi D(D) q . 

^OKa3aTejlbCTBO. HHBapHaHTHOCTb SpMHTOBOH (|)OpMbI (J3 q /l, /2) B 

D(D) 9 BbiTexaeT H3 npefljio»:eHH5i 2.5.10, cjieflCTBHH 2.5.8 h h3 Toro, hto one- 

paTOp d HBJI5ieTC5I MOp(|)H3MOM L^s^-MOflyjieft. □ 

JlHHeftHbift onepaTop D g flonycKaeT npoflOJiJKeHHe no HenpepbiBHOCTH flo 
9HflOMop(pH3Ma U q si2-MOffyjisi D(D)^, h mm 6yfleM Ha3bmaTb ero HHBapnaHT- 
hmm jianjiacnaHOM b KBaHTOBOM Kpyre. BBefleM b paccMOTpeHne nonojraeHHe 
L 2 {du) q BeKTopHoro npocTpaHCTBa T>(3) q no HopMe ||/|| = y J D f* fdu. Kax 
BbiTexaeT H3 npefljio>KeHH5i 2.5.10, nHBapnaHTHbiii jianjiacnaH aBjiaeTca chm- 
MeTpnnecKHM jinHenHbiM onepaTopoM b rnjib6epTOBOM npocTpaHCTBe L 2 {du) q 
n, cjieflOBaTejibHO, flonycxaeT 3aMbiKaHne [40, CTp. 355, 356]. Mbi coxpaHHM fljra 
3aMbiKaHH5i o6o3HaneHHe D g . KaK 6y^eT noKa3aHO b nyHKTe 2.5.5, onepaTop \3 q 
caMOConp5i>KeH h orpammeH. 
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2.5.4 Pa/jHajibHaa nacTb HHBapnaHTHoro jianjiacnaHa. Pac- 
cmotphm OflHonapaMeTpHMecKyio rpynny jnmeifflbix onepaTopoB 

jeZ+ fceN jeZ+ ken 

b D(D)^, cm. (2.4.11). Cy^KeHne jiHHeiiHoro onepaTopa \3 q Ha noflnpocTpaHCTBO 
ee HHBapHaHTOB oGosHa^HM h Ha30BeM paflHajibHoft HacTbio onepaTopa \3 q . 
IlycTb 

q L x — qx 

HaflejiHM BeKTopHoe npocTpaHCTBO (pyHKunii Ha MHCOKecTBe g~ 2Z + Tonojiorn- 
eft noTOHeHHoii cxoahmocth h paccMOTpnM HenpepbiBHbiii jiHHeHHbiii onepaTop 
T> q x(l — q~ x x)T) q b 9tom npocTpaHCTBe. 

IlPEflJIOKEHHE 2.5.12 JJam aw6ou cfjyHKiiiUU ip(x) na MHOotcecmee q~ 2Z+ 

\J q 0) ip{x) = V q x{l - q- l x)V q ip{x), (2.5.34) 
zde e Aeeou uacmu paeencmea x = 

,Z^OKa3aTejTbCTBO. ^JocTaTOHHO paccMOTpeTb MacTHbift cjiy^aft cpyHKHHH 

ll)(x) C KOHeMHbIM HOCHTejIGM . IlyCTb 

oo 

oo 

-2m 



md<r>t = (<r 2 - 1) E v<(<r 2m )<z 

m=0 



oo 



OneBHflHO, ||^(x) || 2 = q 2 J \ifj(t)\ 2 d q -2t. ^ocTaTOHHO flOKa3aTb, mto 



||^(x)|| 2 = q 2 J (V q t(l - q-H)V q ^(t))md q ->t. (2.5.35) 
l 

M.3 (2.5.16) cjieflyeT paBeHCTso dip(x) = —z ^^-i^ q 2 x -i^ dz*. ajih jik)6oh 

(pyHKD,HH ^(x) C KOHeMHbIM HOCHTejIGM B (/~ 2Z+ . 

C noMombio (2.5.30) nojiy^aeM 



oo 



||c^(x)|| 2 = (1 - q 2 y l mq~ 2m ) - Hq- {2m+2) ) (1 - q 2m+2 )q- 2m = 



m=0 
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00 

= q-\q- 2 - I)" 2 J \m - ^{q-H)\ 2 (1 - q 2 r l )d q -,t 



i 



oo 



2 



*® ~ t(l - q -H)d q -,t. 



t - q-H 
l 

^0Ka3aTejibCTB0 3aBepinaeTC5i c noMombio g-aHajiora cpopMyjibi "HHTerpnpoBa- 
hm no T iacT5iM" (2.5.77). □ 

B flajibHeiinieM Hcnojib3yeTC5i cjieflyiomHH 6a3nc b npocTpaHCTBe (pyHKunii 

C KOHe^HblMH H0CHTejI5IMH Ha MHO^KeCTBe q +: 

f ( \ / npn x = g" 2 ^' 

/jM = i n / -27 ' 3 G Z +- (2.5.36) 

I (J, npn x y£ q ■' 

PaccMOTpHM ajieMeHT C q ueHTpa ajire6pbi U q sl2, BBefleHHbiii b nyHKTe 
2.3.6. 

CJlEflCTBHE 2.5.13 fljix, ecex f G D(B) q uMeeM C q f = —q\3 q f. 

/]^OKa3aTejibCTBO. CpaBHHBaeMbie jiHHeiiHbie onepaTopbi nepecTaHOBOH- 
hm c fleiicTBHeM \J q sXi b D(D) g . IlycTb x = y~ l . H3 npefljKmeHira 2.4.19 cjiefly- 
eT, hto flocTaTOHHO flOKa3aTb paBeHCTBO C g /o = ~~ Q^qfo- Hcnojib3y5i (2.4.14), 
nojiynaeM paB6HCTB0 

1 q 2 

C q fo — fo + — j /l, 

g 1 - g g 1 - q 
a Hcnojib3y5i npefljio^Kemie 2.5.12 - paBeHCTBO 

fo Q 2 fi 

□ g /o = ?V(1 - q~ l x)V q f Q = 5 ~ 1 2 

1 — (,r 1 — q 



□ 



CJIEflCTBHE 2.5.14 ^ah aw6ou cf)yHKii f uu ip(t) na q~ 2Z+ 

C q i/j(x) = -qV q x{\-q- x x)V q ^{x), (2.5.37) 
zde e Aeeou nacmu paeencmea x = 
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IlycTb L 2 (l,oo) g - rHjib6epT0B0 npocTpaHCTBO (pyHKD,Hft tp(x) Ha q~ 2 " 



+ 



' oo 



flJIH KOTOpblX H^ll = a J \l/j(x)\ 2 d q -2 X < OO. J^OKameM JieMMy, H3 KOTOpOH 

V i 

MrHOBeHHO cjieflyeT, hto onepaTop 

L = V q x{l - q~ x x)V q (2.5.38) 
b L 2 (l, oo) g KoppeKTHO onpeflejieH , orpaHnneH h caMOConpn^KeH. 
JlEMMA 2.5.15 Benmopu 

ej = {q~ 2 -l)~h j fji J GZ+, 
o6pa3yn)m opmonopMupoeaHHUu 6ci3uc e L 2 (l,oo) q , u 

,ZJoKa3aTejibCTBO. IlepBoe yTBepjKfleHHe oneBHflHO, a BTopoe BbiTexaeT 
H3 paBeHCTBa 

it l -i 2 ' * , i + g 2 - 2^+'> 2 i-g 2 " + " J 

3 = -(w)^-' + (i _ g 2 )2 /.» - 9 7r^7F /i+1 ' ( ' 

KOTopoe HeTpyflHO nojiyHHTb c nc-MOinbio (2.5.38). (B (2.5.40) noflpa3yMeBaeT- 
CH, HTO f-\ = 0.) □ 

OneBHflHO, jiHHeiiHaa o6ojiOHKa MHO>KecTBa {L k fo | /c 6 Z + } njiOTHa b 
L 2 (l,oo) (? . 3HaMHT [3, CTp. 279], orpaHHHeHHbift caMOConpajKeHHbiii jiHHeHHbiii 
onepaTop L yHHTapHO SKBHBajieHTeH onepaTopy yMHCOKeHHH /(A) i— > A/(A) 
b rnjib6epTOBOM npocTpaHCTBe L 2 (d/i), r^e dfi(X) - GopejieBCKan Mepa c kom- 
naKTHbiM HOCHTejieM Ha BeinecTBeHHoii och. 

3acpHKCHpyeM 9Ty Mepy h onepaTop £/ : L 2 (l, oo) g — > L 2 (dfi), ocyinecTB- 
ji5hoih,hh yHHTapHyio 9KBHBaji6HTHOCTb, Tpe6oBaHHeM U fo = q~ 2 — 1. 

HaftfleM Mepy dji h HBHbift bh^ yHHTapHoro onepaTopa U. 
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ByfleM CMHTaTb H3BecTHt>iMH ocHOBHbie o6o3HaHeHHH TeopHH (/-cneiiHajib- 
hmx (pyHKinift, cm. nyHKT 2.5.7. IlycTb da(p) - a6cojiK>THO HenpepbiBHan Mepa 



Ha 



0. 



2Iog(«- 1 ) 



onpe-flejiaeMaH paBeHCTBOM 
da(p) 1 lo S^ dp 



(2.5.41) 



dp 7T 1 - q 2 c{-\ + ip)c{-\ - ip) ' 
rfle 

(> (? 2 <' +1 »;« 2 )oo(« 2 ;? 2 )co (r>(( + i)) 2 ' [Z - JAZ) 

Otmcthm, hto c(l) 5iBJi5ieTca g-aHajioroM c-(pyHKu,HH XapHiii-MaHflpbi, cm. 
nyHKT 2.7.4. 

IlPEflJIOKEHHE 2.5.16 1. PaccMompuM qiyHKi^wo 



= 302 



^? y ? y 22 



/ G C (2.5.43) 



na MHOMcecmee q 2Z+ . Ona paena 1 npw x = \, u 

V q x(l - q- l x)V q ^i(x) = \(l)$i(x), (2.5.44) 

(i - g - 2 'xi - 9 2 " + ") 

A W = (1 _ g 2)2 ' < 2 ' 5 - 45 ) 

0yHKii ) uji $_i +ip (x) na q ~ 2Z+ Bem,ecTBeHHa npn Bem,ecTBeHHi>ix p ; 

oo 

m unmtzpaji f f(x)&_i +ip (x)d q -2X npuHadjiestcum L 2 (da), ecAU f(x) - 

$yHKU l ua c KoneuHUM nocumeAeM na MHOotcecmee q~ 2Z,+ . JIuneuHUu one- 
pamop 



oo 



f(x) -> J f(x)$_i +ip (x)d q -2X (2.5.46) 
l 

donycnaem npodoAQtcenue no Henpepuenocmu do yHumapnozo onepamopa 
U3 L 2 (l,oo) q e L 2 (da). 

/JoKasaTejibCTBO. BeKTopbi Pj = Uej, j 6 Z + , rnjibGepTOBa npocTpaH- 
CTBa L 2 (dp) 5IBJI5HOTC5I opToroHajibHbiMH nojiHHOMaMH nepeMeHHoii A 



/ 



Pi(X)Pj(X)dp(X) = 8ij, 
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KaK cjieflyeT H3 onpeflejieHHH onepaTopa U h h3 jieMMbi 2.5.15 

l + q 2 



Q 2j+l \ p.(\)- 



1 - q 2 ^+V 

XP j( x ) = ~ q ~(iZ q 2y P J+±( X ) + Wl _ q zy (i - 

-g ( lIg2) 2 ^-i(A), jGZ+, (2.5.47) 

P (A) = t/e = (g- 2 - l)"^/o = (<T 2 - l)i (2.5.48) 
B (2.5.47) noflpa3yMeBaeTC5i, mto P_i = 0: 

AP (A) = -zr^PiiX) + —^Po(X). (2.5.49) 
1 — g z 1 — q z 

PexyppeHTHbie cooTHOineHM (2.5.47) h HaMajibHbie flamibie (2.5.48), (2.5.49) 

0flH03HaMH0 onpeflejiaiOT opToroHajibHbie nojiHHOMbi P/(A), j 6 Z+. CpaBHHM 

hx c opToroHajibHbiMH nojiHHOMaMH Ajib-CajiaMa-Mnxapbi Qj(x; q, q\q 2 ) (cm. 

2.5.81)). H3 (2.5.82) BbiTexaiOT cjieflyiomHe pexyppeHTHbie cooTHOineHHH fljiH 



dcf 



"HOpMHpOBaHHblx" nOJIHHOMOB Qj = 



1 



(gW) 



xQ, = ± (l - g 2 ^ +1 )) + q^Qj + i (1 - g 2 ^') Q,_ l5 (2.5.50) 

rfle noflpa3yMeBaeTC5i, mto Q-i = 0. H3 abhoh (popMyjibi (2.5.81) 

-2j 



c 2 - ^ 

QM-q-q\q~) = - — —^2 



^ (q, q)j 



q J 



q " J ,qt,qt 2 2 



;q ,q 



1 



rfle a: = -(t + t 1 ), nojiy^aeM "HaMajibHbie flaHHbie' 

Qj(x) = 1. 



(2.5.51) 



CpaBHHBafl (2.5.47), (2.5.48) c (2.5.50), (2.5.51), bh^hm, mto nojiHHOMbi Pj h 
CB5i3aHbi 3aMeHoft nepeMeHHoft 



A = 



2q 



Tax KaK x = l -(t + r 1 ), to A = ^ff^ 



1 + ff^ 

(1 - g 2 ) 2 (1 - g 2 ) 2 

qt)(l-> 
(I-? 2 ) 



.T. 



(2.5.52) 



P J (A) = (^ 2 - 1)^302 



2j ,qt,qt , 



«.-! 
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Ufj = (q- 2 -l)-q- 2j 3 <P 2 



q 2 \qt,qt 1 



2 2 

2 n ' 9 ,g 



IloflCTaHOBKa £ = g 2zp flaeT Ufj = J fj(x)Q _i +ip (x)d q -2X . 3n&*mT, fljia jik>6oh 
(pyHKunn /(x) Ha q~ 2Z+ , HMeroineii KOHenHbiii HOCHTejib, 



oo 



£// = J f(x)$_i +ip (x)d q -ix. (2.5.53) 
i 

3aBepniHM flOKa3aTejibCTBO npefljio»:eHH5i 2.5.16. OHeBHflHO, 

= 1, Im $_i +zp (g- 2 - ? ) = 0, P eR, je Z+. 

PaBeHCTBO (2.5.44) cjie-flyeT H3 (2.5.53) h h3 Toro, hto 

t/P,x(l - g-^)^/ = XUf. 

OcTajibHbie yTBep^KfleHHs HeTpyznio nojiy^HTb H3 (2.5.53) c noMOinbio 3aMeHbi 
nepeMeHHoii (2.5.52) h cooTHOineHHii opToroHajibHOCTH (2.5.82) ajih nojiHHOMOB 
Ajib-CajiaMa-Mnxapbi. □ 

3AMEHAHHE 2.5.17 Tax Kax lim TJx) = T(x) npn — x £ Z+, to b npe^ejie 

q-^l 

da{p) 1 T{\ + ip) 2 T{\-ip) 2 
dp ~ 27 T(2zp) 2 T(-2^) 2 ' 
Hcnojib3y5i xoponio H3BecTHbie CBoiicTBa raMMa-(pyHKn,HH 

r(x)r(i -x) = -r^—, r(i/2 + z)r(i/2 - = " 



sm7rx cos7rx 
nojiy^aeM paBeHCTBO 



2 

0?Cr(/9) 1 / 71 \ 2p sh(27Tp) 



= 2pth(7rp), 



dp 2tt \ch(7rp) J TT 
hto corjiacyeTCH c H3BecTHoft cpopMyjioft Mejiepa-Ooxa [4, CTp. 232]. 

3AMEHAHHE 2.5.18 IIpHBefleHHoe Bbiine npocToe flOKa3aTejibCTBO npe-fljicoKe- 
HH5T 2.5.16 HaM coo6ihhji 9pnK KejiHHK. nepBOHanajibHoe flOKa3aTejibCTBO, cm. 
[307], onnpaeTCH Ha H3BecTHbie pe3yjibTaTbi cneKTpajibHoft TeopHH caMoconpa- 
>KeHHbix onepaTopoB b rHjib6epTOBOM npocTpaHCTBe [40, rjiaBa 10, naparpacp 
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6]. Hcnojib3yeMbiii b stom flOKa3aTejibCTBe MeTOfl o6jiaflaeT oneHb ihhpokoh 

06jiaCTbK) npHMeHHMOCTH H HBJIHeTCH COBepnieHHO CTaHflapTHblM. 

2.5.5 OrpaHHMeHHOCTb h oSpaTHMOCTb HHBapnaHTHoro Jianjia- 
cnaHa. Kax cjieflyeT H3 npefljicoKeHH^i 2.5.16, painiajibHaH nacTb HHBa- 
pHaHTHoro jianjiacnaHa yHHTapHO SKBHBajiGHTHa onepaTopy yMHCo-KeHHH Ha 

A (-1 + i P ) = 1-^003(210^-^)+ a' (2 5 54) 

b rnjib6epTOBOM npocTpaHCTBe L 2 (da(p)) (pyHKnnii Ha OTpe3Ke 0, 2 \ g( q - 1 ) 
Ha stom OTpe3Ke cpyHKiiiM (2.5.54) mohotohho B03pacTaeT ot (1 + q)~ 2 flo 
(1 — q)~ 2 . 3HanHT, onepaTop orpamiHeH h o6paTHM: 



(1 + q)- 2 < < (1 - q)' 2 



Bbc/t,cm b paccMOTpeHHe cepnio *-npeflCTaBjieHHii ajire6pbi U q SU\^ h c ee 
noMom,bio nojiyHHM Taxne >Ke oughkh fljia Bcero onepaTopa U\ q . H3 sthx oneHOK 
6yflyT cjieflOBaTb orpaHHHeHHOCTb h o6paTHMOCTb HHBapiiaHTHoro jianjiacnaHa. 

PaCCMOTpHM BeKTOpHOe npOCTpaHCTBO £ C 6a3HCOM {ek}keZ H KOMIIJieKC- 

Hoe hhcjio I, fljia KOToporo 

< Iml < - - — . (2.5.55) 



21og(g- 1 ) " " 21og(g- 1 ) 
HeTpyflHO noKa3aTb, hto paBeHCTBa 

ME) e k = q k q - e k+1 , n{F) e k = -q-^ * e fc _ b 

q- l -q q~-q 

ni(K ±l )e k = q ±2k e k , k G Z, 
onpeflejiHiOT npeflCTaBjieHHe 717 ajire6pbi [/ g sl2 H 

"»( C «) = (^TT^ = -« (13^ ' 6 > 

3to MHO^KecTBO npeflCTaBjieHHH ajire6pbi U q si2, paccMaTpnBaeMbix c toh- 
HOCTbio flo SKBHBajieHTHOCTH, Ha3biBaK)T ccpepHHecKoii ochobhoh cepneii. 

ripeflCTaBjieHHH 7T/ ecTecTBeHHO peajiH3yiOTC5i b npocTpaHCTBax oflHopofl- 
hmx o6o6m,eHHbix (pyHKUHft Ha KBaHTOBOM KOHyce, cm. nyHKTe 2.6.3. 
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BBefleM t/gS^-MOflyjib V^, OTBeMaioiHHH npeflCTaBjieHHK) 717. H3 onpefle- 
jieHHft cjieflyeT 

JlEMMA 2.5.19 Ecau I ne npunadAecncum Z. mo UqS^-ModyAb V® npocm u 
MODfcem 6umb onucan c noMOi^bK) o6pa,3yK>ut ) eu eo u onpedeAMK>mux coomno- 
meHuu 

K e = e , C q e = - e . 

riocjieflHee yTBep>KfleHHe jieMMbi osHanaeT 6h6kthbhoctb MopcpH3Ma 

rfle - HaHMeHbinnii jieBbiii Hfleaji, coflepxcamHft sjieMeHTbi 

3AMEHAHHE 2.5.20 OTMeTHM, mto xpaa nojiocbi ~ 2 i og ( g -i) < Im/ < 2 iog(g- 1 ) 

M05KHO CMHTaTb CKJieeHHblMH, nOCKOJIbKy 

717., s ze ) = 7Tfg + o ze , S G R. (2.5.57) 

H3 jieMMbi 2.5.19 cjieflyeT, mto npeflCTaBjieHHH 7T; h 7r_i_/ SKBHBajieHTHbi, ecjin 
/ ^ Z. HeTpyznro noKa3aTb, mto 9to onncaHHe nap SKBHBajieHTHbix npeflCTaB- 
jieHHft ccpepHnecKoft ochobhoh cepHH 5iBji5ieTC5i HcnepnbiBaiomHM. 

IlycTb Re/ = — ^. HaflejiHM BeKTopHoe npocTpaHCTBO CTpyKTy- 
poii npeflrnjib6epTOBa npocTpaHCTBa Tax, MTo6bi 6a3nc {ek}kez CTaji opTOHop- 
MnpoBaHHbiM. H3 onpeflejieHHH cjie^yeT, mto 717 - *-npeflCTaBjieHne *-ajire6pbi 
Xoncpa i/gSUi,!. 9to ccpepHMecKaa ocHOBHaa yHHTapHaa cepira. 

IlPEflJlOKEHHE 2.5.21 fljix ecex nenyjieeux f G V(B) q 
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,ZJoKa3aTejTbCTBO. PaccMcxrpHM Mepy da(p) Ha OTpe3Ke 0, 2 log^g- 1 ) 
BBefleHHyio b npe-flbiflyineM nyHKTe. TeH3opHoe npoH3BefleHHe npeflrHjib6ep- 
tobbix npocTpaHCTB V = 8 <S> L 2 (da(p)) 5iBji5ieTC5i [/ g s[2-MOflyjieM: 

£ : v ® / h-> n_i +ip {£) v ® /, £ G C^flffe, v E £ , f E L 2 {da). 



B CHJiy CJieflCTBHH 2.5.13, flOCTaTOHHO npe,Zrb5IBHTb TaKOH HSOMeTpHHeCKHH JIH- 

HeftHbift onepaTop X : D(D) g V, mto TC q f = C q X f npn Bcex / G D(D) g . 

Kax 6bijio noKa3aHO, cm. npefljio»:eHHe 2.4.21, [/gS^-MOflyjib D(ID ) ) (? no- 
po>KflaeTC5i sjieMeHTOM /o h cooTHOineHM i^ ±1 /o = /o 5ibji5tiotc5i onpeflejiaio- 
ihhmh. 3HaMHT, cym,ecTByeT h eflHHCTBeH MopcpH3M L^s^-MOflyjieii 

X : D(D), — V, X : / h- e ® (<r 2 - 1). 

OcTaeTca flOKa3aTb ero H30MeTpHMHOCTb, to ecTb paBeHCTBO Hyjiio HHBapnaHT- 
hoh spMHTOBoii (popMbi (/i,/ 2 > = f (J/i, J/ 2 ) - / Ha ^W?' 

HanoMHHM corjiameHHa 06 o6o3HaMeHH5ix: / = —^+ip, x = (1 — H3 
paBeHCTBa TC q f = C q X f, r^e / G D(D) g , h H3 pe3yjibTaTOB npe-flbiflyinero 
nyHKTa cjie^yeT, mto fljia jiio6oro sjieMeHTa BHfla ^(x) ajire6pbi D(D) q 



foo 
y ^(x)$_i +zp (x)d ? -2x 



h fljia jiio6bix flByx sjieMeHTOB BHfla ipi(x), ipz( x ) ajire6pbi D(ID ) ) (? 

H3 nocjieflHero paBeHCTBa h H3 opToroHajibHOCTH BecoBbix noflnpocTpaHCTB 

OTHOCHTejIbHO HHBapHaHTHOH SpMHTOBOH (J)OpMbI (•, •) CJieflyeT, MTO KKJKflblH 

ajieMeHT BHfla ip{x) npimafljie^KHT ee flflpy. B MacTHOCTH, sto flflpo coflep^KHT 
o6pa3yK)m,yio fo paccMaTpHBaeMoro UqS^-Mopyjisi D(P) g . □ 

CJlEflCTBHE 2.5.22 (l + g)- 2 < <(l-g) -2 . 

IlojiyMHM pa3Jio»:eHHe L 2 (dv) q b npaMoft HHTerpaji rHjib6epTOBbix npo- 
CTpaHCTB [9, CTp. 450-451]). IlycTb V^> - nonojraeHHe npeflrHjib6epTOBa npo- 
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CTpaHCTBa V 1 , aV nonojraeHHe npeflrnjib6epTOBa npocTpaHCTBa V, to ecTb 



21og(g- 



y = J v(- l lt+ip)d(j(p). 
o 

riPEflJIOKEHHE 2.5.23 HsojuempuM X npodojiotcaemcM no Henpepuenocmu 
do ynumapnozo onepamopa X, omo6pacHcaK)VU ) e20 L 2 (dv) q na V . 

,HoKa3aTeji£>CTBO. ^ocTaTOMHO noKa3aTb, mto jiHHeiiHoe MHoroo6pa3ne 
X ■ T)(D) q njiOTHO b rnjib6epTOBOM npocTpaHCTBe V. SaivteTHM, mto 3aMbiKa- 
Hne L 9Toro jiHHeiiHoro MHoroo6pa3H5i HHBapnaHTHO OTHOCHTejibHO onepaTopa 
yMHO>KeHH5i Ha HenpepbiBHyio (pyHKu,HK) (2.5.54), Bem,ecTBeHHyio Ha OTpe3Ke 



0, 



h pa3fleji5nom,yK) ero tohkh. 3HaHHT, L - o6m,ee HHBapHaHTHoe 



21og(g- 1 )_ 

noflnpocTpaHCTBO onepaTopoB yMHO>KeHH5i Ha (pyHKu,HH H3 L°°(da). CjieflOBa- 

TejIbHO, flOCTaTOHHO flOKa3aTb CIOpTDeKTHBHOCTb MOp(|)H3MOB t/gS^-MOflyjieft 

X r .V{^) q ^V {l \ X r .fo^e 

npn Re/ = — |, cm. [9, CTp. 452-453]. OcTae-Tca Bocnojib30BaTbC5i npocTOToii 
U q s[2-Mop,yjieR fljia Heu,ejibix I, cm. jieMMy 2.5.19. □ 

2.5.6 Ot cpyHKu,Hii k ce^eHHaM jiHHeiiHfcix paccjioeHHH. B Kjiac- 
CHMecKOM cjiy^ae q = 1 npn nocTpoeHHH KOMnjieKCOB J\ojib6o Ba^KHyio pojib 
nrpaiOT npocTpaHCTBa flH(p(pepeHLi,HpyeMbix ceMeHHH rojiOMop(pHbix BeKTop- 
hmx paccjioeHHii [81, CTp. 83]. IlpHBefleM npnMepbi hx g-aHajiorc-B. 

IlycTb A G R h C[z] 9) a ~ 6HMOflyjib Hafl ajire6poft C[z} q c o6pa3yioiii,eii v\ 
h onpefleji5iioiii,HM cooTHOineHHeM 

zv x = q~ X v x z. (2.5.59) 

IlPEflJlOKEHHE 2.5.24 Cymecmeyem u eduHcmeeHua maKaM cmpyKmypa 
U q si2-ModyAJi e €\z\ qi \, umo 

1 — a 2X 

K ±l v x = q ±x v x , Ev\ = -q*—\zv x , Fv x = (2.5.60) 

1 — q l 

u C[z] 9) a MGAMemcM U qSiz-ModyjibHUM ( C[z] q -6uModyAe.M. 
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,ZJoKa3aTejTbCTBO. EflHHCTBeHHOCTb oneBHflHa. ripn ,o,OKa3aTejihCTBe cy- 
m,ecTBOBaHH5i mwkho orpaHHHHTbCH nacTHbiM cjiynaeivi A G Z, nocKOJibKy ko- 
acpcpnnneHTbi b (2.5.59), (2.5.60) hbjihiotch nojiHHOMaMH JlopaHa nepeMeHHoft 
u = q x (noflo6Hbie coo6pa>KeHH5i Hcnojib30BajiHCb b nyHKTe 2.3.3). 

PaccMOTpHM [/ g s[2-MOflyjibHyio ajire6py C^ 1 ,^ 1 ]^. Bjio>KeHHe 

HaflejiaeT Cft^ 1 , t^ 1 ]? CTpyKTypoii L^s^-MOflyjibHoro Cfz^-GnMOflyjiH. 

PaBeHCTBO {t 2 1 ti) t 2 x = q X t 2 x (^ 2 ^ 1 ^i) no3BOji5ieT bbccth b paccMOTpeHne 
rOMOMOp(J)H3M C[z]q-6HMOflyjieii 

C^a^C^ 1 ,^ 1 ],, v x ^t 2 \ 

Oh HHTjCKTHBeH, TaK KaK MHO>KeCTBO {t\t\} j^E.Z HBJMeTCH 6a3HCOM BeKTopHoro 

npocTpaHCTBa Cft^ 1 ,^ 1 ]^. OcTaeTca 3aMeTHTb, hto 

1 — a 2X 

K ±l t 2 x = q ±x t 2 x , Et 2 x = -^ T - ^(^!)^ A , Ft 2 x = 0. □ 

dcf 

PaccMOTpHM t/gS^-MOflyjib Po1(C) 9j a = C[z] gj A <S> C[z] g . HaflejiHM ero 
CTpyKTypoii t/^s^-MOflyjibHoro Pol(C) g -6HMOflyji5i, npHMeHHH yHHBepcajibHyio 
i?-MaTpHu,y Tax me, KaK b nyHKTe 2.3.5. riojiyHeHHbiH Pol(C) (? -6HMOflyjib mo>k- 
ho 3aflaTb c noMOiHbio o6pa3yiOHj,eH v\ h onpeflejiflioiHHx cooTHonieHHii 

zv x = q~ X v x z, z*v x = q X v x z\ (2.5.61) 

a fleftcTBHe U q sl 2 onncbiBaeTCH, no-npe>KHeMy, paBeHCTBaMH (2.5.60). 

ripoflOJi>KeHHe no HenpepbiBHOCTH npnBOflHT k t/gSfe-MOflyjibHOMy 
Pol(C) g © D(P) g -6nMOflyjiio, KOTopbiii mo^kho onncaTb c noMonxbio o6pa3y- 
loineii v\, coothoihchhh (2.5.61) n flonojiHHTejibHoro cooTHomeHna ip{y)v\ = 
v\ip(y), rfle ip - (pyHKunsr c KOHenHbiM HOCHTejieM Ha MHO>KecTBe q 2Z+ . 

BBe-fle-M o6o3HaHeHne D(D) 9j a = ^{^qVx = v\D(JB)) q ,u,jra nojiyneHHO- 
ro t/^s^-MOflyjibHoro D(P) g -6HMOflyjia. 

HanoMHHM, hto D(D)^ HBjiHercfl D(P) g -6nMOflyjieM n y x G D{D)' q . Boc- 
nojib3yeMC5i noHHTHeM spmhtoboh MeTpnKH, BBefleHHbiM b nyHKTe 2.5.3. 



107 



riPEflJlOKEHHE 2.5.25 IloAymopaAUHeuHoe omo6paotceHue 

h A : D(D) 5 , A x D(D) 9>A -> D(D) g , h A : v A /i x ^ A / 2 / 2 * (1 - zz*) A /i 
mAttemctt, UHeapuanmHou noAoofcumeAbHou spMumoeou MempuKou. 
^OKaaaTejibCTBO 6yfleT npnBefleHO b nyHKTe 2.7.2. 

CJlEflCTBHE 2.5.26 SpMumoea $opMa 

(vx fi , vx h) = J fi (1 - zz*f h dv, /i, h € D(D) 
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e D(D)^ )A tt6Att,emctt noAootcumeAbHou u uneapuawmHou. 
3AMEHAHHE 2.5.27 HeTpyflHO flOKa3aTb paBeHCTBO 

(/i , h vx) = J fS h (1 - zz*) x dv, f h f 2 e D(D) g . (2.5.62) 

IlyCTb A > 1. PaCCMOTpHM nOJIOJKHTejIbHblft JIHHeftHblft (pyHKD,HOHajI 

J -dv\ Ha *-ajire6pe Pol(C) g , onpeflejineMbift paBeHCTBOM 



/ 



fdv x = 1 / /•(l-^*) A ^=(l-g 2(A - 1) )trT F (/-(l-^*) A - 1 ). 



Mhcjioboh MHO^KHTejib nepefl HHTerpajiOM Bbi6paH Tax, hto J \dv\ = 1. 



IlycTb L 2 (dv\) q - nonojiHeHne Pol(C) g no HopMe \\f\\\ = / f*fdv\ 

h - HHBapHaHTHbift jianjiacnaH b L 2 (dis\) q , onpeflejifleMbifi Tax >Ke, KaK b 
paccMOTpeHHOM Bbinie nacTHOM cjiynae A = 0. Otmcthm, hto L 2 (dis\) q ecTe- 
CTBeHHO Bjio^KeHO b npocTpaHCTBO o6o6m,eHHbix (pyHKu,Hii D(B))' q . 

3aflana o pa3jio>KeHHH no co6cTBeHHbiM (pyHKUMM paflnajibHoii nacTH 
onepaTopa b HecKOjibKO hhom KOHTeKCTe peineHa b flnccepTannn rpoeH- 
BejibTa [164]. 
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2.5.7 ^onojiHeHHe o (/-cneijHajibHfcix (jDymojiiax. OflHO h: 



H3 OCHOB- 



oo 



Hbix cbohctb rnnepreoMeTpHMecKoro p^fla ^2 °k z coctoht b tom, mto otho- 

fc=0 

nieHHe — — 5iBji5ieTC5i paipioHajibHOH (pyHKu,Heft nepeMeHHoii h [5, CTp. 183]. 

Ck 

B cjiy^ae 6a3HCHbix rnnepreoMeTpHHecKHx p^flOB 9th OTHOineHHH hbjihiotch 
pau,HOHajibHbiMH (pyHKu,H5iMH nepeMeHHoii q k , rfle q G C, q 0. Bojiee tohho, 
nycTb ai, a2, . . . , a r ; &i, 62, • • • , b s G C. Ba3HCHbift rnnepreoMeTpHMecKHH p^fl 
onpefleji5ieTC5i paBeHCTBOM [32, CTp. 23] 



r~rs 



,a r 



,6 



s 
00 



fc=0 



{ai;q)k(a2;q)k- • • (a r ]q)k 

(Q;Q)k(bi;q)k---(b a ;q)k 



{-Ifq 



fc(fc-l) 



1+s—r 



(2.5.63) 



rfle 



(1 - a)(l - ag) • • • (1 - aq k - r ), k G N, 



(a; 0)a = 

"1, k = 0. 

^pyroe oGosHaneHHe SToro »ce pa^a r s (ai, a2, . . . , a r ; 61, 62? • • • > 9, z)- 
B flajibHeftnieM npeflnojiaraeTCH, mto g G (0, 1), 61, 62, • • • , b s ^ q~ 2Z,+ . 
Pflfl r s 5iBji5ieTC5i nojiHHOMOM nepeMeHHoii z (o6pbiBaeTC5i) , ecjiH xota 
6bi oflHO H3 MHceji ai, <22, . . . , a r npHHafljiejKHT MHCc-KecTBy q~ 2Z+ . B npoTHBHOM 
cjiy^ae B03HHKaeT Bonpoc o cxoahmocth 9Toro CTeneHHoro p^fla. B HanGojiee 
HHTepecHOM cjiynae r = s + 1 paflnyc cxoahmocth paBeH eflHHHD,e. 9 

IlpHBefleM HeKOTopbie CBefleHHH o g-cneu,HajibHbix (pyHKu,H5ix, cjiefly^ [32]. 
Bbc/t,cm oGosHaMeHHe 

00 

(a;q) 00 = ]J(l-aq n ). 



n=0 



OflHHM H3 npocTeftniHx 6a3HCHbix rnnepreoMeTpHMecKHx p^flOB 5iBji5ieTC5i q- 

6HHOMHaJIbHbIH pflfl 

i0o( a ;-;^ z) = z^~ — ~ z 



n=0 



(q;q)i 



9 Xopoino H3BecTHbiii [5, CTp. 183] o6o6in,eHHbiH rimepreoMeTpHHecKira p.sm s +iF s nojiynaeTca 113 6a3iic- 
Horo rnnepreoMeTpH^ecKoro pflfla s+ i4> s no^CTaHOBKoii aj = q aj , bj = h (popMajibHMM npeflejibHMM 
nepexoflOM q —* 1. 
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HeTpyflHO flOKa3aTb [32, CTp. 26], mto npn \z\ < 1 

[a;q) n (az;q) 



oo 



B MacTHOCTH, npn a = h |z| < 1 



oo . . 



9 ~ 7 ^^;tf)n~ ^ ; ^ c 
Pflfl e (? (z) Ha3biBaK)T (/-SKcnoHeHipiajibHbiM, nocKOJibKy b TonojiorHH noK09(p- 

(|)HLI,HeHTHOH CXOflHMOCTH 

~ :i-«) B „ B _v^ r 



lim e g ((l - g)*) = lim V \ ^ z n = Y - = 



H3BecTeH em,e oflHH g-aHajior 9KcnoHeHu,HajibHoro pafla [32, CTp. 285] 



OO n(n-l) 



= E J^y zn = ("^ «)«>■ (2-5.66) 



n=0 



IlpHBefleM nojiyMeHHbie TeftHe [32, CTp. 29, 30] g-aHajior (popMyjibi 3ftjiepa 



20iO, &5 c; g, z) = ^ ' ^C^' $ ( c /b, z; az; q, b) (2.5.67) 

(c; g)oo(^; g)oo 

h g-aHajior (popMyjibi Taycca 

if l // t \ \ (c/a; g)oo(c/b; q)^ 

20i (a, 6; c; g, c/(a6)) = . 2.5.68 

(c; g)oo(c/(a6);g)oo 

B nepBoii H3 hhx |6| < 1, \z\ < 1, a bo BTopoii - |6| < 1, |c/(a6)| < 1. 
HHTerpaji ^jKeKCOHa bboahtch paBeHCTBOM 

n 

OO 



f{x)d q x = a(l ~q)^2 ft^Q 
o ^=0 



rio aHajiorHH c 5-(pyHKu,Heft 3ftjiepa 

l 

/; 

o 



(x,y) = J t x - l (l-t) y - l dt, Rex > 0, Rey > 0, 
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onpefleji5ieTC5i ee g-aHajior 

1 

B q {x,y) = J t^ l^y^J ^ Rex > 0, ^ -Z+. 
o 

g-AHajior r-(J)yHKii,HH 3ftjiepa bbo,hhtc5i paBeHCTBOM 
Mcokho flOKa3aTb [32, CTp. 39], mto \im q ^iT q (x) = 



T q (x)T q (y) 



T q (x + y) 

OopMyjia (2.5.67) mojkgt 6biTb 3arracaHa cjie-flyioniHM o6pa30M [32, CTp. 40]: 

l 

r q (b)T q (c -b) J \tz;q)oo{tq c b ]q)oo 


hto 5iBji5ieTC5i g-aHajiorc-M (popMyjibi 3ftjiepa — HHTerpajibHoro npeflCTaBjieHHH 
fljiH THnepreoMeTpHMecKoft (pyHKiiHH, cm. [5, CTp. 72]. 
H3 onpeflejieHHH (pyHKiiHH T q (x) cjieflyeT, mto 

T q (n + 1) = 1(1 + q)(l + q + q 2 ) ■ ■ ■ (1 + q + • • • + g^ 1 ). 

IlycTb 

/ a\ T q (a + 1) 



V&y, r q (b + i)r q (a-b + iy 

IlpH n, /c 6 Z_|_, n> k nojiy^aeM g-6HHOMHajibHbie KoacpcpHiiHeHTbi 

= (H3k , (2.5.69) 

\kj q (q;q)k(q;q)n-k 

Ha3biBaeMbie TaKJKe nojiHHOMaMH Taycca. Ohh HrpaiOT Ba>KHyio pojib b Teoproi 

pa36HeHHH H B KOM6HHaTOpHKe [92]. 10 

HeTpyflHO flOKa3aTb, mto b ajire6pe Hafl nojieM Q(q), onpeflejiaeMoft flByMH 
o6pa3yK)m,HMH a, b h KOMMyTaiiHOHHbiM cooTHonieHHeM ab = qba 7 HMee-T MecTO 

paBeHCTBO 

fc=0 W q 



10 HanpnMep, earn F - KOHe^Hoe nojie c ihcjiom sjieMeHTOB q, to BeKTopHoe npocTpaHCTBO F™ coctoht h3 
q n sjieMeHTOB, a MHoacecTBO ero fc-MepHbix no,a;npocTpaHCTB - 113 sjieMeHTOB [92, CTp. 218]. 



Ill 



Oho 03HaHaeT, hto (a+b) n aBjiaeTca npoH3BOfl5nu,eH 'VpyHKEHeii" g-6HHOMHajib- 

HblX K09(p(|)HII,HeHTOB. 

Hcnojib3y5i (2.5.67), HeTpyznro nojiy^HTb (popMyjiy cyMMHpoBaHHH 
ri(pa(p(pa-3aajiBii[K)TLi,a [32, CTp. 286]: 



3^2 



a, 6, g~ 



c, a&c g 



-lU-n 



5 9,9 



n G Z+. 



(2.5.71) 



( c ; 9)n(3;«) n ' 

B [32] co6paHBi (popMyjibi cyMMHpoBaHira, aHajiorHHHbie (2.5.71), h (popMy- 
jibi npeo6pa30BaHH5i 6a3HCHbix rnnepreoMeTpHnecKHx paflOB, aHajiorHHHbie 
(2.5.67). HanpHMep, [32, CTp. 45 h 290 - 291]: 



2^1 



q- n ,b 



q,z 



M 

(c; g)„ 



3^2 



bq 1 - 



bzq 







5 9,9 



(2.5.72) 



3^2 



a, 6, c c/e 
d, e abc 



(S;9)oo(&9) 



DC' 



3^2 



(e;g)oo(^;g) 



a - - p 

' 6' c . _ 



00 



(d; g)oo(e;g)oo 



3^2 



•DC' 



d e de 
6 ' 6 ' abc . 

de de ' 

ah 1 be 



q,b 



(2.5.73) 



3^2 



q n ,b,c 
d, e 



3^2 



(§;«) 



e 



6c 



— n d d 
" ' 6' c 

j de ^,4 



(e;g) 

(f;g) n 

(e;g) 



_n , c, f 6g 



3^2 



„— n „ d 

y 5 h 



d. 



cq 



i-n ; q, q 



, (2.5.74) 



(2.5.75) 



BBefleM q-&H&jiorn onepaTopoB flH(p(pepeHLi,HpoBaHH5i 

{z = M), = t!fHf) , (2 . 5 . 76) 

y z — qz q z — qz 

HMeeT MecTO cjieflyiomHii g-aHajior (popMyjibi HHTerpnpoBaHira no nacTiiM: 
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a 

J (D q u)(x)v(x)d q x = 



a 

= u(a)v(q- l a) - u(0)v(0) - J u(x)(D+v)(x)d q x, (2.5.77) 

o 

rfle aECi (pyHKunn u, v HenpepbiBHbi Ha KOMnaKTe 9Jt a = {0} U (aq~ 1 )q z+ . 

H3 onpeflejieHHft cjieflyeT, hto (popMajibHbift p^fl e q ((l — q)z) HBjiHeTca 
penieHHeM g-pa3HOCTHoro ypaBHeHHH D~y = y, paBHMM 1 b TOHKe z = 0. 

OopMajiBHbift pflfl 2 ( f ) i( a ity z ) yflOBjieTBopaeT g-pa3HOCTHOMy ypaBHe- 
HHio [32, CTp. 44] 

- (1 (!^)7 6) >w - °- < 2 - 5 - 78 > 

3aMeHa a, 6, c Ha g a , q c h (popMajibHbiii npeflejibHbiii nepexofl q — > 1 npHBO- 
k flH(p(pepeHD,HajibHOMy ypaBHeHHK) 

z(l - z) J^/O) + (c - (a + 6 + l)z) - a&y(z) = 0. 

PenieHHio (/-pa3HOCTHbix ypaBHeHHft c noMombio 6a3HCHbix rnnepreoMeT- 
pH^ecKHx pHflOB h g-aHajioraM safla^H IIlTypMa-JlHyBHjijiH nocBHmeHbi rjiaBbi 
4-5 KHnrn [158]. 

riepeftfleM k g-rnnepreoMeTpHHecKHM nojiHHOMaM oflHoft nepeMeHHoii. 
B cepeflHHe 80x roflOB 3ckh h Bhjibcoh b pa6oTe [107] BBejra neTbipexna- 
paMeTpHMecKoe ceMeftcTBO hojihhomob, o6jiaflaiOHj,Hx mhophmh 3aMeHaTejibHbi- 

MH CBOHCTBaMH, - nOJIHHOMbl 9cKH-BHJIbCOHa. OHH OnpeflejI3K)TCfl C nOMOIHbK) 

ajire6pbi "HHBapnaHTHbix" hojihhomob JlopaHa 

C^r'r = {/(*) e C^r 1 ]! fir 1 ) = f(t)} 

H KaHOHHHeCKOrO H30MOp(J)H3Ma 

C[x] ^ C[t, rT\ f(x) -> f ( t -^-) ■ (2-5.79) 
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Hmchho [32, CTp. 212], 

p n (x;a,b, c,d\q) = 

{ab;q) n {ac; q) n {ad; q) 



a 



n 



-403 



q n ,abcdq n 1 ,at,at 1 
ao, ac, ad 



(2.5.80) 



nOJIHHOMbI 3cKH-BHJIbCOHa 5TBJI5TIOTCH peineHHHMH (/-pa3HOCTHoro ypaBHeHnn 
BToporo nopaflKa [32, CTp. 225] 

D q (y/l - x 2 w(x; aq^, bq^, cq^, dq^\q)D q p n ) + 



+ A n -\/l - x 2 w(x] a, 6, c, d\q)p n = 0, 

rfle X n = 4q~ n+1 (l — q n )(l — abcdq n ~ l )(l — q)~ 2 , fljin w(x; a, 6, c, d\q) HMeeTcn 
nBHan (popMyjia [32, CTp. 180], a D q onpeflejiaeTCH c noMOinbio KaHOHnnecKoro 
H30MopcpH3Ma (2.5.79): 

D q : C[t, r 1 ]™ -> C[*, r 1 ] inv , : /(£) h-> - ^ H \ 

qit — q it 

Otmcthm, hto nepexofl ot iiojihhomob nepeMeHHoft x k HHBapnaHTHbiM 
nojiHHOMaM JlopaHa nepeMeHHoft t HBjineTCH niaroM no HanpaBjieHnio k Teo- 
pnn CHMMeTpHnecKHx opToroHajibHbix MHoronjieHOB HecKOJibKHx nepeMeHHtix, 
nocTpoGHHoft b pa6oTax H. MaKflOHajibiia [259, rjiaBa VI] h T. KoopHBHHfle- 
pa [230]. BBefleHHbie b [230] nojiHHOMbi hbjihiotch o6o6ineHHHMH nojiHHOMOB 

3cKH-BHJIbCOHa. 

Cneflya o63opy [217], npHBefleM H3BecTHbie pe3yjibTaTbi o flByx ceMeft- 
CTBax opToroHajibHbix nojiHHOMOB, hbjihioihhxch MacTHbiMH jih6o npeflejibHbi- 
mh cjiynanMH nojiHHOMOB 3cKH-BnjibC0Ha. 

ripocTenninMH npeflCTaBHTejiHMH nepBoro ceMeftcTBa hbjihiotch nojinHO- 
mm Ajib-CajiaMa-Mnxapbi, a BToporo - Majibie g-nojinHOMbi 5Iko6h. IlepBoe 
ceMeftcTBO CB5i3aHO c Teopneft npeflCTaBjieHHft *-ajire6pbi Xoncpa U q SUi^, a bto- 
poe - c Teopneft npeflCTaBjieHnft *-ajire6pbi Xoncpa U q SU2- 

B jiajibHeftineM ncnojib3yiOTC5i o6o3HaneHnn 

t = e td , x = cos 9, 
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(a b a 2 , . . . , a TO ; g) fc = Oi; g)fc(a2; • • • (flml /c G N U {oo}. 

riojiHHOMaMH Ajib-CajiaMa-Mnxapbi Ha3biBaiOT [107, CTp. 25] nojiHHOMbi 
CTeneHH n nepeMeHHoii x = cos#, 3aBHC5nu,He ot napaivteTpoB a, 6, q h onpefle- 
jiaeMbie paBeHCTBOM 



Q n (x]a,b\q) = -^—^302 



a 1 



q n ,ae l9 ,ae 10 



ab, 



q,q 



(2.5.81) 



Ecjih a, 6 jih6o Bem,ecTBeHHbie MHCjia, jih6o KOMnjieKCHO conpa^KeHHbie MHCjia, 
h \a\ < 1, |6| < 1, to nojiHHOMbi Q n (x\ a, b\q) yflOBjieTBopaiOT cjieflyiomHM 

COOTHOHieHH5TM OpTOrOHajIbHOCTH: 

1 



1 

2tt 



Q m (x;a,b\q)Q n (x]a,b\q) 



w(x; a, b\q)dx 



'ran 



{q^.abq^q)^ 



(2.5.82) 



r^e 

w(x; a, b\q) = 



e m ; q\ 



(ae i9 , be 19 ; q) 



h{x, l)h(x, —l)h(x, qz)h(x, —q 2 ) 



(2.5.83) 



h(x, a)h(x, b) 

oo 

h(x, a) = (ae ie , ae^ 9 ] q)^ = (l - 2axq k + a 2 g 2fc ) • 

HMeiOTca pexyppeHTHbie cooTHOineHira fljra sthx nojiHHOMOB: 

2xQ n (x) = Q n+1 {x) + (a + &)g"Q n (x) + (1 - g n )(l - abq^Q^x). (2.5.84) 
Ohh 5ibji5ik)tc5i penieHHflMH g-pa3HOCTHoro ypaBHeHHH 



(i - «m 



w ( x; ag 2 , bq 2 



q) D q y(x) 



+ 



+ 4q- n+1 (l - q n )w(x; a, b\q)y{x) = 0, (2.5.85) 



rfle w(x; a, 6|g) = w;(x; a, &|g)(l — x 2 ) 2. ripoH3BOfl5iiii,a5i (pyHKu,H5i ajih iiojih- 
homob Ajib-CajiaMa-Mnxapbi HMeeT cjieflyiomHH bh^: 



(at, bt; q) c 



(e**, e-^; g)oo ^ (g; g) 



Q n (x;a,6|g) 

-f , x = cosfl. 



(2.5.86) 
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riojiHHOMbi Ajib-CajiaMa-Mnxapbi H3yHajiHCb mhophmh aBTopaMH. Otmcthm 
pa6oTt»i [106], [224]. B nocjieflHeft H3 hhx nojiyneH g-aHajior cpopMyjibi cjio- 
>KeHH5i Tpacpa ajih (pyHKHHft Beccejin [6, CTp. 53]. 

riojiHHOMbi Ajib-CajiaMa-Mnxapbi hbjihiotc5i nacTHbiMH cjrynaHMH Henpe- 
pbiBHbix flyajibHbix g'-nojiHHOMOB XaHa [165] 



{ab,ac;q) n 
p n (x; a, b, c\q) = 3 2 



a 



q n ,ae t6 ,ae ' i0 
ab, ac 



(2.5.87) 



rfle x = cos# (flJia nepexo^a k nojiHHOMaM Ajib-CajiaMa-Hnxapbi flocTaTOHHO 
nojio>KHTb c paBHbiM 0). Ecjih Bee Tpn nncjia a, 6, c BeinecTBeHHbi, jih6o oflHO 
H3 hhx BeinecTBeHHO, a flBa flpyrnx KOMiuieKCHO conpn^KeHbi h \a\ < 1, \b\ < 
1, |c| < 1, to HMeiOT MecTO cooTHonieHHH opToroHajibHOCTH, o6o6inaioiHHe 
(2.5.82): 

l 

If w(x; a, 6, c\q)dx 

— / p m (x; a, b, c\q)p n {x; a, b, c\q) = h n 5 mn , (2.5.88) 

27T J VI - £ 

-l 

rfle 



w(x; a, 6, c|g) = 



00 



(ae^, 6e ifl , ce ie ; q) 



h(x, l)h(x, —l)h(x, qz)h(x, —q 2 ) 
h(x, a)h(x, b)h(x, c) 



(2.5.89) 



K = 1 

(q n+1 ,abq n ,acq n ,bcq n ]q) 



oo 



HMeiOTCH pexyppeHTHbie coothoiiighhh 
2xp n {x) = A n p n+ i{x) + [a + cT 1 - {A n + C n )]p n {x) + C n p n _i(:c), (2.5.90) 



rfle 



a n p n (x]a, b, c\q) 
(ab, ac; q) n 



3^2 



q n , ae , ae 
a&, ac 



A n = a-\l - abq n )(l - acq n ), C n = a(l - g n )(l - 6cg 



n-l> 
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riojiHHOMbi p n 5iBji5iK)TC5i pGiiiGHHHMH cjieflyroinero g-pa3HOCTHoro ypaBHeHHH: 



(i - «m 



w x; aq 2 , bq 2 ,cq 



1,1 i 

2 



q) D q y(x 



+ 



+ 4q- n+1 {l - q n )w{x; a, b, c\q)y(x) = 0, (2.5.91) 



rfle w(x;a,b,c\q) = w(x; a, b, c|g)(l — x 2 ) 2. HivieiOTCH npoH3BOfl5nu,He (pyHK- 

UHH 



'00 



ae ie , be 10 
ab 



; g, e~»t 



Ev n (x; a, 6, clg) ,, „ 
^ — r, x = cos#, (2.5.92) 



(bt;q)oo 



100 



ae ' e > Ce ' 6 ; q ,e->"t 
ac 



n=0 

00 



Ep n (x; a, 6, c|g) ,, 
)J 1 ^ * > x = cos6, (2.5.93) 



(at; g) 



00 



(e*t; g) 



2^1 



00 



fee , ce 
6c 



g, e~ l H 



n=0 

00 



= E 



n=0 



ac, g; g) 

p n (x;a, 5,c|g) 
(be, g; g)n 



f», x = cos#. (2.5.94) 



H3BecTHt.i o6o6m,eHH5i npHBefleHHbix Bbinie pe3yjibTaTOB Ha cjiynaft nojiH- 
homob 3cKH-BHjibC0Ha (cm. (2.5.80)). CooTHOineHHH opToroHajibHOCTH enpa- 
BefljiHBbi npn 6ojiee o6ihhx npeflnojio»:eHH5ix, HeM o6cy>KflajiocB bbiihc. B 06- 
ineivt cjiy^ae Mepa BKjiiOMaeT xax a6cojiiOTHO HenpepbiBHyio, Tax h flHCKpeTHyio 
cocTaBjiaiomyio [32, CTp. 216]. 

riepeiifleM ko BTopoMy H3 HHTepecyioiHHx Hac ceMeiicTB g-rnnepreoMeTpH- 

MeCKHX OpTOrOHajIbHblX nOJIHHOMOB. 

Majibie g-nojiHHOMbi 51ko6h Gmjih BBefleHbi B. XaHOM [166, CTp. 29]. 

q~ n , abq n+1 



p n (x;a,b\q) = 2 x 



g, qx 



aq 



(2.5.95) 



CoOTHOineHHfl OpTOrOHaJIbHOCTH ,Z],JI5I HHX HMeiOT BHfl [93, CTp. 110]. 

(bq; q)k 



£ \^("Q) k Prn(q k ; a, b\q)p n {q k ; a, b\q) = 



fc=0 



{abq 2 ; g)oo (1 - abq) {aq) n (g, bq; q) n 
{aq; g)^ (1 - abq 2n+1 ) {aq, abq; q). 



-6 mn , (2.5.96) 
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rfle < a < q 1 , b < q i , a pexyppeHTHbie coothoiiighhh - 



- xp n (x] a, b\q) = 

= A n p n+1 (x; a, b\q) - {A n + C n )p n {x; a, b\q) + C n p n -i(x; a, 6|g), (2.5.97) 



rfle 



A — n r 
■tt-n — q 



(1 - aq n+1 ){l - abq n+l ) 



C n = aq r 



(1 - q n ){l - bq n ) 



(1 - abq 2n+1 ){l - abq 2n + 2 ) ' ~ u ^ (1 - abq 2n ){l - abq 2n+1 ) 
Majibie g-nojiHHOMbi 51ko6h 5ibji5iiotc5i penieHHHMH g-pa3HOCTHoro ypaBHeHM, 
BbiTeKaiomero H3 (2.5.78), h paBHOcmibHoro ypaBHeHHio 

q- n (l - q n )(l - abq n+1 )xy(x) = 

= B{x)y{qx) - [B{x) + D(x)]y(x) + D(x)y{q~ 1 x), (2.5.98) 

rfle 

B{x) = a(bqx — 1), D{x) = x — 1. 

ripOH3BOfl5IIII,a5I (pyHKD,H5I HMeGT BHfl 



OVl 





201 


£-\0 


; q, aqxt 


;q,xt 


aq 




bq 



oo 



-i) n g 

„ =() (bq,q;q) 



n(n— 1) 



(2.5.99) 



ECJIH HOCHTejlb Mepbl C^i 5IBJ15ieTC51 KOHeMHbIM MHCC-KeCTBOM H COCTOHT H3 

7V+ 1 tohkh, to pa3MepHOCTb BeKTopHoro npocTpaHCTBa L 2 (dfi) paBHa N + 1. 
B 9tom cjiy^ae opToroHajibHbiii 6a3nc nojiynaiOT opToroHajiH3au,Heii CTeneHeii 
1, x, . . . , x N . Ba>KHbiM npnivtepoM Taxnx opToroHajibHbix nojiHHOMOB cjiy^KaT 
BBefleHHbie b pa6oTe [166] g-nojiHHOMbi XaHa. Ohh onpeflejiaiOTca paBeHCTBOM 
[32, ct P . 204] 



Q n (q- x ;a,(3,N\q) = 



3^2 



q- n ,a(3q n+ \q- x 



aq,q 



-N 



q,q 



n = 0,l,...,N (2.5.100) 
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h 5tbji5tiotc5i nojiHHOMaMH nepeMeHHoii q x . Majibie g-nojiHHOMbi 51ko6h MoryT 
6biTb nojiy^eHbi H3 g-nojiHHOMOB XaHa c noMombio npeflejibHoro nepexofla: 



lim Q n (q x ~ iy ;a,(3,N\q) = p n (q x ; a, (3\q). (2.5.101) 

iv— >oo 



CoOTHOineHHfl OpTOrOHajIbHOCTH 



N 



E ( ( Z- q i (*P<ir X Qm(q- X ; «, /?, N\q)Q n (q-*; «, /?, N\q) = 

x= q \Qi P 0. i Q)x 

(a(3q 2 ;q) N (q, a[3q N+2 , fig; q) n (1 - af3q)(-aq) n ^n _ Nn 

-q 2 Q, 



ran 



(pq; q) N (aq) N (aq, a(3q, q~ N ; q) n (1 - a(3q^) 

(2.5.102) 

HMeiOT MecTO npn < a < q^ 1 h < (3 < hjih a > q~ N h (3 > q~ N . 
PeKyppeHTHbie cooTHonieHHH HMeiOT bh^ 

- (1 - q- X )Qn(q- x ) = 

= A n Q n+1 (q- x ) - (A n + C n )Q n (q- x ) + CnQ^q-% (2.5.103) 



rfle 



A n — 
C n = 



Qn(q- x )=Qn(q- x ;a,P,N\q), 

(1 - q n ~ N )(l ~ aq n+1 )(l - a(3q n+l ) 
{1 - a/3q 2n + l )(l - a/3q 2n + 2 ) ' 

aq n ~ N (l - q n )(l - a(3q n+N+l ){l - (3q n ) 



(1 - a(3q 2n )(l - a(3q 2n+l ) 
g-ri0JIHH0MbI XaHa HBJIHIOTC3 peineHH5TMH g-pa3HOCTHoro ypaBHeHHa 

q- n (l-q n )(l-a(3q n+1 )y(x) = 

= B(x)y{x + 1) - [B(x) + D(x)]y(x) + D(x)y{x - 1), (2.5.104) 

rfle y{x) = Q n (q~ x ; a, A 

5(x) = (1 - q x - N ){l - aq x+1 ), D(x) = aq(l - q x )(/3 - q x ~ N - 1 ). 
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IlpH Bcex x = 0, 1, 2, . . . , N 

q x ~ N , 
(3q 



101 


q x 

; q, aqt 


201 




aq 





;q,q x t 



N 



(q- N ; q)n 



Qnte" 1 ; a, /?, jV| g )f. (2.5.105 



ripHBefleHHbie Bbinie pe3yjibTaTbi o g-nojiHHOMax XaHa o6o6inaiOTC5i Ha 
cjiynaft g-nojiHHOMOB Paxa [32, CTp. 202] - itojihhomob, o6pa3bi KOTopbix npn 
roMOMopcpH3Me ajire6p 



C[x] -> C[u,u _1 ], f(x) i — ► /(w" 1 + 7 <5gw) 



-l 



paBHbi 
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g n , af3q n+1 ,u l ^5qu 



n = 0,1,2, N. 



aq,(35q,jq 

q'-nojiHHOMbi Paxa CB5i3aHbi c nojiHHOMaMH 3cKH-BHjibC0Ha (2.5.80) noflCTa- 

HOBKOft 

a = abq^ 1 , (3 = cdq^ 1 , 7 = adq^ 1 , 5 = ad -1 , u = a _1 e _l61 . (2.5.106) 
2.6 liHTerpajibHbie npe^CTaBjieHHa 

2.6.1 Ajrre6pbi aflep HHTerpajibHbix onepaTopoB. B stom napa- 
rpacpe paccMaTpHBaiOTCfl g-aHajiorH HenpepbiBHbix jiHHeftHbix onepaTopoB, nr- 
paionnix Ba^KHyio pojib b rapMOHH^ecKOM aHajiH3e, jih6o b KOMiuieKCHOM aHa- 
jiH3e. Kax cjieflyeT H3 TeopeMbi JlopaHa IIlBapna o flflpe [88, CTp. 156], Taxne 
onepaTopbi 5ibji5iiotc5i HHTerpajibHbiMH, a hx aflpa 5ibji5iiotc5i o6o6iHeHHbiMH 
(pyHKD,H5iMH. Hania THnHHHaa sa^ana- 3Ha5i g-aHajior HenpepbiBHoro jiHHeft- 
Horo onepaTopa, HaiiTH g-aHajior aflpa stoto HHTerpajibHoro onepaTopa. 

B HacroameM nyHKTe BBOflaTca BcnoMoraTejibHbie noHaTHa. Ilpe>Kfle Bce- 
ro noKa>KeM, mto ^-HHBapHaHTHbiii HHTerpaji MO>KeT 6biTb ncnojib30BaH npn 

nOCTpOeHHH MOp(J)H3MOB A-MOflyjiefi. 
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PaccMOTpHM A-MopjjibRbie ajire6pt.i Fi, F<i. KamppMy jiHHeftHOMy (pyHK- 
UHOHajry v '. F2 — ► C h Ka^KflOMy sjieivieHTy X 6 F\ ® F2 conocTaBHM jiHHeftHbift 
HHTerpajibHbift onepaTop 

K:F 2 ^F h K:f» (id®i/)(3C(l ® /)). 

3jieMeHT Ha3biBaK)T HflpoM SToro HHTerpajibHoro onepaTopa h ncnojib3yiOT 
cjiejjyioiiryK) cc-KpameHHyio (popMy 3anncH: 

Kf = J X(l ®f)dv = J Xfdv. 

IlPEflJIOKEHHE 2.6.1 PaccMompuM A-ModyjibHue ajiee6pu F\, F2 u A-uh- 
eapuaHinHuu unmespaA v : F2 — > C. IIpednoAoatcuM, umo 6uAUHeunasi tfiopjiia 

f'xf"»"(f'-f"), f',f"€F 2 , (2.6.1) 

na F2 Heeupoatcdena. MnmespaAbHuu onepamop c sidpoM X mbamctticm Mop- 
cf)U3M0M A-ModyAeu, ecAU u moAtKO ecAU smo sidpo A-uHeapuanraHO. 

,ZJoKa3aTejTbCTBO. 1. Ecjih flflpo X HHBapnaHTHO, to jiHHeftHoe OTo6pa- 
>KeHHe 

F 2 ^F 1 ®F 2 , f^X(l®f), 

a, cjieflOBaTejibHO, h HHTerpajibHbiii onepaTop c HflpoM X hbjihiotch MopcpH3- 
MaMH A-MOffyjieR. 

2. ripeflnojio^KHM, hto HHTerpajibHbiii onepaTop c hjj,pom X HBjraeTCH Mop- 
(|)H3mom A-MOflyjieft. Torjj,a, KaK cjieixyeT H3 (2.4.3) h h3 HeBbipo>Kjj,eHHOCTH 

6HJIHHeftHOH (pOpMbl (2.6.1), 9TO HflpO yjJ,OBJieTBOp5ieT CHCTeMe ypaBHeHHft 

(a® 1)X= (l<8)5 _1 (a))aC, a e A, (2.6.2) 
H3 KOTopoft BbiTexaeT ero HHBapHaHTHOCTb, nocKOJibKy (id ® S~ 1 )A op = id. □ 
HsyneHne HHBapnaHTHbix Hflep h OTBenaioiHirx hm HHTerpajibHbix onepa- 

TOpOB 5IBJI5ieTC5I OflHOH H3 OCHOBHblX 3ajJ,aH HeKOMMyTaTHBHOrO rapMOHHHeCKO 

ro aHajiH3a [162]. ripn nocTpoeHHH ^-HHBapnaHTHbix Hflep 6yjj,eT cymecTBeHHO 
Hcnojib30BaTbC5i cjiejj,yiOHj,ee 
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IlPEflJlOKEHHE 2.6.2 Ilycmb F° p - ajiee6pa, noAynaeMaM U3 F\ 3aMenou 
yMHOQfcenuM na npomueonoAoatcnoe. A-uHeapuanmHue ndpa o6pa3ymm nodaA- 
2e6py aA2e6pu F° p C8 F 2 . 

,Z^OKa3aTejTbCTBO. ,HpcTaTOHHO noKa3aTb, mto npoH3BefleHHe A-mn- 
BapnaHTHbix sjieivieHTOB ajire6pbi Hflep 5iBji5ieTC5i ^-HHBapnaHTHbiM HflpoM. Co- 
nocTaBHM aflpaM 

i 3 

cjieflyiomHe jiHHeftHbie onepaTopbi b F\ (8> F 2 : 

^':/i®/2^E^®^ K!' :h®h^Y.^®^h- (2-6.3) 

* 3 

H3 ^-HHBapHaHTHOCTH flflep %' , %" cjieflyeT, mto onepaTopbi (2.6.3), a, 3HaMHT, 

h hx npoH3BefleHHe /C'/C", OToGpa^aiomee /i0/2B^ fi a 'j a 'i ® &'j&j/2, «b- 

« i 

JI5HOTC5I 9HflOMOp(|)H3MaMH ^-MOflyjIfl Fx C8 F 2 . IlpHMeHHH 9TOT 9HflOMOp(|)H3M 

k y4-HHBapHaHTy 1®1, nojiy^aeM ^4-HHBapHaHT, paBHbift npoH3BefleHHK) 

b ajire6pe F° p (8) F 2 . □ 

B ocTaBineiica nacTH nyHKTa paccMaTpnBaiOTca *-ajire6pa Xon(pa A, A- 
MOflyjibHbie *-ajire6pbi Fi,F 2 , BemecTBeHHbiii HHBapnaHTHbiH HHTerpaji v : 
F2 — > C, h npeflnojiaraeTca HeBbipcoKfleHHOCTb 6HjiHHeifflOH (popMbi 

F 2 xF 2 ^C, /'x/"~ *(/'/")■ 

JlerKO flOKa3aTb eflHHCTBeHHOCTb TaKoft hhbojiiouhh * b ajire6pe flflep 
F[ v (8) F 2 , mto npn Bcex a G A, f G F 2 , X G F^ <g> F 2 

J X*(l®f)dv=(^J X(l®f)di^j . (2.6.4) 

B KjiaccH^ecKOM cjiynae g = 1 paBeHCTBO (2.6.4) 03HaMaeT BemecTBeHHoerb 
HHTerpajibHoro onepaTopa c BemecTBeHHbiM aflpoM. 

Hhbojik)li,h5i co cbohctbom (2.6.4) flonycKae-T cy^KeHne Ha noflajire6py hh- 
BapnaHTHbix flflep, hto HeTpyznio noxasaTb, Hcnojib3y5i npefljicoKemie 2.6.1. 
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^eftcTBHTejibHO, ecjiH X G ®F 2 - HHBapnaHTHoe Hflpo, to npn Bcex a G A, 
f G F2 HMeiOT MecTO paBeHCTBa 

J X*(l®af)dv = X(l ® (af)*)dvj = (^J X(l ® S(a)*f*)dvJ = 

= (s(a)* J X(l®f*)dvj = a (^j X(l ® f*)di^j = a J X*(l ® f)dv. 

3HaMHT, ecjin HHTerpajibHbiii onepaTop c ajjpoM X 5iBji5ieTC5T MopcpH3MOM A- 
MOflyjieft, to sthm cbohctbom o6jiajiaeT h HHTerpajibHbiii onepaTop c ajjpoM 
X*. 

Hhbojiiouhio, yjj,OBjieTBop5noHj,yio Tpe6oBaHHio (2.6.4), nacTO yjiaeTCH Haft- 
th, Hcnojib3y5i HBHbift bhjj, HHBapHaHTHoro HHTerpajia. HanpHMep, ecjin ajire6pa 
F2 o6jiajj,aeT KOHeHHOMepHbiM tohhmm *-npejj,CTaBjieHHeM T h jj,jih HeKOToporo 
o6paTHMoro caMoconpHJKeHHoro 9JieMeHTa Q G F2 HMeeT MecTO paBeHCTBO 

K/)=tr(T(/)Q), f€F 2 , (2.6.5) 

to, Kax cjiejjyeT H3 onpeflejieHHft, X* = (1 ® Q)^ 1 (1 ® Q)- TpeGyeivtan 

HHBOJIK)I],H5I. 

Otmcthm, hto nojiyneHHafl cpopMyjia BepHa npn BecbMa o6iu,hx npeixno- 
jio>KeHH5ix, nocKOjibKy KOHeMHOMepHOCTb npejj,CTaBjieHH5i T Hcnojib30BaHa b ee 
flOKa3aTejibCTBe jiHinb jj,ji5t nepecTaHOBKH coMHO^KHTejieii nojj, 3HaKOM cjiejj,a. 

2.6.2 OyHKii,Ha TpHHa /yia onepaTopa D q . Ha^HeM c Kjiaccirqe- 
CKoro cjiyMaa q = 1. ,Hjt5i mnpoKoro Kjiacca cpyHKirrfft / peinemie ypaBHeHHH 
IlyaccoHa \3u = / b e^HHHHHOM Kpyre D HMeeT bhjj, 

u(z) = J G(z,0f(0dv(0, 

D 

rjj,e (pyHKii,HH TpHHa G paBHa 

G(z,C) = -ln(|z-C| 2 ) + ln(|l-<| 2 ). (2.6.6) 

PaBeHCTBO (2.6.6) jj,OKa3biBaeTC5i MeTOflOM OTpa^KeHHii: nepBoe cjiaraeMoe 
- BKjiajj, ocHOBHoro HCTOHHHKa, a BTopoe - BKjiajj, HCTOHHHKa, nojiyneHHoro 
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OTpa>KeHHeM OTHOCHTejIbHO eflHHHHHOH OKpy^KHOCTH, to ecTb HHBepcHeii [30, 

CTp. 429]. 

J\jix nepexofla k KBaHTOBOMy xpyry Hy:>KHbi KBaHTOBbie aHajiorn HHTe- 
rpajibHbix onepaTopoB h hx flflep. 

PaccMOTpHM ajire6py Pol(C)° p , nojiynaioiiryiocfl H3 Pol(C) g 3aMeHoii 
yMHO>KeHH5i Ha npoTHBonojio>KHoe. B 3toh ajire6pe zz* = q 2 z*z J rl — q 2 . CTap- 
Tya c Pol(C)° p , noBTopHM Bee Te paccy^KfleHna, KOTopbie Hcnojib30BajiHCb b 
naparpacpe 2.4.3 npn nocTpoeHHH ajire6pbi D(D) q (pHHHTHbix (pyHKUHH b KBaH- 
tobom Kpyre h D(P) g -6HMOflyji5i D(D) r q o6o6meHHbix (pyHKUHH b KBaHTOBOM 
xpyre. B HTore nojiyHHM ajire6py £>(B)° P h D(P)° p -6HMOflyjib D(B)' g op . 

BBefleM o6o3HaneHHe Pol(C x C) g fljiH ajire6pbi Pol(C)° p Pol(C) g h 
o6o3HaneHHe 2, 2*, £, C* ff 151 ee o6pa3yioiHHx z (8) 1, 2* (8) 1, 1 (8) 2, 10 2*. ByzjeM 
Hcnojib30BaTb o6o3HaHeHH5i y, 77 ajih sjieivieHTOB 

(1-2*2) (8)1, 1(g) (1-22*). 

CHOBa noBTopHM paccy:>K,z],eHH5i, Hcnojib30BaHHbie npn nocTpoeHHH D(D) g h 
D(D)' ho npHMeHHTejibHO k ajire6pe Pol(CxC) g , nojiyHHM ajire6py D(DxB) g 
(pHHHTHbix (pyHKD,HH Ha flexapTOBOM npoH3BefleHHH KBaHTOBbix KpyroB, a Tax- 
ysze D(D x P) g -6nMOflyjib D(D x 3)' o6o6meHHbix (pyHKUHH. 

Ha30BeM ajieMeHTbi D(D x B>)' q o6o6meHHbiMH HflpaMH, nocKOjibKy c hx 
noMombio Tax tkb, xax b npeflbiflymeM nyHKTe, bboahtch HHTerpajibHbie onepa- 
Topbi. HMeHHO, o6o6m,eHHOMy flflpy % OTBenae-T jiHHeftHbift onepaTop H3 D(D) q 
b D(P)^ op , onpeflejifleMbift paBeHCTBOM 

Kf= [ % -fdv= (id®v)(K{\® f)). (2.6.7) 

3AMEHAHHE 2.6.3 Hcnojib3y5i npoTHBonojio>KHoe yMHO>KeHHe b nepBOM TeH- 
3opHOM coMHO>KHTejie b Pol(C)° p ® Pol(C) 9 , mm cjieflyeM corjianieHHHM npeflbi- 
flymero nyHKTa. 9to no3BOJi5ieT BBecTH b paccMOTpeHne ajire6py UqSi^- 
HHBapHaHTHbix flflep, cm. npefljio»:eHHe 2.6.2. 

H3 onpeflejieHHft BbiTexaeT 
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JlEMMA 2.6.4 JJam jiw6o20 MHOotcecmea {ipij(y, T])}i,jeZ + <fiyHKii j uu na 
q 2z + x q 2z + pMd z* l C ipij(y, rj) z^C 3 cxodumcM e D(D x B)' q . 

riPHMEP 2.6.5 J\jisi Bcex m > cym,ecTByeT o6o6m,eHHoe flflpo 

G m = (i - CCT(<r 2(m_ Vo 9 2 )™ 1 • (<T 2rr X*; 9 2 )™ 1 • (i - ^) m , (2.6.8) 

m— 1 

rfle (t; q 2 ) m = 1 1 (1 — ^ 2j ) H He^BHO Hcnojib3yeTC5i paBeHCTBO 

.7=0 

i _f> (g 2m ;g 2 )n . n 
(^ 2 )™ £j (<?W)n ' 

BbiTexaiomee H3 (2.5.64). 

Cjieflyiomee yTBep>KfleHHe 6yfleT flOKa3aHO b nyHKTe 2.7.3. 

JlEMMA 2.6.6 G m MBAMemcM U q sl2-UH6apuaHmHUM SAeMenmoM U q sl2-ModyjiM 
D(P x D)' g . 

/Jjra Toro, MTo6bi G(popMyjiHpoBaTb ochobhoh pe3yjibTaT SToro nyHKTa, 
o6paTHMC5i k KjiaccH^ecKOMy cjiy^aio q = 1 h BOcnojib3yeMC5i pa3jio>KeHHeM 
(pyHKD,HH TpHHa (2.6.6): 

_ ln ^ = _ ln fi- (1 - N2)(1 - |cl ^- 



oo 



w (1 W(1 m 

i-< 2 ; 

m=l x 1 ^ 1 

Ilepexofla k (popivtajibHOMy npe^ejiy b (2.6.8), nojiy^aeM 

CjieflyK)m,HH pe3yjibTaT aBjiaeTca g-aHajioroM pa3Jio»:eHH5i (2.6.9). Kax yTBep- 
>KflaeT cjieflCTBHe 2.5.22, HHBapHaHTHbift jianjiacnaH D g b L 2 (dis) q orpaHH^eH 
h HMeeT orpaHHMeHHbiii o6paTHbift. 



2\\ m 
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riPEflJlOKEHHE 2.6.7 Cyatcenue ozpauuueHHOzo AuneuHozo onepamopa D^ 1 
e L 2 (du) q na nAomnoe AuneuHoe nodMH020o6pa,3ue D(B>) q sieAsiemcM unme- 
spaAhHUM onepamopoM c sidpoM 

°° q~ 2 - 1 

G 1 = S q -2m _ l G ™, 
m=l 

mo ecmt, ^ q l f = / G q (z, Qf(C)dv npu ecex f G D(B>) q . 

Bg 

,Z^OKa3aTejTbCTBO. CpaBHHBaeMbie jiHHeftHbie onepaTopbi hbjihiotch Mop- 
cpH3MaMH U q Q-Mopjjiem. KpoMe Toro, U q sl2 ■ fo = Kax yTBep>KflaeT 

npefljio>KeHHe 2.4.19. SHa^HT, flocTaTOMHO flOKa3aTb paBeHCTBa 

/°° — 2 i 
G q hdv = (1 - g 2 ) ^ ^-jy"', (2-6.10) 

m=l 



□,- 1 /o = (l-9 2 )E^T J T2' m . (2' 6 - 11 ) 

m=l 

H3 KOTopbix cjieflyeT paBeHCTBO 

□,"7o = J G q f du. 

Dg 

CnpaBefljiHBOCTb (2.6.10) BbiTexaeT H3 onpeflejieHM aflpa G q h paBeHCTB 
** • /o = 0, Hy) ■ fo = ^(1), J z k f du = (l- q 2 )5 kfi . 



iLii q 

OcTaeTCH flOKa3aTb (2.6.11). IlycTb x = y . Kax cjie-flyeT H3 o6paTH- 
mocth onepaTopa \3 q cymecTByeT h eflHHCTBeH TaKoft sjieivieHT ip G L 2 (dis) q , 
mto = fo, to ecTb cym,ecTByeT h eflHHCTBeHHa Taxaa cpyHKUM ^(rc) Ha 
MHO>KecTBe q + , hto 

oo 

x(l - q- l x)V q ^{x) = q- 1 - q, £ |V(<T 2j ')| 2 • q~ 2j < oo, (2.6.12) 

cm. npefljio>KeHHe 2.5.12. Kax cjie^yeT H3 (2.6.12), 

if,(x) = il)(q- 2 x ) + (q- 2 - V 2 ^ 



1 — q 2 x 1 ' 
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-x 



j=l y m=l y 



npn Bcex x E q 2Z+ . 3HanHT, ^(ar) = (1 — g 2 ) Yl q -2m\ x m . □ 

m=l 

2.6.3 KBaHTOBbie KOHycbi. Hanc-MHHM, hto ajire6pa C [SL2] q pery- 
jinpHbix (pyHKD,HH Ha KBaHTOBoft rpynne SL2 nopco-KfleHa MaTpHHHbiMH sjie- 
MeHTaMH tij BeKTopHoro npeflCTaBjieHHH ajire6pbi U q sl2, cm. (2.3.10). B nyHKTe 
2.3.6 ajire6pa CfSZ^jg 6buia HaflejieHa CTpyKTypoii t/gS^-MOflyjihHoft ajire6pbi. 
KaK cjieflyeT H3 onpe-flejieHHii, 

K^uK^tn) ~ UbW ' [ 0, q* 1 " \q ±1 t2 h q^ 1 t22 



(2.6.13) 



1 



(2.6.14) 



(2.6.15) 



Et lh Et 12 \ Ih h ti2\ (0,q-*\ (0,q-2t n 
Et 2h Et22j ~ \t2ut22) V ' / \0.9"'*2i. 

Vtn,Fti 2 \ = ft lh t 12 \ ( 0, o\ = Ah 12 , o N 

Ft2 h Ft22j \t2ut22J V^' / V^ 22 ' , 

BBefleM KBaHTOBbie aHajiorn npocTpaHCTB (pyHKHHH Ha KOHyce 
§ = {(*ii,*i 2 ) eC 2 I \t n \ = \t 12 \}. 

Ajire6pa ( C[SL2] q mcokct 6biTb onpe-flejieHa c noMOinbio o6pa3yioiHHx tij h 
cooTHOHieHHii, Bee H3 KOTopbix oflHopoflHbi, KpoMe (2.3.48), cm. npefljio^KeHne 
2.3.30. CflejiaeM b onpeflejinioiHHx cooTHonieHHHx nc-flCTaHOBKy 

tij = q- N -t\"\ NeN. (2.6.16) 

OopMajibHbift npeflejibHbift nepexofl N — > +00 He BjinneT Ha OflHopoflHbie co- 
OTHonieHHH, a (2.3.48) nepexoflHT b ^11^22 — ^12^21 = 0. 

Bbc/t,cm o6o3HaHeHHe C[S] g ajih ajire6pbi, onpeflejineMOH hobbim MHCG-Ke- 

CTBOM COOTHOHieHHH Me^Kfly 06pa3yK»HJ,HMH tij. 
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3AMEMAHHE 2.6.8 PaBeHCTBO deg(ty) = 1 HaflejiaeT ajire6py C[SL/2] q (pmib- 
TpaD,Heft, a ajire6py C[S] g - rpaflynpoBKoft. OnHcaHHbift Bbinie nepexofl ot 
C[SL 2 ] q k C[S]q - 9to "npH3eMjieHHoe" onncaHHe CTaHflapTHoro nepexofla ot 
(pHjiBTpoBaHHoft ajire6pbi k npHcoeflHHeHHoft rpaflyHpoBaHHoft ajire6pe. 

BBefleM hhbojiioli,hk) * b C[S] g , nojiaraa 

t* n = -t 2 2, t* 12 = -qt 2 i. (2.6.17) 

H3 onpeflejieHHft cneflyeT, mto *-ajire6pa C[S] g c fleftcTBHeM U q $Ui^, onpefle- 
jiaeMbiM paBeHCTBaMH (2.6.13) - (2.6.15), 5iBji5ieTC5i ^su^i-MOflyjibHoft. 

riojio>KHM x = — qt\ 2 t 21 ■ JJpK&meM, mto Ka>Kflbiii sjieMeHT ajire6pbi C[S] ? 
eflHHCTBeHHbiM o6pa30M pa3jiaraeTC5i b cyMMy 

/= Yl nA2^abcd{x)t C 2l t d 22) (2.6.18) 
ad=bc=0 

rfle a, 6, c, d G Z + h f/wd - nojiHHOMbi oflHoii nepeMeHHoii. CymecTBOBaHne 

TaKOrO pa3JIO>KeHH5I OHeBHflHO. 

PaccMOTpHM npeflrnjib6epTOBO npocTpaHCTBO c opTOHopMnpoBaHHbiM 6a- 
3hcom {ej}j & z + h cjieflyiomee *-npeflCTaBjieHne tt ajire6pbi C[S] g : 

7r(tn)ej = g _(i+1) e i+ i, n(ti 2 )ej = q~ J e 3 , 

7r(^2i)e 7 = -q~ {j+1) ej, ir(t 2 2)ej = -q~ 3 e^. 
C ero noMom,bio jiHHeiiHaa He3aBHCHMOCTb sjieMeHTOB MHO^KecTBa 

{^11^12^215 ^12^21^22 \o>,b,C,d € Z + } 

flOKa3biBaeTC5i Tax me, KaK b nyHKTe 2.3.6. OTCiofla cneflyeT eflHHCTBeHHOCTb 
pa3Jio»:eHH5i (2.6.18). 

HeTpyznro noKa3aTb, mto HBJiaeTca mhtokgctbom Ope h mto OTBena- 
K>iH,aa eMy jiOKajiH3auH5T CfS]^ ajire6pbi C[S] g HacjieflyeT CTpyKTypy U q SU\^- 
MOflyjibHoii ajire6pbi. 3jieMeHTbi ajire6pbi C[^]g ;a; HMeiOT BHfl (2.6.18), rfle i\) a bcd 
- nojiHHOMbi JlopaHa oflHoii nepeMeHHoii. 

PaccMOTpHM C/gSU^i-MOflyjibHbie noflajire6pbi C[S] g C C[S] g , CfS]^ C 
C[S] g x HHBapnaHTOB oflHonapaMeTpnnecKoii rpynnbi aBTOMopcpH3MOB 

tij i-> e itp tij, t 2j 1 ► e- i(p t 2j , if G R/(2ttZ), j = 1,2. 
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3to KBaHTOBbie aHajiorn ajire6p (pyHKunft Ha flByMepHOM KOHyce. B pa3Jio»:e- 
hhh (2.6.18) hx sjieMeHTOB paBHbi HyjiK) cjiaraeMbie c a + b ^ c + d. 

HaflejiHM ajire6py C[H]g )X rpaflynpoBKoft, nojiaran 

deg(x ±1 ) = ±1, deg(ti^ 2 j) = 1, ij = 1, 2. 
H3 paBeHCTB (2.7.9) - (2.7.11) cjieflyeT, hto oflHopoflHbie KOMnoHeHTbi hbjihiot- 

CH t/gS^-nOflMOflyjIHMH U q Sl2-MOffyjlSl C[E] qiX . ^OKa^CeM, HTO OHH H30MOp(pHbI 
U q Sl2-MOffyjlSlM OCHOBHOH CCpepHHeCKOH CGpHH. Ilpe>Kfle BCerO, OTMeTHM, HTO 

ajieMeHTbi ti2, ^21) tn, ^22 ajire6pbi C[S] gx o6paTHMbi. CjieflOBaTejibHO, onpe- 
flejieH h o6paTHM sjieMeHT z = t^tn G C[S] gjX . 

riPEflJlOKEHHE 2.6.9 Ylycvtih I G Z. JIuHeuHdM o6ojiouKa MHoatcecmea 
{z k x l I € Z} ttejiMemctt U q sl2-ModyjieM, usojuopcpHUM UqS^-ModyAW 
ochoghou ccfiepuuecKou cepuu. 

/JoKasaTejibCTBO. Kax HeTpyznio noxasaTb, ajih Bcex / h Bcex nojiHHO- 
mob JlopaHa f(z) 

K ±l (f(z)x l ) = f(q ±2 z)x l , 

E{f(z)x l ) = - q h J{z) ~ f{ / z) x l + q -l?-^± z ftf z ) x \ 
v ' z — q z z q~ z — 1 

F (f(z)x') = qi /(^)-/W , T i + I 

v ' q~ z z — z 1 — q A 

3tH paBeHCTBa n03BOJIHK)T HaftTH HBHblft BHfl MOp(|)H3Ma L^s^-MOflyjieft 

y(0^ M W j(0 : eo ^^. (2.6.19) 

HMeHHO, 

j(0 efc = (-g-^+^) fc z k x\ keZ. (2.6.20) 

OcTaeTCH BOCnOJIb30BaTbC5I 6HeKTHBHOCTbK) □ 

Ot Tpe6oBaHH5i / G Z jierxo ocBo6oflHTbC5i, BBeflH b paccMOTpeHne 0606- 
m,eHHbie cpyHKEHH Ha KBaHTOBbix KOHycax. HaMeTHM Tpe6yeMbie nocTpoeHHH. 
Ohh ocHOBaHbi Ha tom, hto MHO»:ecTBOM co6cTBeHHbix 3HaneHHH onepaTopa 
jt(x) HBjineTCH q~ 27L . 
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riycTb - BeKTopHoe npocTpaHCTBO cpopMajibHbix pnflOB (2.6.18) c 

K09(p(pHLi,HeHTaMH H3 npocTpaHCTBa (pyHKu,Hii Ha MHOJKecTBe g _2Z . HaflejIHM 
T>(E)' q cjia6eHnieii H3 Tonojiornii, b kotopmx HenpepbiBHbi jinHeimbie (pyHKnn- 

OHajIbl £j a ,b,c,d,n- 

£>a,b,c,dM) = ^abcd(q~ 2n ), ad = bc = 0, n G Z. (2.6.21) 
rio HenpepbiBHOCTH D(E)' q HaflejineTCH CTpyKTypoft L^s^-MOflyjibHoro C[S] g - 

6HMOflyjI5I. 

o6o6m,eHHbix (pyHKunft Ha KBaHTOBOM KOHyce mojkho bbccth noHHTHe 
KOMnjieKCHoft CTeneHH oflHopoflHOCTH. riycTb / G C. 06o6ineHHyio (pyHKHHio 
/ G D(E)' q Ha30BeM oflHopoflHoft CTeneHH /, ecjin KoscpcpHirneHTbi i^abcdix) ee 
pa3jio^KeHHH (2.7.15) yflOBjieTBopniOT cjieflyioiHHM Tpe6oBaHHHM: 

^abcd(q 2 x) = q 2{l -" ±h ^ ±A) ^p{x), x G g~ 2Z 

3KBHBajieHTHO, nycTb a - sto aBTOMop(pH3M C[S] g , 3aflaHHbiii paBeHCTBaMH 
Oi(tij) = qtij, rfle i,j = 1,2, a a - ero npoflOji>KeHHe no HenpepbiBHOCTH Ha 
D(S)' g . 3jieMeHT ip G T>{^E)' q - oflHopoflHbift CTeneHH /, ecjin a(ip) = q 2l ip. 

H3 paBeHCTB (2.7.9) - (2.7.11) cjie^yeT, hto o6o6ineHHbie (pyHKUHH cpHK- 

CHpOBaHHOH CTeneHH OflHOpOflHOCTH 06pa3yK)T f/gS^-nOflMOflyjIb. Ba>KHO OTMe- 

THTb, hto b onpeflejieHHH noflnpocTpaHCTBa h b flOKa3aTejibCTBe npefljio- 
jKeHHH 2.6.9 npaKTHnecKH He Hcnojib3yeTCH nejiOHHCJieHHOCTb /. 

Hcnojib3yH npefljio>KeHHe 2.6.9 h paBeHCTBO (2.5.56), HeTpyflHO flOKa3aTb, 

HTO 

Cq v = -q (i ~ q ~^ (1 ~f M)) v, v e M<« (2.6.22) 
(1 — q z ) z 

npn Bcex / G C. 

IlPEflJlOKEHHE 2.6.10 JIuneuHuu cjjyHKUiUOHaji na nodnpocmpancmee odno- 
podnux o6o6ut ) eHHUx tfiyuKt^uu cmenenu —1, onpedeAMejwuu paeencmeoM 



J 



fdr] = ^oooo(l), (2.6.23) 
MGAMemCM U q sl2-UH6apua,HmHUM. 
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,ZJoKa3aTejTbCTBO. He-Tpyznro y6eflHTbC5i b tom, hto 

1)^ = 0, 

J E(t 12 x- 2 t 22 )dr] = J F(t n x- 2 t 2 i)dr] = 0. 

OTCiofla jierxo cjie-flyeT [/gS^-HHBapnaHTHOCTb paccMaTpnBaeMoro jiHHeiiHoro 
(pyHKD,HOHajia. □ 

3jieMeHT / 6 D(£)' Ha30BeM (pHHHTHOH (pyHKUHeft Ha KBaHTOBOM KO- 

Hyce, ecjiH card{(a, 6, c, d, n) \ & a ,b,c,d,n(f) 7^ 0} < oo. BBe-fleM o6o3HaneHHe 

D(S) g flJIH BeKTOpHOrO npOCTpaHCTBa (pHHHTHblX (pyHKHHH Ha KBaHTOBOM KO- 

Hyce. Oho HBjineTCH t/g-sk-MOflyjibHbiM C[S] g -6HMOflyjieM h no HenpepbiBHOCTH 
HaflejineTCH CTpyKTypoft t/qSUi^-MOflyjibHOH *-ajire6pbi. 

2.6.4 Co6cTBeHHi>ie (pymcijHH onepaTopa D q . B KjiaccH^ecKOM 
cjiy^ae q = 1 (pyHKHM 

HBJineTCH co6cTBeHHoft (pyHKD,HeH HHBapnaHTHoro JianjiacnaHa □ npn BecBMa 

HIHpOKHX npeflnOJIO>KeHHHX O (pyHKUHH /. HMeHHO, 

D " = -(('+ ^ - i) «. 

cm. [86, CTp. 51]. 

}Kejian nojiy^HTB KBaHTOBBift aHajior SToro pe3yjiBTaTa, BBe^eM KBaHTO- 
BBie aHajiorn CTeneHeft Hflpa IlyaccoHa h npocTpaHCTB (pyHKinift Ha eflHHHHHoft 
OKpy>KHOCTH dTb. Bjio)KeHHe ajire6p 

C[z, z' 1 } ^ C[E] qiX , z i ► 

no3BOji5ieT HaflejiHTb ajire6py hojihhomob JlopaHa nepeMeHHoii z CTpyKTypoii 
U„sui i-MOflyjibHoii ajire6pbi c HHBOjiionHeH z* = z^ 1 . BBe^eM o6o3HaMeHHe 
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C[<9D] g = (C[z,z ],*) flJiH nojryneHHon L^su^i-MOflyjibHoft ajire6pbi. 3to - 
KBaHTOBbift aHajior ajire6pbi peryjinpHbix (pyHKirnn Ha eflHHHHHoft OKpystHOCTH 
<9D. 

HaflejiHM C[5P] g Tonojiorneii noKogcpcpHirneHTHOH cxoahmocth, to ecTb 
cjia6eiinieH H3 Tonojiornii, b KOTopbix HenpepbiBHbi jiHHeiiHbie (pyHKUHOHajibi 

lj : c n zU ^ c v 3 e Z - (2.6.24) 

^eftcTBHe U q sl2 h HHBOJiK)D,Hfl * flonycKaiOT npoflOJixceHHe no HenpepbiBHOCTH c 
C[5P] g Ha nonojiHeHHe - TonojiornnecKoe BeKTopHoe npocTpaHCTBO (popMajib- 

HblX pHflOB ^2 C n Z U C KOMnjieKCHblMH K09(p(pHH,HeHTaMH H Tonojiorneft nOKO- 

neZ 

9(p(pHD,HeHTHOH cxoflHMOCTH. BBefleM o6o3HaneHne C[[<9D]] g fljiH nojiyneHHoro 
UqS [2-MOflyjibHoro C [<9D] g -6HMOflyji5i. 

HaKOHen,, HaflejiHM Pol(C)° p <g> C[dB>] q cjia6eninen H3 Tonojiornii, b ko- 
Topbix HenpepbiBHbi jiHHeiiHbie (pyHKnnoHajibi l'! mn ® lj, cm. (2.4.12), (2.6.24). 

IlonOJIHeHHe D(BX dlD)' q M05KHO OTO^KfleCTBHTh C BeKTOpHbIM npOCTpaHCTBOM 
CpOpMajIbHblX pHflOB ^2 c nZ U C K03(p(pHirneHTaMH C n H3 D(D)' q . 

1- \z\ 2 

BBefleM ^-aHajiorn CTeneHeii P 1 flflpa IlyaccoHa P = =— , ncnojib3y5i 

I 1 ~ z ^ 2 

o6o3HaneHH5i nyHKTa 2.6.2. B KBaHTOBOM cjiynae q G (0, 1) mm 3aMeH5ieM P 1 

9JieMeHTOM 



P 7 = (gVC; q 2 )-, (zC; q 2 )^(l - z*z)i , (2.6.2 



rfle Hflpa (z(*] q 2 )--y, (q 2 z*C'i q 2 )--y £ ^(^ x 93)' onpeflejiaeMbie paBeHCTBaMn 



^ {q,q 2 ) n {q 27 <*;r)oo 

{qz(;q )_ 7 = ^ , o 2 x (<? 7 ^C) = 7— 27+2 , (2-6.27) 



^ (gW)„ vy ^ ((T^+VC; g2) 
HBjiHioTCfl g'-aHajioraMH 6hhomob (1 — ^C) 7 h (1 — ^C)~ 7 - 

Ochobhoh pe3yjibTaT 9Toro nyHKTa coctoht b cjieflyioineM. 
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IlPEflJIOKEHHE 2.6.11 IJpu ecex I G C, / G C[dID)] g SAeMenm 

u = J Pl+1 ( z ,e ie )f(e ie )^ (2.6.28) 
o 

npunadAeDfcum D(D)^ ; w 

U q u = a(l)u, (2.6.29) 
a (l) = (1 - r 2 0(l - ^ +2 )/(l - g 2 ) 2 . 

,Z^OKa3aTejibCTBO. Kax BbiTeKaeT H3 cjieflCTBHH 2.5.13, flocTaTOHHO flo- 
Ka3aTb paBeHCTBO C g w = —qa{l)u. 

Hcnojib3y5i (2.6.22), HeTpyznio flOKa3aTb hto b D{^)' HMeeT Meero paBeH- 
ctbo C q yf(z)x l ) = —qa(l) yf(z)x l ) fljin jno6oro nojiHHOMa JlopaHa f(z) n 
Bcex / G C. 

B nyHKTe 2.6.3 6bijiH BBefleHbi L^s^-MOflyjin sjieMeHTOB CTeneHH 

oflHopoflHOCTH / Ha KBaHTOBOM aHajiore KOHyca S. ^jih 3aBepineHH5i flOKa- 
3aTejibCTBa npefljio>KeHH5i flocTaTOHHO npe,zrb5iBHTb MopcpH3M U qS^-MORy jieft 
M^> — > D(D)^, OTo6pa»caioii],HH f{z)x l b u. 

HaflejiHM BeKTopHoe npocTpaHCTBO Pol(C)° p ® C[S] g cjia6eninen H3 Tono- 
jiornH, b KOTopbix HenpepbiBHbi jiHHeifflbie (pyHKUHOHajibi (8) £j a ,b,c,d,n (cm. 
(2.4.12), (2.6.21)). Cjieflyn o6o3HaneHH5iM nyHKTa 2.6.2, nojiaraeM £ = 1 <S> x. 

B nyHKTe 2.7.3 6yfleT flOKa3aHa t/gS^-HHBapnaHTHOCTb sjieMeHTa 

U {q - q )j (« ;« )•» 

nonojiHeHHH npocTpaHCTBa Pol(C)° p (g)C[£] 9 , cm. 3aMenaHne 2.7.11, a b nyHKTe 
2.6.3 flOKasaHa [/gS^-HHBapnaHTHOCTb jiHHeHHoro (pyHKnnoHajia 

r] : M ( ~ 1} -+ C, 7/ : ( a mZ m \ x' 1 ^ a . 

\m=— oo / 

ripoH3BefleHHe X_;_i(l <g> f(z)x l ) no BTopoMy TeH3opHOMy coMHO>KHTejiK) npn- 
Hafljie^KHT M^ l \ 3HannT, KoppeKTHO onpeflejieH HHTerpajibHbin onepaTop 

M« -> D(D)' ff , / - (id ® 77) (OC_,_i(l (8) /(z)i')) . 
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H3 npHBefleHHbix Bbinie pe3yjibTaT0B h paBeHCTB (2.6.2), (2.4.4) cjieflyeT, hto 

OH 5IBJI5ieTC5I MOp(|)H3MOM U q Sl2-MOflJ Jiew. 

(id®ri)((a®l)X- l -i(l®f(z)x 1 )) = (id® ry)((l <g> S'^a^X^l <g> /(^)x z )), 

((1 <g> 5- 1 (a))X_ z _ 1 (l ® /(*)*')) = (id ® J7)(0C_,_i(l (8) a(/(z)^))). 
OcTaeTCH 3aMeTHTb, hto (id (g) 77) (3C_j_i(l Cg /a^)) = u. □ 

3AMEMAHHE 2.6.12 ilojiaran 7 = 1 b (2.6.25), nojiynaeM g-aHajior flflpa 



1 - z 



2 



IlyaccoHa P = ITpn 7 = 1 HHTerpajibHbiii onepaTop (2.6.28) oto6- 



00 00 00 

paxcaeT / = ^ c n e m6 b u = ^ c n z n + c + c -nZ* n h flonycxaeT 

n=— 00 n=l n=0 

npoflOJi>KeHHe no HenpepbiBHOCTH flo H30MeTpnnecKoro jinHeftHoro onepaTopa 
H3 npocTpaHCTBa C (<9D) HenpepbiBHbix (pyHKnnn Ha OKpyjKHOCTH b npocTpaH- 
ctbo C(P) g HenpepbiBHbix cpyHKipift b KBaHTOBOM Kpyre. (IlocjieflHee yTBep- 
^KfleHne HeTpyzrno flOKa3aTb ncnojib3y5i yHHTapHyio flHjiaTannio cacaTHfl Tp(z), 
cm. nyiiKT 2.2.7.) Pa3yMeeTcn, \3 q u = 0, u\ = /. 

2.6.5 TapMOHMHecKHH aHajiH3. HanHCM c xoponio H3BecTHbix pe- 
3yjibTaTOB, OTHOC5nnnxc5i k KjiaccnnecKOMy cjiynaio q = 1 [86, CTp. 48, 49]. 
HeeBKJinflOBO npeo6pa30BaHne Oypbe (pyHKnnn u b Kpyre D onpeflejineTCfl 

paBeHCTBOM 

u(e l \p)= [ P^- ip {z,e i6 )u{z)du, (2.6.30) 



1— \z\ 

rfle P = n z j ~ ^flP IlyaccoHa. 06paTHoe npeo6pa30BaHne HMeeT bha 



«U = 




P^(z, e ie )u(e ie , p)^- I ^ classic (p), (2.6.31) 



2tt 

\o 

rfle (icr c i ass i c (p) = 2pth(7rp) dp (HecymecTBeHHoe OTjinnne stoh Mepbi IIjiaH- 
mepejin ot npHBefleHHoii b jiHTepaType oGiiHCHHeTCH Bbi6opoM ncnojib3yeMon 
HaMH HHBapnaHTHOH Mepbi dv = ^fz^nr b D). 

HeeBKJinflOBO npeo6pa30BaHne Oypbe HBJineTcn yHHTapHbiM jinHeftHbiM 
onepaTopoM H3 L 2 (dv) b L 2 (da) (g L 2 (||). 
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Otmcthm, cm. nyHKT 2.6.4, mto paBeHCTBO (2.6.31) flocTaBjiaeT pa3jic»KC- 

HHe u(z) no co6cTBeHHMM (pymajHHM u p (z) = f P? +ip (z, e t6 )u(e l9 , p)^ one- 

o 

paTopa □. riojiynHM g-aHajior SToro pa3Jio>KeHH5i. IlycTb 

P{ +1 = (q 2 zX;q 2 )-i-i(zC;q 2 )-l-i(l ~ CC) 1+l , 
cm. paBeHCTBa (2. 6. 26), (2. 6. 27). 



riPEflJlOKEHHE 2.6.13. PaccMompuM 6opeAeecKyK> Mepy da na 
eeedeHHyw paeencmeoM (2.5.41). HnmeepajibHue onepamopu 

yt (je 



0, 



2Iog(g- 1 ) 



(z) -> J Pf _ ip (e", CMC)^, 



u(e ie , p) 




rlf) 

P h+ip (z,e id )u(e id ,p)-\ da(p) 



(2.6.32) 



\0 

npodoAotcatomcM no Henpepuenocmu c nAomnux AuneuHux nodMHOsoo6pa3uu 



D(B) q c L 2 (dz/)„ C[0D] g <g> C c 



0. 



7T 



21og(gr 1 ) 

do 63auMH0 o6pamHux yHuuiapHux onepamopoe. 



CL 2 (^j®L\da) 



,Z^OKa3aTejTbCTBO. IlycTb 



< Iml < 



^ 21ogV 1 ) - PaCCM0T P HM 



21og(«- 1 ) - 
BJIO^KeHHe BeKTOpHblX npocTpaHCTB 

HaflejiHM C[5P]q CTpyKTypoii t/gS^-MOflyjifl Tax, MTo6bi sto bjicokchhc CTajio 
Mop(pH3MOM L^s^-MOflyjieft, h BBefleM fljia nojiyneHHoro [/gS^-MOflyjifl: o6o3Ha- 
ne-HHe C[dB] { q ] . 

Kax cjie fl yeT hs npefljioxcemia 2.6.9, y( _1 / 2 +v) ^ C[dB]!f 1/2+Jp) . 3 T a pea- 
jiH3au,H5i ocHOBHoft yHHTapHoft ccpiiH npe-flCTaBJieHHft *-ajire6pbi L^-SU^i b npo- 
CTpaHCTBe (pyHKD,HH Ha OKpy^KHOCTH xoponio H3BecTHa b KjiaccH^ecKOM cjiynae 
q = 1. OHa no3BOJiaeT 3aMeHHTb BBe-fleHHbift b nyHKTe 2.5.5 yHHTapHbift one- 
paTop 



21og(g- 



1: L 2 (du) q ^® 



V {-i/2+ip) da ^ 



(2.6.33) 
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yHHTapHbiM onepaTopoM 

_ 7T 

21og( g -l) 

J ■ L\dv) q -.0 | L 2 (^j da(p). (2.6.34) 

o 

^OKa^ceM, mto Ju = J P{_. {z,C)u{Qdv fljra Bcex u G D(D) g . 3to 
yTBep»:fleHHe 5iBji5ieTC5i cjieflCTBHeM flByx jieMM. Bbc/t,cm jiHHeftHbift onepaTop 

JlEMMA 2.6.14 j p fo = 1 - q 2 . 

^OKa3aTejibCTBO jieMMfci. H3 onpeflejieHHH BbiTexaiOT paBeHCTBa 

j>0 j>0 

h ipQ = 1. OcTaeTca OTMeTHTb, mto HeHyjieBoft BKjiafl b HHTerpaji j p fo flaeT 
TOjibKO oflHO cjiaraeivtoe ipo(z,£) h mto J fodis = 1 — q 2 . □ 

JlEMMA 2.6.15 JIuneuHuu onepamop j p : D(D) g — > C[5P]g + ^ aejiaemcfi 

M0p$U3M0M U q^-ModyjltU. 

/JoKasaTejibCTBO JieMMfci. PaccMOTpHM HHTerpajibHbiii onepaTop 



2tt 

i, : CISD]*-^ 4 ") - D(D)'„ <, = /«/ JW*' ^/(^J 





KaK BHflHO H3 flOKa3aTeJIbCTBa npeflJIOJKeHHH 2.6.11, Z p HBJI5ieTC5I MOp(|)H3MOM 

L^s^-MOflyjieft. 

HaflejTHM U q SU(l, l)-MO ffyjlW. D(D) g , C[5P]g HHBapHaHTHblMH cxa- 

JI5ipHbIMH npOH3BefleHH5IMH 

D(D) 9 x D(D) g - C, /1 x / 2 ^ y /J/idi/, 
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C[dBf x C[dBf - C, fixf 2 »J t 2 h^. 
HHTerpajibHbift onepaTop c HflpoM K = ^ k" <S> k[ conp5i>KeH k hhtc- 

i 

rpajibHOMy onepaTopy c 5i,i],poM K l = Y^k* k { *. Cjie-flOBaTejibHO, j p = z*, h 
jp- MopcpH3M t/gS^-MOflyjieft, nocKOJibKy sthm cbohctbom o6jiaflaeT OTo6pa>Ke- 

HH6 l p . □ 

3aBepniHM flOKa3aTejibCTBO npefljKmeHira 2.6.13. KaK bhaho H3 flOKa3a- 
TejibCTBa jieMMbi 2.6.15, jiHHeiiHbiH onepaTop, conpsr^KeHHbiH k J ', aBjiaeTca hh- 
TerpajibHbiM onepaTopoM (2.6.32). /Jjra flOKa3aTejibCTBa npefljKmeHira 2.6.13 
ocTaeTCH BOcnojib30BaTbC5i yHHTapHOCTbio onepaTopa J , cm. nyHKT 2.5.5. □ 

KaK cjie-flye-T H3 pe3yjibTaTOB nyHKTa 2.6.4, npefljio>KeHHe 2.6.13 flocTaB- 
ji5ieT pa3Jio>KeHHe sjieivieHTa u no co6cTBeHHbiM (pyHKUMM 

2tt 



n P = J Pi +ip (z, e i6 )u(e ie , p) 



d6 
27 



o 



onepaTopa D g , vj\e u = J P\_- (e 19 , Qu(Qdv aBjiaeTca g-aHajioroM HeeBKjin- 
flOBa npeo6pa30BaHH5i Oypbe. 

2.6.6 OnepaTopti Tenjimja b npocTpaHCTBax BeprMaHa. IlycTb 
A > 1. KaK oG'bHCHHeTCfl b nyHKTC 2.5.6 (cm. Tax>Ke (2.5.60), (2.3.28)), paBeH- 

CTBa 

Ef(z) = - ^ f{z) ~Jf s Z) - 9 1/2 ^zftfz), (2-6.35) 
Ff(z) = q 1 '^ f{q ~ 2 J ) -_ f{z \ K^f(z)=^f(q^z) (2.6.36) 

C£ 2s % 

HaflejifliOT ajire6py nojiHHOMOB C[z] CTpyKTypoft yHHTapH3yeMoro t/gSU^i- 
MOflyjiH. HHBapHaHTHoe CKaji5ipHoe npoH3BefleHHe onpefleji5ieTC5i c noMoinbio 
BJico-KeHHH b rHJib6epTOBO npocTpaHCTBO L 2 (dis\) q , BBe-fleHHoe b nyHKTe 2.5.6: 

l_ a 2(A-l) r r 

(/i,/ 2 )a = x _ q2 J fth{l-zz*) x dv = J f 2 hdv x . 
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3to - g-aHajior ccpepHHecKoft rojiOMopcpHoft flHCKpe-THoft cepHH. 

3aMbiKaHne C[z] b L 2 (dv\) q , hbjihctch g-aHajioroM B3BenieHHoro npo- 
CTpaHCTBa BeprMaHa [176, CTp. 2] h o6o3HaHaeTCH L 2 a (dv\) q . 

JlEMMA 2.6.16. Mohomu {z n } ne z l+ nonapno opmozonajibHU e L 2 a (dv\) q , u 

= ^ (2. 6 .37) 

^OKa3aTejibCTBO. IIonapHaH opToroHajibHOCTb mohomob z n oneBHflHa. 
Hcnojib3y5i CBoiicTBa q-6eT& (pyHKirnn h g-raMMa (pyHKirnn, npHBefleHHbie b 
nyHKTe 2.5.7, nojiynaeM: 

l 



\-_q 2 

Q 2 



1 - o 2 ^- 1 ) 



kill = J (q 2 y; q\ ■ v x - 2 d q , y = B q2 (\ - 1, n + 1) = 



,2 (Jl. Jls 



i>(A-l)-i>(n+l) = l-q 2 (q 2 ;q 2 ) n 
I>(n + A) l_ g 2(A-l) (g 2A ;g 2 )n - 

PaBeHCTBO (2.6.37) nojiyneHO KjiHMeKOM h JlecHeBCKHM b [213], h ero 
KjiaccHMecKHii g — ► 1 npe-fleji xoponio H3BecTeH [176, CTp. 4]. 

riycTb Pa - opToroHajibHbiii npoeKTop b rnjibGepTOBOM npocTpaHCTBe 
L 2 (dv\) q Ha noflnpocTpaHCTBO L 2 a {du\) q . Ka^KflOMy cpopMajibHOMy p^fly OC ne- 
peMeHHoii z (g> C* conocTaBHM HHTerpajibHbiii onepaTop H3 D(D) g b D(D)^: 

Kf(z) = fX(z,C)f(Qdv x (Q. 

KaK cjieflyeT H3 jieMMbi 2.6.16 h g-6HHOMHajibHoft (popMyjibi (2.5.64), 

Pxf = fx\(z,emodv\(o, /^(% 



r^e 



m=0 



(0C\ hbjihctch g'-aHajioroM B3BeineHHoro Hflpa BeprMaHa (1 — zQ A , cm. [176, 
CTp. 5])). 
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3jieMeHT / G D(D)' Ha30BeM orpaHHHeHHoii (pyHKHHeii b kb8ihtobom 
Kpyre, ecjin o6o6iHeHHbift jiHHeftHbift onepaTop Tp(f) orpaHHneH, h nojio:>KHM 
||/||oo = II^f(/)II- OrpaHHMeHHbie (pyHKHHH b KBaHTOBOM Kpyre o6pa3yK)T aji- 
re6py (pOH HeftMaHa L°°(B) g , ecTecTBeHHO H30MopcpHyio ajire6pe Bcex orpaHH- 
neHHbix jiHHeftHbix onepaTopoB b npocTpaHCTBe npeflCTaBJieHHH Tp, cm. nyrncT 
2.4.3. 

ITepeiifleM k onepaTopaM Tenjinna. Kax cjie^yeT H3 onpeflejieHM Kjiacca 
S2 onepaTopoB rHjib6epTa-IIlMH,zrra, cm. nyHKT 2.6.10, 

L\dv x ) q = {V> € V(B)' q I T f (i/j)T f (y^ e S 2 ] , (2.6.39) 

Ml = (1 - 9 2(A - 1} ) \\TfU>)T f (y*?) || 2 . (2.6.40) 

PaccMOTpHM orpaHH^eHHyio (pyHKHHK) / G L°°(P) (? b KBaHTOBOM Kpyre. 
TaK KaK 5*2 5iBji5ieTC5i flBycTopoHHHM HfleajiOM ajire6pbi orpaHHneHHbix jiHHeft- 
Hbix onepaTopoB, to 

ll/^IU< II/IIooWa, ^d(d), 

SHa^HT, jiHHeftHbift onepaTop ip 1— > P\(fip) flonycKaeT npoflOJi»:eHHe no Henpe- 
pbiBHOCTH flo orpaHH^eHHoro onepaTopa b L 2 (dv\) q c HopMoii, He npeBOC- 
xoflsnneH 1 1 / 1 1 00 • Cy^KeHne SToro jiHHeiiHoro onepaTopa Ha noflnpocTpaHCTBO 
L 2 a (dv\) q Ha3biBaeTC5i onepaTopoM Tenjinna c (KOHTpaBapnaHTHbiM) chmbojiom 
/ h o6o3HaHaeTC5i Tj- , jih6o /. OneBHflHO, ||/|| < ||/||oo h /* = /*. 

IlPHMEP 2.6.17 IloKa>KeM, hto npn Bcex k,n E Z + 
/^eiicTBHTejibHO, fljia jiio6oh (pyHKHHH /(y) G L°°(P) 



3 



j z n = U1>P >| M z „ = z „ (2 6 41) 

(z n ^")a 

f {q 2 y; q 2 )n y x ~ 2 d q 2y 
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Paccy>Kfla5i Tax >Ke, KaK npn flOKa3aTejibCTBe jieMMbi 2.6.16, ncmynaeM 

f n = 2kn B A X + k - l i n + l ) n = 2kn T A X + k ~ l ) T A X + n ) n 

J q 5 g2 (A-l,n+l) q I>(A + fc + n)I>(A- 1) ' 

OcTaeTCH Bocnojib30BaTbC5i onpeflejieHHeM <j-raMMa-cpyHKii,HH 

r g2 (A + fc-l)r g2 (A + n) = (g2(A +fc+ n) ;g 2 )oo(g 2(A-l) ;g 2 )oo = (g 2(A-l) . g 2 )fc 
I>(A + fc + n)I>(A - 1) (g2(A+*-l); g2 )oo ((? 2(A+n). ^ ((? 2(A+n) ; g 2 )fc - 

ElPHMEP 2.6.18 rioKa^KeM, mto 

</ 2 zF + 1 - q 2 + g 2(A - 1} (1 - H*)(l - 2*2). (2.6.42) 

1 — ^ v J 

/^eiicTBHTejibHO, 



l-g 2 " y n-l 



zz n = z n+ \ Tz n = { i-^ 2(A - 1)+2 " ' ' " (2.6.43) 
CjieflOBaTejibHO, 



0, n = 0. 



-2m _ n 2(X-l) -2m-2 _ n 2(\-l) 

( 1 _ CC*^-1 r TO _ y 2. y m (~\ — y m — ± 1 y m 

y 1 zz > z ~ i_ g2 (A-i) z ' ^ z ~~ i_ g 2(A-i) z ■ 

3HaMHT, 

(l-2 ?r ' = 9 »(l-?2)-i- g >(^) r lzg_ J , 

HTopaBHOCHjibHO (2.6.42). KoMMyTau,HOHHoe cooTHonieHne (2.6.42) 6buio nojiy- 
neHO b [213]. 



ElPHMEP 2.6.19 riycTb / G Pol(C) g . Ecjth / = E a h kZ* ] z k , to 
j,fcez+ 



ElPHMEP 2.6.20 




/o : ~ < ' ' ^ °' • (2-6.44) 
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O^eBHAHbiM o6pa30M BBOflHTCH onepaTopbi XaHKejifl c orpaHHHeHHbiMH 

CHMBOJiaMH: 

7if } : L\{dv x ) q -> L\dv x ) q Q L 2 a (dv x ) q , 7if ] : ^ -> (/ - Pa) (/# 

Otmcthm, mto b KjiaccHMecKOM cjiy^ae g = 1 H3yMeHHio onepaTopoB Tenjinna 
h onepaTopoB XaHKejra bo B3BenieHHbix npocTpaHCTBax BeprMaHa nocBsrineHa 
oGniHpHaa jiHTepaTypa. 

2.6.7 KoBapnaHTHfcie CHMBOjifci jiHHeiiHfcix onepaTopoB. Ha^HeM 
c HecTpornx HaBOflsnnnx coo6pa»:eHHH. IlycTb A orpaHHMeHHbiii jiHHeiiHbiH 
onepaTop b L 2 a (dv\) q h 

oo oo 

i,j=0 i,j=0 

oo oo 

OyHKD,HH b KBaHTOBOM Kpyre ^2 aijZ l z* J } ^2 bijZ* J z l xoTejiocb 6bi Ha3BaTb 

i,j=0 i,j=0 

KOBapnaHTHbiM h KOHTpaBapnaHTHbiM CHMBOJiaMH onepaTopa A cooTBercTBeH- 
ho. OTo6pa>KeHHe, conocTaBji5nom,ee KOHTpaBapnaHTHOMy CHMBOjiy jiHHeiiHoro 
onpepaTopa ero KOBapnaHTHbift chmboji- 9to npeo6pa30BaHHe Bepe3HHa. 

K co>KajiGHHK) , fla»ce b KjiaccH^ecKOM cjiynae q = 1 sth nocTpoGHHs Tpya,- 
ho, yTOMHHB, cflejiaTb CTporHMH, hto Bbmy>KflaeT Hcnojib30BaTb MeHee Harjiajj,- 
Hbie onpeflejieHHH KOBapnaHTHoro h KOHTpaBapnaHTHoro chmbojiob. Hx CB5i3b 
c npHBefleHHbiMH Bbinie sbphcthhgckhmh coo6pa>KeHH5iMH onHCbmaiOT npefljio- 
jKeHHe 2.6.34 h npHMep 2.6.19. 

PaccMOTpHM rpaflynpoBaHHbiii t/gS^-MOflyjib C[z] g)A , BBefleHHbiii b nyHK- 
Te 2.5.6, flBOHCTBeHHbiii rpajjynpoBaHHbiH L^s^-MOjjyjib C[z]* qX h U q sl2- 
MOflyjibHyio ajire6py End(C[z] gjA ) Bcex jiHHeftHbix onepaTopoB b C[z] gjA . One- 
BHflHO, C[z] qf x <8> C[z]* iX ^ End(CH g ,A). rioflajire6py 

End(C[z],, A ) d ^ f C[z] ? , A ®C[z]; A . 

6yfleM Ha3biBaTb ajire6poii cpHHHTHbix jiHHeiiHbix onepaTopoB b C[z] 9)A . 
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JlEMMA 2.6.21 Ecjiu f G D(P) g; mo uHmezpaA I m j = f z* m fz J dv\ paeen 
nyjiw 3am noumu ecexm,j G Z + (m.e. 3am ecex, 3a uckakihchucm KOHennoso 

HUCAa). 

^OKa3aTejit>CTBO. J\jik jiio6oro / G T>(B>) q paBeHCTBO z* N f = fz N = 
HMeeT MecTO npn Bcex flocTaTOMHO 6ojibiiiHx N G N. 3HaMHT, I m j = npn 
max(m,j) > N. □ 

Y[~3 jieMMbi cjieflyeT, mto onepaTop TenjiHna c (phhhthmm chmbojiom 5ib- 

JI5ieTC5T (J)HHHTHbIM JIHHeHHbIM OnepaTOpOM B Cfzj^A- 

IlPEflJIOKEHHE 2.6.22 JIuneuHuu onepamop 

7< A ) : D(B) q -> End(C[*] g>A ), 3< A > : / ~ /, 
MGAMemcM Mopcf)U3MOM U q sl2-Mo3yAeii. 

/JoKasaTejibCTBO. Kax noKa3aHO b nyHKTe 2.5.6, Cfzj^A flBjraeTca t/^s^- 
MOflyjibHbiM C[^] g -MOflyjieM h spMHTOBa (popivta (•, -)a HHBapnaHTHa. CjieflOBa- 
TejibHO, jiHHeftHoe OTo6pa»:eHHe 

D(B) q ® C[z],, A -> C[*] ?>A , / <8» ^ -> F,,a(/^), 
aBji5ieTC5i Mop(pH3MOM L^s^-MOflyjieft. SiiaMHT, OTBenaroiHHft eMy sjieivreHT TeH- 

3opHoro npOH3BefleHH5I 

C[z] q , x ® (D(D) 9 ® C[z],, A )* = End(C[*] g , A ) ® D(D); 

[/qS^-HHBapnaHTeH. □ 
Hsy^eHHe conp5i>KeHHoro k T*-^ jiHHeiiHoro onepaTopa Ha^HeM c onncaHira 

COnp5I>KeHHbIX BeKTOpHblX npocTpaHCTB. 

IlycTb C[[z]] 9;A ~~ BeKTopHoe npocTpaHCTBO (popMajibHbix CTeneHHbix p5i- 
flOB nepeMeHHoft z c TonojiorHeft noKoacpcpHUHeHTHoft cxoahmocth h fleftcTBH- 
eM U q sl2, nojiyneHHbiM npoflOJDKeHHeM no HenpepbiBHOCTH c C[z] 9j a- JlHHCHHbie 
onepaTopbi H3 C[z] gj A b C[[z]]g )A 6yfleM Ha3biBaTb o6o6ineHHbiMH jiHHeftHbiMH 
onepaTopaMH b C[z]g )A h Hcnojib30BaTb oGosHaneHHe 

M(C[4, A ) = Hom(C[z] 5) A,C[[z]],, A ). 
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OneBHflHO, End(C[z] (?j A) 5iBji5ieTC5i L^s^-MOflyjibHbiM End (C[z]^.A)-6HMOj,yjieM. 

CjieflyH TpaflHD,HH, BBefleM b paccMOTpeHne HHBapnaHTHbiH HHTerpaji tr q 
Ha t/q-sk-MOflyjihHOH ajire6pe End (C[z] rj; A) c noMombio paBeHCTBa 

S 2 (0 = K-^K, £ E U q sl 2 , 

cm. nyHKTbi 2.4.1, 2.4.4. 

^OKa>KeM jieMMy, KOTopaa no3BOjiHT OTCOKflecTBHTb End(C[z] 9i A) c U q sl2- 
MOflyjieM, conp5i>KeHHbiM k End (C[z]^ a), a D(ID))g - c L^s^-MOflyjieM, conpa- 
^KeHHblM k D(D) g . 

JlEMMA 2.6.23 1. JIuneuHoe omo6paotceHue 



i\ : End(C[z] gj A) — > End (C[z]^ a)*, onpedeAaeMoe paeencmeoM 

ix(A)(X) = i * • tr g (AX), X G End(C[z],, A ), 

MGAMemCM U30M0p(f)U3M0M UqSi^-ModljAeU. 

2. Jluneunoe omo6pajfceHue i : D(B>)' q — > (D(P) g )* ; onpedeAMejuoe paeen- 
cmeoM 



i(/)«0 = y ^D(D), 



MGAMemcM u30Mop<fou3MOM UqSi^-ModyAeu. 

^OKa3aTejibCTBO. JiHHeHHbiii (pyHKHHOHaji 

HBjineTCH HHBapnaHTHbiM HHTerpajiOM Ha End (C[z] 7 a), a JiHHeHHbiii (pyHKnn- 
OHaji J / dv HHBapnaHTHbiM HHTerpajiOM Ha D(D) g . OcTae-TCH BcnoMHHTb 

onpeflejieHne flBOHCTBeHHoro [/^s^-MOflyjiH h BOcnojib30BaTbCH cpopMyjioii hh- 
TerpnpoBaHH5i no nacTHM (2.4.2). □ 

C noMoiHbio flOKa3aHHoft jieMMbi BBefleM b paccMOTpeHne conpHJKeHHbift 
JiHHeHHbiii onepaTop 

(TW)* : E5d(C[*] g , A ) ^ D(D)' 
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5IBJI5IIOIII,HHC5I M0pCpH3M0M t/g-S^-MOflyjieft. 

06o6m,eHHyK) (pyHKirnio (7^)* A Ha30BeM KOBapnaHTHbiM chmbojiom 
o6o6m,eHHoro jiHHeftHoro onepaTopa A G Enc^C^]^)- 9to noHATHe ncnojib- 
30Bajiocb Bepe3HHbiM b flpyroM KOHTeKCTe, h HaM npeflCTOHT ycTaHOBHTb coot- 
BeTCTBne onpeflejieHHit Ilpe^Kfle Bcero, nojryHHM HHTerpajibHoe npeflCTaBjiemie 
MaTpHMHbix sjieMeHTOB onepaTopa TenjiHu,a. 

JlEMMA 2.6.24 Ilycmb f : C[z] gj A — > ^[ z ]q,x ~ onepamop TenAui^a c cumbojiom 
f G D(^) q u {f m ,j} ~ gso MampuuHue SAeMenmu e 6a3uce {^ J }jez+- Toeda 

l_fl2(A-l) /• 

/mi = t _ g2 y ^,mj f(z) du(z), (2.6.46) 

( n 2X . n 2\ 

P z , m ,j = \'V m g 2 V(l - zz*)V™ (2.6.47) 
,HoKa3aTeji£>CTBO. Tax xax 

(^V) A = ^l: q2) ™ S m u m,leZ +: 



im 



TO 



fmj = / ™ ..^x = / o. on / ^ / ^ = 



= (fzi,z m ) x _ (q 2X ;q 2 
'"" (:"'.:"')a (rV) 



m J 



2*™/2 J (l - zz'fdv. 



im J 



1 - q 2 (q 2 ; q 2 ) 1 
KaK cjieflyeT H3 aBHoro BHfla HHBapnaHTHoro HHTerpajia, 

J hh{l-zz*)dv{z) = J f 2 h(l - zz*)dv(z) 

D q B q 

fljia jiio6bix fi G £>(E%, / 2 G 3HaMHT, 

1 _ n 2(A-l) / 2A. 2A /• 

/mi = / 2 • y^.r / ( X " " ^*) A_1 ** m /^- (2-6.48) 



/m J 



OcTaeTC5I BOCnOJIb30BaTbC5I KOMMyTaiJHOHHhlM COOTHOHieHHeM 

(1 - zz*)z = q 2 z(l - zz*). □ 
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MaTpnna P z = (P Z} m,j)m,jez + 5iBji5ieTC5T g-aHajioroM MaTpnnbi opToro- 
HajibHoro npoeKTopa Ha OflHOMepHoe noflnpocTpaHCTBO, nopo>KfleHHoe co6- 
CTBeHHbiM BeKTopoM onepaTopa, conpH)KeHHoro k yMHO>KeHHK) Ha z, to ecTb 
BeKTopoM nepenojiHeHHoft CHCTeMbi, Hcnojib3yeMoft Bepe3HHbiM [115]. 



IlPEflJlOKEHHE 2.6.25 Ilycmh A e End(C[z] 9j A) u {a m j} - MampuuHue sjie- 

oo 

Menmu A e 6a3uce {z 3 }j & z + '■ Az^ = ^ a m jZ m . Tosda 

771=0 

(7^)* (A) =tr q (AP z ), (2.6.49) 



oo 



zdetr q (AP z ) = ^ CLjmPz,j im Q 2? u psid cxodumcM e monoAosuu npocmpan- 

j,m=0 

cmea T>(B)' q . 



I 



^OKa3aTejibCTBO. Kax cjieflyeT H3 (2.6.46), 




<r 2j = 



/ ( a jm P z,m,jQ 2J j ^ZA □ 

n \j,m=0 / 



riPHMEP 2.6.26 PaccMOTpHM onepaTop A, fljra KOToporo Az^ = 
Ero KOBapnaHTHbiii chmboji paBeH (1 — zz*) x . 



1, j = 0, 

o, j^o' 



Ba>Kiio OTMeTHTb, hto b pa6oTe Bepe3HHa [115] KOBapnaHTHbiii chmboji 
jiHHeiffloro onepaTopa bboahtch paBeHCTBOM, aHajiornnHbiM (2.6.49). 

B ocTaBHieftcH nacTH nyHKTa orracaHbi ocHOBHbie CBoftcTBa KOBapnaHTHbix 
chmbojiob o6o6m,eHHbix jiHHeftHbix onepaTopos. 

HanoMHHM, hto onepaTopbi z~, z* fleftcTByiOT b rpaflynpoBaHHOM BeKTop- 
hom npocTpaHCTBe C[^]g ; A) npnneM deg(F) = +1, deg(z*) = — 1. Cjie-flOBaTejib- 

HO, flJIH JIK)6oH HHCJIOBOH MaTpHD,bI (cLij)i,j£Z + P^fl 



oo 



A = ^ aij^ (2.6.50) 

i,3=0 
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cxoflHTCH b chjibhoh onepaTopoH TonojiorHH npocTpaHCTBa 



End(C[*] ? , A ) = Hom c (C[i iA ,C[N],A). 
AHajiorHMHO flOKa3MBaeTC5i, mto fljia jiio6oh MaTpHD,bi (cr/)zjez + P^fl 

oo 

/ = ( 2 - 6 - 51 ) 

CXOflHTCfl B TOnOJIOrHMeCKOM BeKTOpHOM npOCTpaHCTBe D(KD)g, KaHOHHMeCKH 

H30MopcpHOM TonojiornMecKOMy BeKTopHOMy npocTpaHCTBy o6o6m,eHHbix jih- 
HeiiHbix onepaTopoB b TL. 

H3 (2.6.43) BBiTexaeT cjieflyiomee yTBep>KfleHHe, cm. [213]. 

00 

JlEMMA 2.6.27 Ecau A= a lJ z l z* j , mo 

00 min(m,n) . 2n _2\ 

i/ = V/) z m 2*6 - V ^ ;g hzi a ■ ■ 

l\Z , tut U mn — / 2(A+n-l). „-2\ a ™-J,^-.r 

m=0 i=0 vy ></ Jn-j 

H3 SToft jieMMbi cjieflyeT 



riPEflJ10>KEHHE 2.6.28 JJam aw6ozo A e End(€[z] q7 \) cymecmeyem u edun- 
cmeeHHO pa3AootceHue (2.6.50). 

AHajiorHMHO flOKa3BiBaeTC5i 

IlPEflJIOKEHHE 2.6.29 fljm aw6ou o6o6iu ) eHHou $yHK%uu f G £>(E% cy- 

mecmeyem u eduHcmeeHHO pasjioDtcewue (2.6.51). Jluneunoe omo6pajfceHue 

00 

l— > CijZ l z*i MOAMemcM u30Mopcjju3MOM eeKmopnoso npocmpan- 

cmea Mampui^ (cij)ij & z + c monoAozueu nosAeMewmHou cxoduMocmu u mono- 
AozuuecKozo eeKmopnozo npocmpaHcmea D(P)^. 

riPHMEP 2.6.30 PaccMOTpHM onepaTop TenjiHu,a 

1 - q 2 ^ , j = 



, 
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C CHMBOJIOM /o, CM. (2.6.44). /^OKa>KeM paBeHCTBO 

oo / _2A 2\ 

fo = (l - £ f2V k q2XktrK ( 2 - 6 - 52 ) 

k=o [q ,q )k 

riepeftfleM ot paBeHCTBa onepaTopoB k paBeHCTBy hx MaTpn^Hbix ajieMeH- 
tob b 6a3Hce {z n } ne z + - BHeflHaroHajiBHbie sjieMeHTbi paBHbi Hyjiio. CpaBHeHHe 
flHaroHajiBHbix sjieivieHTOB flaeT 

/^ocTaTOMHO paccMOTpeTb cjiy^aii j > 0. YMHO^Kaa o6e nacTH paBeHCTBa 

/ 2(A+j-l). -2N 

(2.6.53) Ha ^ 2 ?. — -2^ ? nojiynaeM 

V (t 2A ; f 2 )^ fa 2A ; g 2 )^ „ 2 « = n 
tj (« 2 ; « 2 H ' (« 2 ; ? 2 )j-* ' 

To ecTb, 



(T 2A ; g 2 )t «* (g 2A ; <r%» = n 

OcTaeTca BBecTH b paccMOTpemie g-6HHOMHajibHbie paflbi (cm. (2.5.64)) 

(q- 2X ;q 2 ) k ^ +jfe _ (^;g 2 )oo 

(X 



A . =() (r: r )/•• (<f x t--<l 2 )x 



oo 



, m _f(!V)» f „_(?M. 

h 3aMeTHTb, hto a(£) • b(t) = 1. 

ElPHMEP 2.6.31 AHajiorHMHO flOKa3biBaeTC5i, hto b D(ID))g 

IlPHMEP 2.6.32 HanoMHHM, hto y = 1 - zz* h mto ?/ a G D(K% npn Bcex A. 
riojiyHHM pa3jio>KeHHe 

(1 - ^*) A = Y (V , ; l }k q 2xk z k z' k (2.6.55) 
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b D(D)^. Ilepexofla k onepaTopaM (pOKOBCKoro npeflCTaBjieHM h npnpaBHHBaa 
hx MaTpHMHbie sjieMeHTbi b 6a3Hce {7V(z TO )eo} m ez + (flocTaTOMHO paccMaTpn- 
BaTb flHaroHajibHbie MaTpHHHbie ajieMeHTbi), nojrynaeM 

TO eCTb 

OcTaeTCfl BBeCTH B paCCMOTpeHHe npOH3BOfl5HU,He (pyHKD,HH 

"(«) = , ( » /I 1 ? , *(*) = 7rV. <t)= 1 



+ • 



>oo 



(q 2X t;q 2 )oo' w (*;<rV w (9 2A *;9 2 )c 
h npHMeHHTb g'-GHHOMHajibHoe pa3jio^KeHHe (2.5.64) k o6enM MacT^M OMeBHfl- 
Horo paBeHCTBa a(t)b(t) = c(t). 



IloKa>KeM, mto ajieMeHT /o nopo»:flaeT End(C[z] g;/ \) KaK TonojiorHMecKHft 
[/ g s[2-MOflyjib. 

JlEMMA 2.6.33 t/ g 5l 2 /o = End(C[z] g , A )- 

/]^OKa3aTejibCTBO. Hcnojib3yH (2.6.43), (2.6.44), HeTpyznio nojiy^HTb pa- 

BeHCTBO 

: ^ ~ (l - 9^-") i^, n 6 Z + . 

SHa^HT, jiHHeftHbie onepaTopbi {z 1 foZ* n }i, n eZ + nopcc-KflaiOT BeKTopHoe npo- 
CTpaHCTBO End (C[z] rJ: A)- OcTaeTCH noxasaTb, mto Bee ohh npHHafljie>KaT 

UqS^fo- A- 1151 9TOrO flOCTaTOMHO nOBTOpHTb flOKa3aTeJIbCTBO npeflJIO>KeHH5I 

2.4.19, 3aMeHHB o6pa3yioiHHe z, z*, fo Ha z, z*, fo. ^eftcTBHTejibHO, (popMyjibi, 
onHCbmaiomHe fleftcTBHe X , E, F n& fo, OTjinnaiOTCfl ot cpopMyji (2.4.17) 

JIHIHb HHCJIOBblMH MHO>KHTeJI5IMH ! 

^ ±1 /o = /o, Ef = c'z-f , F/ = c"/ -F, c' )C "/0. 
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3th cooTHOineHH5T BbiTexaiOT H3 npefljicoKeHM 2.6.22, paBeHCTB (2.4.17) h pa- 
BeHCTB Czfo = Czfo, Cfoz* = C/o^*, KOTopbie jierxo cjieflyiOT H3 

]mzf = Cz, Im^? = C-l, Ker f = Ker zj = (C • 1)^. □ 
IlPEflJlOKEHHE 2.6.34 JJam aw6ou uucaobou Mampui^u (ajk)j 7 kez + Koeapu- 

oo oo 

anmHuu cumgoa onepamopa ajkZ?z* k paeen cijk^z* k . 

j,k=o ' * j,k=o 

^OKa3aTejibCTBO. HaM H3BecTeH KOBapHaHTHbift chmboji onepaTopa Ten- 
jiHD,a fo, cm. npHMep 2.6.26. Hcnojib3y5i (2.6.52), (2.6.55), nojiynaeM flOKa3bi- 
BaeMoe yTBep^KfleHne b stom MacTHOM cjiy^ae. 

OcTaeTca BOcnojib30BaTbC5i jieMMoii 2.6.33 h TeM, mto jiHHeiiHbiH onepaTop 
(T*- A ^) aBjiaeTca MopcpH3MOM L^s^-MOflyjieii. □ 

CJlEflCTBHE 2.6.35 Omo6paofceHue (T (A) )* : End(C[z] gjA ) — > D(B)' q , cono- 
cmaeAMtomee onepamopy eso KoeapuanmHuu cumboa, 6ueKmu6H0. 

2.6.8 IIpeo6pa30BaHHe Bepe3HHa. PaccMOTpHM jiHHeftHbift onepa- 
Top H3 T>(J5)) q b D(P)' , onpeflejiaeMbiii paBeHCTBOM 

conocTaBjiaeT (|)hhhthoh (pyHKirHH / KOBapnaHTHbra chmboji onepaTopa Ten- 
jiHD,a / c KOHTpaBapnaHTHbiM chmbojiom /. OnepaTop 2> A Ha3biBaeTC5i npeo6- 
pa30BaHneM Bepe3HHa, [331, CTp. 566]. H3 nojiyMeHHbix b npeflbiflym,eM nyHKTe 
pe3yjibTaTOB cjieflyeT, mto 23 a ~~ Mop(pH3M C/gS^-MOflyjieft. 

nPHMEP 2.6.36 £ A / = (1 - g 2(A_1) )(l - zz*) x , cm. npHMcpbi 2.6.20, 2.6.26. 

B KHHre [176, CTp. 29], nocB5nrj,eHHoft Teoproi npocTpaHCTB BeprMaHa b 
o6bmHOM Kpyre, npeo6pa30BaHHe Bepe3HHa onpefleji5ieTC5i paBeHCTBOM 

Ba/W = (A-l) j ( (1 "ji'l )( z 1 c -p IC|2) ) /(C) <MC) (2-6.56) 

D 

(aBTopbi Hcnojib3yK)T napaMeTp a = A — 2 bmccto napaMe-Tpa YojuiaKa A). 
IloKa>KeM, mto b cjiy^ae KBaHTOBoro Kpyra npeo6pa30BaHne Bepe3HHa Tax>Ke 



149 



5iBji5ieTC5i HHTerpajibHbiM onepaTopoM, h HaftfleM ero flflpo. TeM caMbiM 6yfleT 
nojiy^eH g-aHajior paBeHCTBa (2.6.56). 

riPEflJlOKEHHE 2.6.37 CB\f)(z) = J &a(2,C)/(C)<MC) 5 edeb\ e D(DxD)' 5 
u 



z, C) = 1 if VV - CO V**C; 9 2 )-a • (zC; q 2 )-x(i - z*z) x . (2.6. 

/JoKasaTejibCTBO. PaccMOTpHM jMHeftHbift HHTerpajibHbiii onepaTop 



S A : D(D) g -> D(D);, S A : / -> / &a(*,C)/(C)<MC), 

C HflpOM 6 A . OHO C TOHHOCTbK) flO nOCTOHHHOrO MHO)KHTejI5I paBHO U q Sl2~ 
HHBapHaHTHOMy flflpy k^'^ll, CM - nyHKT 2.6.6. SliaHHT, 23 A - MOp(|)H3M U q sl2- 

MOflyjieft. 3aMeTHM, hto 23 a o6jiaflaeT sthm me cbohctbom, h hto /o nopo>KflaeT 
f/ g 5(2-MOflyjib D(D) g . CjieflOBaTejibHO, paBeHCTBO 23 A / = 23 A / flocTaTOHHO flo- 
Ka3aTb b nacTHOM cjiynae / = /o. Ho 23 A /o = (1 — g 2 ( A_1 ))(l — zz*) x = 23 A /o, 
cm. npnivtep 2.6.36. □ 

riojiyMHM pa3jio^KeHHe onepaTop-(pyHKD,HH 23 A no CTeneiraM t = q 2 ^ -1 '. 
OneBHflHO, t — > npn A — > +oo. B KjiaccnnecKOM cjiynae g = 1 acHMnTOTHne- 
CKoe pa3jio^KeHHe npeo6pa30BaHH5i Bepe3HHa npn A — > +oo xoponio H3BecTHO 
[267, 127, 331, 128, 150, 101]. 

IlycTb f n - ajieMeHT D(D)q, onpeflejiHeMbift paBeHCTBOM 



T F (fn)e 3 = 



ej, j=n, 
0, j^n. 

Cjieflyiomaa jieMMa flOKa3biBaeTC5i c noMOinbio cneKTpajibHoro pa3jio^Ke- 



HH5T 



1 — zz* = Y^=oQ 2n fn 9JieMeHTa y = 1 — zz* h paBeHCTBa (2.6.47). 



JlEMMA 2.6.38 JJam ecex m,j G Z + 6 npocmpancmee UMeem Mecmo 

pa3AoatceHue 

/ 2A 2\ 00 

p _ lg V 2(A-l)n . pW /« fi roN 

{Q ,Q )m n=Q 
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IlycTb f,ip G D(D) g . PaccMOTpHM HHTerpaji J ip* ('B \f) du xax (pyHK- 

d,hk> nepeMeHHoii /; = q 2<yX ~ l \ H3 npefljifmeHira 2.6.25 h jieMMbi 2.6.38 cjieflyeT 
aHajiHTHMHOCTb SToft (pyHKu,HH b HHTepBajiG (0, 1). nojiy^aeM 

riPEflJlOKEHHE 2.6.39 Cyu^ecmeyem u eduHcmeeHHa manasi nocAedoea- 
mejibHocmb Mopcfiusjuoe U q sl2-Modyjieu 23 ( n ) : D(D) q — > D(D)^ ; n G Z + , imo 



oo 



(2.6.59) 



n=0 



ecerc /gD| 



riepeftfleM k flOKa3aTejibCTBy Toro, mto jiHHeftHbie onepaTopbi oto6- 
pa»:aiOT D(D) q b ce6fl h npHHafljiejKaT noflajire6pe, nopo>KfleHHOH \3 q . 
IlycTb 



Pj (x) = 



k-l 



= e tJ# ^ 2fe n (! + K 1 - ^ 2 - - 1 - o + ^ +2 ) • ( 2 - 6 - 6 °) 

fc=o w >Q >k l=0 



JlEMMA 2.6.40 pj(n\ q )f = q 2j fj 3am ecex j G Z+. 

,Z^OKa3aTejTbCTBO. Bocnojib3yeMC5i pe3yjibTaTaMH nyHKTa 2.5 .4. ^jih Bcex 
/ G C 6a3HCHbift THnepreoMeTpHMecKHfi p^fl 

q 2 ,0 



$Z =3$2 
CXOflHTCfl B D(D)' H 



2 2 



(i - - f 

(1 - g 2 ) 2 

/^ocTaTOMHO noKa3aTb, mto fljia Bcex / G C 



q- 2j ■ J&r fodv = J f 3 dv. 



(2.6.61) 
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3aMeH5i5i / Ha I, npHxoflHM k BbiBOfly, mto (2.6.61) SKBHBajieHTHO paBeHCTBy 



(1 - 9 2 ) 



q~ 2 \ q- 2 ', g 2 " +1 '; q 2 ; q 2 
q 2 ,0 



riojiaraa fljra KpaTKOCTH u = q 2l+2 + q 21 , 3annnieM ero b cjieflyK)m,eM BHfle: 



H3 onpeflejieHHH 3^2 nojiy^aeM: 



q- 2 \q- 2 \q 2 ^-q 2 -q 2 
q 2 ,0 



3$2 



3 f„-2j. „2\ k ~ l 



1. tv# • n ( x - ^ • ^ 2(/+i) )( i - • ^)) • ^ = 



k =o W >Q )k l=0 
OcTaeTca BOcnojib30BaTbC5i onpeflejiemieM nojiHHOMOB pj. 



□ 



CjieflyK)m,ee yTBep>KfleHHe cym,ecTBeHHO yTOHH^e-T yTBep^Kflemie npefljio- 
menim 2.6.39. 



riPEflJlOKEHHE 2.6.41 JJam ecex f G D(D) g u A > 1 UMeem Mecmo pa3A0- 
otcenue: 

B A / = (1 - g 2 ^- 1 )) £ g 2 ^' pj(\3 q )f (2.6.62) 

jez+ 

e npocmpaHcmee D(P)^. 

^OKa3aTejibCTBO. B ^acTHOM cjiy^ae f = fo Tpe6yeMoe yTBep^Kflemie 
cjieflyeT H3 jieMMbi 2.6.40, nocKOJibKy 

B A / = (1 - g ^-')) i (X ~ m h, 

kez + 

cm. npHMep 2.6.36. OcTaeTca ynecTb, mto fo nopcoKflaeT [/gS^-MOflyjib D(D) q , 
a onepaTopbi !Ba, O g hbjihiotch Mop(pH3MaMH C/gSfe-MOflyjieft. □ 
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CjlEflCTBHE 2.6.42 



S<") = I 1 ' n - ° (2.6.63) 

p n (D g )-p„-i(D 9 ) ,nGN 



3AMEHAHHE 2.6.43 EpHK KoejiHHK o6paTHji Hanie bhhm&hhg Ha to, hto no- 

JIHHOMbl Pj JIHHIb a(|)(|)HHHbIMH 3aMeHaMH nepeMeHHblX OTJIHMaiOTCH OT opTO- 

roHajibHbix nojiHHOMOB Ajib-CajiaMa-Mnxapbi (2.5.81). 

Kax cjieflyeT H3 npefljio^KeHira 2.6.37, cymecTByiOT Taxne sjieMeHTbi 
<p jt k,\ € Pol(C) g , hto 




3HaMHT, npeo6pa30BaHne Bepe3HHa npoflOji^KaeTca no HenpepbiBHOCTH flo jih- 
HeiiHoro OTo6pa>KeHH5i H3 L (dv\) q b D(D)^. IIojiyHHM pa3jio>KeHHe o6o6meH- 
Hoft (pyHKu,HH 'Bxf fljia / G Pol(C) g , aHajiorHMHoe (2.6.62). 

CJlEflCTBHE 2.6.44 ecerr / G Pol(C) g u A > 1 UMeem Mecmo pa3Aoatce- 
nue: 

Ba/ = (l " </ 2(A - 1} ) E 4 2(A ~ 1)J ^(^)/ ( 2 - 6 - 64 ) 

e npocmpancmee D(D)^. 

^OKa3aTejibCTBO. HanoMHHM, hto ajire6pa L°°(P) g ecTecTBeHHO H30- 
Mop(pHa ajire6pe Bcex orpaHHHeHHbix jiHHeftHbix onepaTopoB b rnjibGepTOBOM 
npocTpaHCTBe. HaflejiHM L°°(D) q yjibTpacjia6oii Tonojiorneii [9, CTp. 76] h 6y- 
fleM Hcnojib30BaTb hmchho 9Ty Tonojiornio. /JocTaTOMHO noxasaTb, mto fljra 
HeKOTopoii nocjieflOBaTejibHOCTH HenpepbiBHbix jiHHeiiHbix onepaTopoB 

B (B) : L°°(P) g -> D(B)' g , n G Z+, 

HMeeT MecTO pa3jio»:eHHe t B\f = J2™=o Q 2 ^ X ~^ n f n P H BCex / G L°°(3) q . 
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Paccy>Kfla5i Tax >Ke, KaK npn flOKa3aTejibCTBe jieMMbi 2.6.24 h Hcnojib3y5i 
aflepHOCTb onepaTopa (7f(1 — zz*)) x ~ x npn A > 1, nojiynaeM HHTerpajibHoe 
npeflCTaBjieHHe MaTpHHHbix sjieivieHTOB onepaTopa Tenjiiina / c orpaHimeHHbiM 
chmbojiom /: 

/ 2A 2\ 

f mj = (l - q^- 1 ') f^<^ tr (T F (z'(l - zz'f-'z'^Mf)) . 
Otmcthm, mto onepaTop-(pyHKu,H5i 

(i - q^-'A (g2 2 A ; q l )m t f (^(i - ^f- 1 /™) 

pa3JiaraeTC5i b cxofl5iiii,HHC5i npn A > 1 p^fl no CTeneHHM q 2(yX ~ l \ h K09(p(pH- 
nneHTbi SToro CTeneHHoro pa^a 5tbji5tiotc5i aflepHbiMH onepaTopaMH. OcTaeTCH 

BOCnOJIb30BaTbC5I paBeHCTBOM 



/ 



r (£a /) dv = x l _ 2 f xl) • tr ff (H), / G L°°(B)„ ^ G D(D) 9 



(cp. c jieMMoft 2.6.23) h ynecTb, hto onepaTop ^ HMeeT jinnib KOHe^Hoe hhcjio 
HeHyjieBbix MaTpn^Hbix sjieivieHTOB b 6a3Hce {z m } me z + - Q 

riojiyMHM g-aHajior H3BecTHoro pa3jio^KeHH5i npeo6pa30BaHH5i Bepe3HHa b 
6ecKOHeMHoe npoH3BefleHne [115, 331]. HanoMHHM o6o3HaMeHH5i y = 1 — zz*, 



9 -g 



q-q 

Hcnojib3y5i (2.5.12), HeTpyznro noxasaTb, hto 

v q y x = -q-^xux-iw+my* 1 . 

ripHMeH5i5i dg k o6chm HacT5iM paBeHCTBa "Bxfo = (1 — g 2 ( A_1 ')(l — zz*) x , 
nojiyiaeM: (D,2 A + g _1 [A] 4 [A - 1],(S A - S A+1 )) / = 0. 3Ha™ T , 

00 x x -1 

^^B( i+ [n Jl ; +J -^ ) * ( 2 - 6 - 65 » 

(onepaTopbi 1 + ^ A+? .j [fxjri] ^q o6paTHMbi b L 2 (dv) q npn Bcex A > 1, nocKOJib- 
K y B q = 5*5 >0). 
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Tax Kax \3 q h ¥> q 5iBji5iK)TC5i MopcJ)H3MaMH t/gS^-MOflyjieft h fo nopo>KflaeT 
U q sl2-Mop,yjib D(D) g , to H3 (2.6.65) BbiTexaeT paBeHCTBO 

(23^ : D(I])) q — > D(D)^, h npoH3Be,a,eHHe onepaTopoB b npaBoii nacTH (2.6.66) 

CXOflHTCfl Ha Ka^KflOM BeKTOpe H3 D(D) g ). 



2.6.9 KBaHTOBaHne no Bepe3HHy PaccMOTpHM yHHTajibHyio ajire6- 

py A H C[[t]]-MOflyjIb ^4[[t]] (pOpMajIbHblX pflflOB C K09(p(|)HII,HeHTaMH H3 A. 

^(popMairHeft ajire6pbi A Ha3biBaiOT C[[£]]-6HjiHHeftHoe yMHO>KeHHe 



n ■ 

00 



A[[t]] x A[[t]] - A[[t]] 



BHfla fi * t f 2 = /1/2 + X) * ^(/b/2), rfle m fc - GnjiHHeiiHbie OTo6pa>Ke- 

fc=i 

HH5i H3 ^4 x b A. B onpeflejieHHe BKjnoHae-TCH TpeGoBamie acconHaTHBHOCTH 
yMHO>KeHH5i * t h HajiHMHe eflHHHu,bi, TOMHee, Tpe6oBaHHe, mtoGm ecTecTBeHHoe 

BJIOJKeHHe ^4 <^-» 6bIJIO rOMOMOp(|)H3MOM KOMnjieKCHblX yHHTajIbHblX aji- 

re6p: mfc(l, /) = rrik(f, 1) = 0. 3to no3BOji5ieT OTO>KflecTBHTb ajire6py A c ee 
o6pa30M npn Bjio>KeHHH b ^4 [[£]]. 

Ecjih ajire6pa A aBjiaeTCH C/gSU^i-MOflyjihHoft *-ajire6poii, to A[[t]] Hacjie- 
flyeT 9Ty CTpyKTypy (noflpa3yMeBaeTC5i, hto t* = t). /JecpopMannio Ha3biBaiOT 

t^5Ui 5 i-MOflyjIbHOH, ecjin 

(/i*t/ 2 r = n *t /r, a,/2 6#]], 

h Bee OTo6pa»:eHH5i 

A <g> A -> A, /1 <8> / 2 ^ m k (f h f 2 ), 

5IBJI5IIOTC5I MOp(J)H3MaMH t/gS^-MOflyjieH. 

06paTHMca k nacTHOMy cjiynaio A = Pol(C) g . ToBopHT, mto flecpopMaurm 
ajire6pbi Pol(C) g 5iBji5ieTC5i flecpopManneft c pa3fleji5nom,HMHC5i nepeMeHHbiMH, 
ecjin fi* t f = fif h /* t / 2 = // 2 flJia Bcex /1 G C[z] g , f 2 G C[z] 5 , / G Pol(C) g , 
cm. [202]. 
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KoMMyTau,HOHHoe cooTHOineHHe (2.6.42) h nc-flpasyMeBaeMan Bcio^y flajiee 
b 9tom nyHKTe noflCTaHOBKa t = q 2 ^ 1 ^ no3BOJiHK)T nojiyHHTb BeinecTBeHHyio 
U qB [2 _ HHBapHaHTHyio flecpopManino c pa3fleji5nom,HMHC5i nepeMeHHbiMH ajire6- 
pbi Po^C)^, Kax noKa3t»iBaeT cjieflyroinee yTBep>KfleHHe. 



IlPEflJlOKEHHE 2.6.45 1. Cymecmeyem u eduHcmeeHHa manasi de^opMai^un 
c pasdeAMwmuMUCM nepeMennuMU aA2e6pu Pol(C) g; umo 

z * nz = q 2 zz * + l-q 2 + ^ ^ (1 - z*z)(l - zz*). (2.6.67) 

1 — qH 

2. 9ma detfiopMtmuM mbamctticm U q 5Ui^-UHeapuaHmHou. 

HeTpyflHO flOKa3aTb 9to npefljicc-KeHne, hcxc-ah H3 onpeflejieHHft. B flajib- 
HeftnieM Mbi nojiy^HM 6ojiee tomhbih pe3yjibTaT MeTOflOM Bepe3ima. 

Kax noKa3aHO 3aMeTKe IIlKjiHpoBa b c6opHHKe [338], BCHKaa L^su^i- 
HHBapHaHTHaH fle(popMaii,H5i c pa3fleji5nom,HMHC5i nepeMeHHbiMH ajireGpti 
Pol(C) g MCOKeT 6biTb nojiyneHa H3 onncaHHoii Bbime flecpopManim (popMajibHoii 



oo 



3aMeHoii t := ^2 cijt J , r^e cij 6 BL 3tot pe3yjibTaT corjiacyeTCH c onncaHHeM 
i=i 

HHBapHaHTHblX fleCpOpMaUHH C pa3flejIHIOHJ,HMHC5I nepeMeHHbiMH KOMMyTaTHB- 

Hbix ajire6p [269]. 

Kax 6yfleT noKa3aHO, ajih flecpopManini, onHcaHHoft b npefljio»:eHHH 
2.6.45, 6HjiHHeiiHbie onepaTopbi rrik hbjihiotch ^-6nflH(p(pepeHLi,HajibHbiMH. Ha- 
pnfly c BBefleHHbiMH b nyHKTe 2.5.2 "jieBbiMn" nacTHbiMH npoH3BOflHbiMH 

dz dz ' dz* dz* 
HaM noHaflo6HTCH "npaBbie" nacTHbie npoH3BOflHbie, onpeflejineMbie paBeHCTBa- 

MH 

«9( r ) f _ $(0 f 

PaccMOTpHM ajire6py jiHHeftHbix onepaTopos b BeKTopHOM npocTpaHCTBe 
Pol(C) g = C[z\ q <S> C[z] q h ee roMOMop(pH3M A i — ► A b ajire6py JiHHeftHbix 
onepaTopoB b Po^C)^ (g) Po^C)^, onpeflejineMbift c noMOinbio H30MopcpH3Ma 
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BeKTopHbix npocTpaHCTB 

% : C[z] q ® C[z] q ^ Pol(C)q, % : 9\®9i^ 9i92 
paBeHCTBOM A = idc[ z ] 9 <8> (i Ai) <S> idc[z] 9 - 
ElPHMEP 2.6.46 HeTpyflHO noKa3aTb, mto 

□,(/(**) g(z)) = -i^J- (l-(l + !- ! )^ + t -W) ^ 
fljiH Bcex / G C[z] 9 , 9 G C[z]g. 3HaMHT, 

\J q = -q- 2 (1 - (1 + q~ 2 ) z*®z + q- 2 z* 2 ® z 2 ) — ® — , 
rfle yMHO^KeHne npoH3BOflHTC5i b ajire6pe a^ep Pol(C)° p (g) Pol(C) g . 

riPEflJlOKEHHE 2.6.47. fljui ecex f h f 2 G Pol(C) g 

oo 

fl *t f2 = (l~t)J2 tj ■ ^(Pi(5«)(/l ® /2))> 

i=o 

zde pj - noAUHOMu (2.6.60). 

/]^OKa3aTejibCTBO npe/yKXsceHHH 2.6.45, 2.6.47. ByzjeM nncaTb C[z] q 
BMecTO C[z] g)/ \ b Tex cjiy^aax, Kor^a CTpyKTypa C/gS^-MOflyjifl He nrpaeT cyme- 
CTBeHHOH pojiH. 

IlycTb Q : Pol(C) g [[t]] — > End(C[z] g )[[t]] - Taxoii HenpepbiBHbiii b t- 
aflH^ecKoft TonojiorHH MopcpH3M C [[£]]- MOflyjieft, hto 

Q : ^ F?* fc , j,keZ+. 

3to OTo6pa^KeHHe conocTaBjraeT nojiHHOMy / G Pol(C) g jiHHeHHbiii onepaTop, 
KOBapnaHTHbiii chmboji KOToporo paBeH /, cm. npefljicoKemie 2.6.34. YMHCOKe- 
Hne b End(C[z] (? )[[t]] accoirnaTHBHO, h, cjieflya Bepe3HHy [115], mm nepeHeceM 
ero b Pol(C) g [[t]] c noMOiubio OTo6pa^KeHH5i Q. 

JlEMMA 2.6.48 Cyu^ecmeyem eduncmeeHHoe manoe C[[t]]-6uAUHeuHoe omo6- 
paMcenue * t : Pol(C) g [[*]] x Pol(C) g [[*]] -> Pol(C) g [[*]], ™o 

Q(/i *t h) = (Qfi) ■ (Qf 2 ) (2-6.68) 
3am ecex /i, f 2 G Pol(C) g [[t]] . 
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,ZJoKa3aTejibCTBO jieMMbi. EflHHCTBeHHOCTb cjieflyeT H3 hhtdGkthbhocth 
OTo6pa>KeHH5i Q, cm. cjie-flCTBne 2.6.35. IIpeflTDHBHM yMHOJKeHne *£, yzjOBjieTBO- 
pnioinee Tpe6oBaHnio (2.6.68), Ha o6pa3e BjiojKeHHH 

C[z] q x C[z] q — Pol(C)#]] x Pol(C) g [M], /x^(l®/)x( ff ®l). 

ConocTaBHM Ka^Kfloii nape (f(z*),g(z)) G C[z] g xC[z] g onepaTopbi /, g c KOBa- 

pnaHTHblMH CHMBOJiaMH f (z*) , g(z). OhH CaMH H HX npOH3BefleHHe HBJIHIOTCH 

aHajiHTHnecKHMH (pyHKu,H5iMH nepeMeHHoii t = q 2 ( x ~^ co 3HaneHH5iMH b 6aHa- 
xoBoft ajire6pe orpaHHneHHbix jiHHeifflbix onepaTopoB. KoBapnaHTHbin chmboji 
onepaTopa / • g paBeH 

<h x {f{z*)g{z)) = (1 - q 2 ^) £ Q 2(X - 1)J Pj(n q )(f(z*)g(z)), 

cm. cjieflCTBne 2.6.64 h npnMep 2.6.19. OcTaeTcn 3aMeHHTb q 2 ^ x ~ 1 ^ Ha £: 

= (1-f) £ ^(^(/(OsM), /CO G C[z] q , g(z) e C[z] q . 

Hcnojib3yH npefljio>KeHHe 2.6.34, npoflOji^KHM *t Ha 

Pol(C), x Pol(C) 3 C Pol(C)#]] x Pol(C)#]], 
c coxpaHeHHeM CBoftcTBa (2.6.68): 

h(z)f 2 (z*) * t 9l (z)g 2 (z*) = (l~t)J2 tj h(z) ■ Pj (n q )(f 2 (z*) gi (z)) ■ g 2 (z*), 

rfle fi(z),gi(z) G C[z] g , f 2 (z*), g 2 (z*) G C[z] g . OcTaeTCH npoflOJiJKHTb * t Ha 
Pol(C) 9 [[t]] xPol(C) 9 [[t]] no C[[i]]-jiHHeHHOCTH n HenpepbiBHOCTH b t-aflnnecKoft 
TonojiornH. JleMMa flOKa3aHa. □ 

PaccMOTpnM OTo6pa>KeHHe * t , onncaHHoe b jicmmc H3 ero nocTpoe- 
hhh h paBeHCTBa (2.6.42) BbiTexaeT (2.6.67). AcconnaTHBHOCTb * t n [/ g sui ; i- 
HHBapnaHTHOCTb 9Ton flecpopMannn, a Tax>Ke to, hto OHa hbjihctcs flecpopMa- 
UHeii c pa3flejiHiom,HMHCH nepeMeHHbiMH, npoBepne-TCH, ncxofln H3 onpeflejie- 
hhh. OTCiofla cjie-flyiOT yTBep>KfleHHH npefljio^KeHnii 2.6.45, 2.6.47. □ 
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3AMEHAHHE 2.6.49 IlpH nocTpoGHHH fle(popMau,HH MeTOflOM Bepe3HHa (pyHK- 
d,hh / conocTaBji5ieTC5i onepaTop Tenjiima c KOBapnaHTHbiM chmbojiom /. IlpH 
flpyroM noflxofle, Tax Ha3biBaeMOM KBaHTOBaHHH Tenjnma-Bepe3iiHa, (pyHKiniH 
/ conocTaBjiaeTca onepaTop Tenjiiina c KOHTpaBapnaHTHbiM chmbojiom /, cm., 
HanpHMep, [212, 122, 151]. 

2.6.10 /JonojiHeHHe o Kjiaccax HeiiMaHa-IIIaTTeHa. IlycTb A - 
orpaHHHeHHbiii HeoTpHna/rejibiibiH jiHHeftHbift onepaTop b cenapa6ejibHOM rnjib- 
6epTOBOM npocTpaHCTBe H. CyMMa tr(A) = Yl(Aej, ej) He 3aBHCHT ot Bbi6opa 

3 

opTOHopMHpoBaHHoro 6a3Hca {ej} b H, npimeM jj,ji5t kohcmhocth cjiejj,a Heo6- 
xojjhmo, MTo6bi onepaTop A 6biji KOMnaKTeH [36, CTp. 126]. 

IlycTb p > 1. Kjiacc HeiiMaiia-IIlsTTeiia S p o6pa3yiOT KOMnaKTHbie jih- 
HeftHbie onepaTopbi b H } jj,jm KOTopbix \\A\\ p = (tr( |^4| p ))p < oo. 3jj,ecb 
\A\ = V A* A. Cjiefl - 9to HeKOMMyTaTHBHbift aHajior HHTerpajia, a Kjiaccbi S p 
- HeKOMMyTaTHBHbie aHajiorn npocTpaHCTB L p . HeKOMMyTaTHBHbiM aHajioroM 
ajire6pbi L°° 5iBji5ieTC5i B(H). 

Kjiaccbi S p mojkho BBecTH no-flpyroMy. Cimryji5ipHbie HHCJia onepaTopa 
A onpe-flejiHM paBeHCTBOM sj(A) = inf{||yl — B\\ \ vk(B) < j — 1}, [36, CTp. 

/oo \ * 

48]. 3flecb j £ N. Mo^kho noxasaTb, hto \\A\\ P = ^2 s v(^) • riojiynaeM 

V' 1 J 

onpeflejieHne KjiaccoB S p b TepMimax CHHryjiapHbix hhcc-ji [36, CTp. 121]. 9th 
HHCJia Sj(A) mojkho onpe-flejiHTb ima^e. Ohh hbjihiotch co6cTBemibiMii SHane- 
hhhmh onepaTopa \A\, B35iTbiMii c y^eTOM KpaTHOCTH h ynopHflOMeHHbiMH no 
y6biBaHHio [36, CTp. 46]. 

He-Tpyznro noxasaTb [358, CTp. 19], hto \\A\\p = sup{^ \(Aej, ej)\ p | {e^}}, 

3 

rfle {e^} npo6eraeT mho^kcctbo Bcex opTOHopMnpoBaHHbix 6a3HCOB rmib6epTO- 
Ba npocTpaHCTBa H. SHamiT, (pyHKinioiiaji || • || p 5iBji5ieTC5i HopMoft. /Ipyroc 
jj,OKa3aTejibCTBO cm. b [36, CTp. 107]. HopMHpoBaHHbie npOCTpaHCTBa S p 5IBJI5I- 

IOTC5I ITOJIHblMH [36, CTp. 108]. 

KaK cjieflyeT H3 onpeflejieHHft, S p - JXBycTopomiiiH Hfleaji ajire6pbi orpa- 

HHHeHHblX JIHHeftHblX OfiepaTOpOB B H H 1 1 A ||p = ||t/l-A£/2||p flJIfl jiio6bix yHH- 
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TapHbix onepaTopoB Ui, Ui- 

OnepaTopbi H3 Si Ha3biBaiOTC5i smepHhiMH, n cjiefl npoflOJi^KaeTca no 
HenpepbiBHOCTH c flBycTopoHHero nfleajia KOHenHOMepHbix jinHeftHbix onepaTO- 
poB Ha Si. OnepaTopbi H3 S2 Ha3biBaK)TCH onepaTopaMH rHjib6epTa-LQMH,zrra, 
H ll^lb = l(^ e i' e fe)| 2 R 11 ^ Jiio6oro opTOHopMHpoBaHHoro 6a3nca {e n } b H. 

IlycTb p > 1, q > 1 h ^ + ^ = 1. Ka^KflOMy orpaHHneHHOMy jiHHeft- 
HOMy onepaTopy A 6 S p OTBenaeT HenpepbiBHbiii jiHHeifflbiii (pyHKUHOHaji 
Ia(X) = tr(AX) Ha S q , h ero HopMa paBHa ||^4|| p . 3to o6ihhh bha Henpe- 
pbiBHoro jiHHeiiHoro cpyHKnnoHajia Ha S q [36, CTp. 170]. 

AHajiornHHO, Ka^KflOMy orpaHnneHHOMy jinHeiiHOMy onepaTopy A b H ot- 
BenaeT HenpepbiBHbiii jinHenHbiii (pyHKUHOHaji Ia(X) = tr(AX) Ha S\ n ero 
HopMa paBHa \\A\\. 3to o6ihhh bha HenpepbiBHoro JiHHeiiHoro (pyHKUHOHajia Ha 
Si [36, CTp. 166]. Ba^KHO OTMeTHTb, hto Si - npocTpaHCTBO Bcex yjibTpacjia6o 
HenpepbiBHbix JiHHeftHbix (pyHKnnoHajiOB Ha 13(H) [9, CTp. 77]. 

Xoponio H3BecTHbi HHTepnoji5iii,HOHHbie TeopeMbi b Hixajie 6aHaxoBbix npo- 
CTpaHCTB Sp [37, CTp. 140-145]. B nacTHOCTH, S p mo>kho nojiynnTb H3 B(H) h 
Si MeTOflOM KOMnjieKCHoii HHTepnojinuHH: 

S p = [B(H),S h ] p -u (2.6.69) 

ri05ICHHM CKa3aHHOe. PaCCMOTpHM BeKTOpHOe npocTpaHCTBO orpaHHneH- 

Hbix h HenpepbiBHbix b BepTHKajibHoii nojioce < Re z < 1 onepaTop-cpyHKnnii 
co 3HaneHH5iMH b 13(H). riycTb A - noflnpocTpaHCTBO rojioivtopcpHbix npn 
< Rez < 1 onepaTop-(pyHKUHH, cy>KeHH5i KOTopbix Ha npHMyio Imz = 1 
HenpepbiBHbi n orpaHnneHbi b Si. HeTpyzrno noxasaTb [59, CTp. 288], hto A c 
HopMoii 

\\f\\ A = maxjsup \\f(iy)\\ , sup ||/(1 + iy)\\i} 

y£R y€R 
5IBJI5ieTC5I 6aHaXOBbIM npOCTpaHCTBOM. 

OKa3bmaeTC5i [358, CTp. 31], OnepaTopbi H3 S p h TOJibKO ohh hbji5ik)tc5i 
3HaneHH5iMH onepaTop-(pyHKii,HH H3 A b tohkc p" 1 , npnneivi 

\\A\\ P = M{\\f\\ A \feA^f(p- 1 ) = A} 
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fljiH Bcex A G S p . 

OTCiofla BbiTexaeT cjie,zryioiHHH pe3yjibTaT [59, CTp. 309]. IlycTb jiHHeft- 
Hbift onepaTop T b 6aHaxoBOM npocTpaHCTBe 13(H) OTo6pa>KaeT Si b ce6a h 
II^IIb(^) < °°5 11^11 Si < 00 • Torfla T OTo6pa^KaeT Ka^Kfloe H3 npocTpaHCTB <Sp 
b ce6fl h HopMa HTHs jiorapncpMHHecKH BbinyKjio 3aBHCHT ot 9 = 

2.7 O a/ipax cnjieTaioiii,Hx HHTerpajibHbix onepaTopoB 

2.7.1 Bjio^ceHHe Pol(C) g C[w;oS , C/i ) i] g)a; . EflHHHHHbiii Kpyr D ab- 
jiaeTca (Sf/i^-npocTpaHCTBOM, h b KaTeropnn (St/i^-npocTpaHCTB 

D ^ tfi \ 5t/i,i, (2.7.1) 

rfle C/i = {diag(e^, e~^)| <^ G R/(27rZ)}. H30MopcpH3M (2.7.1) flocTaBjineT 
BJio»:eHHe *-ajire6pbi nojiHHOMOB Pol(C) b *-ajire6py pauHOHajibHbix (pyHKinift 
Ha Bem,ecTBeHHOH a(p(pHHHoft ajire6paHHecKoft rpynne SUi,i, npn kotopom 

z i ► ^12- (2-7.2) 

06jiaflaeT jih 9to Bjio>KeHHe g-aHajioroM? J\jisi Toro, htoGm otbct OKa3aji- 
C5i yTBepflHTejibHbiM, nocTaHOBKy Bonpoca cjie^yeT HeMHoro H3MeHHTb. IlycTb 
.0, -l\ 

Wq = I . Tpynny SU\,\ 3aMeHHM ee rjiaBHbiM oflHopoflHbiM npocTpaH- 



1, 



CTBOM 



w SU hl = { \ hh tu | eSL 2 

hi, t22 



hi — ~h2, tu — ~hi } ■ (2.7.3) 



a Bjio>KeHHe (2.7.2) - BjiojKeHHeM 

z i ► t u H u . (2.7 '.4) 

BBefleM KBaHTOBbiii aHajior ajire6pbi peryjrapHbix (pyHKunii Ha SU\^- 
op6nTe (2.7.3). HaflejiHM CfSZ^jg HHBOjnouHeii 

*11 = "*22, *12 = "9*21 (2.7.5) 

h BBefleM o6o3HaHeHHe C[w;o<S'^i,i]( ? = (^[^S^]^ *) A-hh nojiyneHHOH *-ajire6pbi. 

OflHHM H3 flOBOflOB B nOJIb3y CfleJiaHHOrO Bbl6opa HHBOJIK)nHH HBJIHeTCH TO, HTO 
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b (J)opMajibHOM npeflejie q — > 1 nojiyHaeTC5i CHCTeMa ypaBHeHHH in = —£22, 
tu = —t2i, Bbiflejiaiomaa Bem,ecTBeHHoe WqSUi^i h3 6X2- Bojiee coflepjKaTejib- 
HbiM flOBOflOM cjiy>KHT npHBefleHHoe HH»:e npefljio>KeHHe 2.7.1. 

HanoMHHM, hto ajire6pa C[SX2] 9 peryjinpHbix (pyHKunft Ha KBaHTOBoft 
rpynne SL2 nopo>KfleHa MaTpHHHbiMH sjieMeHTaMH tjj BeKTopHoro npeflCTaB- 
jieHHa ajire6pbi U q sl2, cm. (2.3.10), h hto b nyHKTe 2.3.6 ajire6pa C[SL2] q 6bijia 
HaflejieHa CTpyKTypoii t/g-S^-MOflyjihHoft ajire6pbi. 

Cjieflyroinee yTBep>KfleHHe BbiTexaeT H3 onpeflejieHHft. 

riPEflJlOKEHHE 2.7.1 *-AAse6pa C[woSUi^] q MdAMemcM U q 5U\^-ModyjibHou, 
mo ecmt 

tt/)* = (5(0)7*, £ G t/^U!,!, / G Ch^i,i], (2.7.6) 

Kax h b KjiaccH^ecKOM cjiynae q = 1, cm. (2.7.4), ajire6pa peryjrapHbix 
(pyHKD,HH cjiHHiKOM Majia fljia HaniHx nejieii, h ee Hy>KHO pacninpnTb. Bocnojib- 
3yeMC5i TeM, hto sjicmcht 

x = -g*i2*2i (2.7.7) 
caMOConp5L>KCii h KBa3HKOMMyTHpye-T co BceMH o6pa3yioiii,HMH tif 

tnX = q 2 xtn, t 2 2X = q~ 2 xt 2 2, tyiX = Xt\2-, ^21^ = ^*21- 

3HaHHT, MyjibTHnjiHKaTHBHoe MHO»:ecTBO yflOBjieTBopaeT ycjiOBHK) Ope. 
Kax OTMenajrocb b nyHKTe 2.3.6, ajire6pa C[SL2] q He HMeeT flejiHTejieft Hyjra. 
CjieflOBaTejibHO, OHa Bjio»:eHa b cbok) jiOKajiH3au,HK) ^[wqSUi^^x no Myjib- 

THnjIHKaTHBHOMy MHO>KeCTBy X Z+ . CaMOCOnpa^KeHHOCTb X n03BOJI5ieT npofloji- 
JKHTb HHBOJIIOHHK) * Ha ClwoSUi^jq^ H flOKa3aTb, HTO eCTeCTBeHHOe BJIO>KeHHe 

C-lwoSUi^ilq^ C[u;o'S'^ r i,i]g,x 5iBJi5ieTC5T roMOMop(pH3MOM *-ajire6p. 
OneBHflHO, sjieMeHTbi tu, £21 o6paTHMbi b ^\w^S\J\^ q ^: 

t\2 = *21 X, t 2 i = t\2 X. 

riPEflJlOKEHHE 2.7.2 1. Cymecmeyem u eduHcmeeuHO npodoAatcenue 
cmpyKmypu U q s\\\^-ModyAbHou aAse6pu c C[woSUi^] q na C[woSUi,i\ q ,x- 



162 



2. J\asi ak>6ux £ G UqSUi^i, f G C[woSUi^]q }X cyu^ecmeyem u eduHcmeen 
maKou noAUHOM JlopaHa p/£ odnou nepeMeuHou c KOdtfitfiui^uenmaMU U3 
q. x , ^mo 

^f-x n )=p f ^q n )-x n (2.7.8) 

npu ecex n G Z. 

^OKa3aTejlbCTBO. YTBep>KfleHH5I O eflHHCTBeHHOCTH OMeBHflHbl. HcXOflfl 

H3 (2.6.13) - (2.6.15), jrcrKO noKa3aTb, mto fljia jiK)6oro nojiHHOMa ip oflHoft 
nepeMeHHoii 

K ±l il)(x) =t/>(x), (2.7.9) 

EMx) = - q VH j iq ~ 2 ?-* ix) t2i = -A^^M, (2 . 7 . 10 ) 

q l x — x q z x — x 

mx) = -i'h j^f-'^ tv = -fl\ 2 t j (x) -^ q2x) . (2.7.11) 

q l x — x x — q l x 

Kax cjieflyeT H3 sthx paBeHCTB, fljia jiio6bix £ G [/ g sui ; i, / G C[u>o<S'£/i,i]q 

cym,ecTByeT TaKoft nojiHHOM JlopaHa pf£ c KOScpcpHuneHTaMH H3 ClwoSUi^q, 

t ito paBeHCTBO (2.7.8) HMeeT MecTO npn Bcex n G Z + . riojiHHOM JlopaHa 

0flH03HaHH0 onpeflejiaeTca cbohmh 3HaHeHH5iMH b TOHKax reoMeTpHHecKoii npo- 

rpeccHH q^. H3 ero gahhctbghhocth cjieflyeT mto paBeHCTBO (2.7.8) KoppeKTHO 

onpeflejiaeT fleftcTBHe sjieMeHTOB £ G £/gStii,i b npocTpaHCTBe C[u;o*5'^ r i,i]g,a;, 

nocKOJiBKy 

Pf£{.Q n )x=Pf-x£{.q n ~ 1 )i neZ. 
HeTpyflHO flOKa3aTb, hto nojiyneHHoe OTo6pa>KeHHe 

7T : UqSU^i -> End(C[w7 S'?7i ) i] g ,x) 

jiHHeiiHO h aBjiaeTca roMOMopcpH3MOM ajire6p, a TaioKe flOKa3aTb corjiacoBaH- 
HOCTb hhbojiiouhh (2.7.6). /JeiicTBHTejibHO, Tpe6yeMbie paBeHCTBa HeTpyznio 

CBeCTH K paBeHCTBaM nOJIHHOMOB JlopaHa, 3aMeHHB BXOflfllHHe B HHX 9JieMeH- 
Tbl / G <C[wqSU\j\ 

q,x nocjieflOBaTejibHOCT5iMH f n — / • x n , n G 1L+. OcTaeTca 
3aMeTHTb, hto Ka^Kfloe H3 Tpe6yeMbix paBeHCTB hojihhomob JlopaHa cnpaBefljin- 
bo b TOMKax reoMeTpHMecKoft nporpeccHH {q n } n ez + n P H flOCTaTOHHO 6ojibniHx 
n G N. 
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HaKOHeu,, nojiy^HM paBeHCTBO 
«/i/ 2 ) = ££(/i)fi'(/2), /b/2 € CW,i] W) £ G ^2, (2.7.12) 

rfle noflpa3yMeBaeTC5i, hto A£ = ^ . Tax >Ke, Kax npe»:fle, flOKa3t»iBaeTC5i 

i 

cym,ecTBOBaHHe h eflHHCTBeHHOCTb nojiHHOMa JlopaHa pf£ flByx nepeMeHHbix, 
fljia KOToporo npn Bcex m, n 

C(a: m /a: n ) = x m p M (q m , q n ) x n . 

Ecjih MHCJia m, n G Z + flocTaTOHHO BejiHKH, to 

x- m ^x™ hf 2 x n ) x' n = Y^(x- m &x m fi)) ^Khx n ) x~ n ), (2.7.13) 

i 

nocKOjibKy ajire6pa CfSZ^jg HBjraeTCH f/gS^-MOflyjibHoii. IlpHxoflHM k paBeH- 
CTBy flByx nojiHHOMOB JlopaHa bo Bcex TOHKax {(q m ,q n )} c flocTaTOHHO 6ojib- 
hihmh m, n. 3HaHHT, sth nojiHHOMbi JlopaHa paBHbi, h (2.7.13) HMeeT MecTO 
npn Bcex m, n G Z. IlojiaraH m = n = 0, nojiynaeivi (2.7.12). □ 

IlPE/yiOKEHHE 2.7.3 Omo6paafceHue I : 2 h tj^n eduHcmeeHHUM o6pa- 
30M npodoAQtcaemcM do eAootcenu^ U q s\\\^-ModyjibHux aji2e6p 

X : Pol(C) 9 CK5[/i,!] 9ir (2.7.14) 

,Z^OKa3aTejibCTBO. EflHHCTBeHHOCTb paccMaTpHBaeMoro roMOMopcpH3Ma 
*-ajire6p oneBHflHa, a ero cyinecTBOBaHHe BbiTexaeT H3 cjieflyioiHHx paBeHCTB 
b ajire6pe C[woSUi^] q ^ x : 

/],OKa>KeM HHT>eKTHBHOCTb roMOMop(pH3Ma X. PaccMOTpHM npe,i],rHjib6ep- 
tobo npocTpaHCTBO c opTOHopMHpoBaHHbiM 6a3HCOM {ej}jez + h npeflCTaBjie- 
Hne 7r + ajire6pbi C [SL2] q , BBefleHHoe b nyHKTe 2.3.6. 3to *-npeflCTaBjieHHe 
ajire6pbi ClwoSUi^jq. CoxpaHHM o6o3HaHeHHe tt + ajih ero npoflOjDKeHHH flo 
*-npeflCTaBjieHHH jiOKajiH3au,HH C[woSUi 7 i] qjX . 

H3 onpeflejieHHft cjie^yeT, hto npeflCTaBjieHHe tt + -X ajire6pbi Pol(C) g 9k- 
BHBajieHTHO ee (poKOBCKOMy npeflCTaBjieHHio. 3HaHHT, npeflCTaBjieHHe tt + o X 
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HBJIHeTCH TOHHbIM, CM. nyHKT 2.2.3. CjieflOBaTeJIbHO, rOMOMOp(|)H3M X HHteK- 
THBeH. 

^OKa^CeM, HTO X HBJIHeTCH MOp(|)H3MOM t/gS^-MOflyjieH. Tax KaK 

*-ajire6pbi Pol(C) g h ClwoSUi^jq^ hbjihiotch [TgSU^i-MOflyjibHbiMH, to paBeH- 
ctbo X(£f) = £X(f) flocTaTOMHO nojiyHHTb fljifl £ G U q s\\i^i, f G C[z] g . OcTa- 
eTC5i BOcnojib30BaTbC5i Bjio>KeHHeM L^s^-MOflyjibHbix ajire6p 

C[*l, t 2 ] q -> C[5L 2 ] g , h I ► til, *2 ^ *12 

h onncaHHbiM b nyHKTe 2.3.3 Bjio>KeHHeM C[z] g b jiOKajiH3anHK) ajire6pbi 

C[t h t 2 } q . □ 

OnncaHHoe Bjico-KeHiie L^su^i-MOflyjibHbix ajire6p 
Pol(C) g C[woSUi 7 i]q :X 6yfleM Ha3bmaTb KaHOHHnecKHM Bjio>KeHHeM. 

2.7.2 HHBapnaHTHBie HHTerpajiw. B cnjiy cjie-flCTBHH 2.3.32, xa>K- 
flbifi sjieMeHT / G C[w;o<S't/i,i] g e-flHHCTBeHHbiM o6pa30M pa3jiaraeTCH b cyMMy 

/= tlA2^abcd(x)t C 21 4 2 , (2.7.15) 

ad=bc=0 

rzje a, 6, c, g? G Z + h ?/> a 5 c d-nojiHHOMbi oflHoft nepeMeHHoft. 
riocTpoeHHH nyHKTa 2.4.3 h paBeHCTso 

J(j/) = x- 1 (2.7.16) 

HaBOflflT Ha Mbicjib BBecTH b paccMOTpeHHe BeKTopHoe npOCTpaHCTBO 
D(wQSUi j i) l q (popMajibHbix pnflOB (2.7.15) c KoacpcpHUHeHTaMH H3 npocTpaH- 
CTBa (pyHKUHH Ha MHO>KecTBe q~ 2Z+ h HaflejiHTb ero cjia6eHineH H3 TonojiorHii, 

B KOTOpblX HenpepblBHbl JIHHeiiHbie (pyHKHHOHajIbl £ a ,b,c,d,n'- 

£a,b,c,d,n(f) = iJabcd(q- 2n ), = be = 0, U G Z+. (2.7.17) 

riojiHHOMbi njiOTHbi b npocTpaHCTBe (pyHKD,HH Ha g~ 2Z+ c TonojiorHeft no- 
TOHeHHoii cxoflHMOCTH. 3HaHHT, ^[w^SUi^q - njiOTHoe jiHHeftHoe noflMHoroo6- 
pa3ne b D(w;o*5'^ r i,i)g- OneBHflHO, hheojuouhh * npo,i],oji:>KaeTCH no HenpepbiB- 
hocth Ha ^(wqSUi^)' . 
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Hs paBeHCTB (2.7.9) - (2.7.11) n 

(t a n t b u *l>{x) t C 2i) t22 = q b+c t a nH b 12 (1 - x)i/j(q 2 x) t c 21 , 
t n (t\ 2 ^{x) t c 21 t d 22 ) = q b+c t b 12 (1 - x)i/j(q 2 x) t c 2l t d 22 l 

cjieflyeT, hto CTpyKTypa L^s^-MOflyjibHoro C[ifo*S't/'i ; i] 9 -6HMOflyjifl TaKJKe flo- 
nycxaeT npo,z],oji:>KeHHe no HenpepbiBHOCTH c C[wQSUi^] q Ha D^WqSUi^)' . 
06o6m,eHHyK) (pyHKnnio / 6 ^(wqSUi^)' Ha30BeM (|)hhhthoh, ecjin 

card{(a, b,c,d,n) \ C a ,b,c,d,n{f) 7^ 0} < oo. 

BeKTOpHOe npOCTpaHCTBO D(woSUl t l)q (pHHHTHblX (pyHKUHH HBJIHeTCH nOflMO- 

flyjieM [/ g s[2-MOflyjibHoro C[u>o£^i,i]g-6nMO,zryji5i r D(woSUi^)'. Bojiee Toro, Ha 
T)(woSUi 7 i) q nepeHOCHTCH no HenpepbiBHOCTH CTpyKTypa L^su^i-MOflyjibHoii 
ajire6pbi. 

OnncaHHoe b npeflbiflyineM nyHKTe Bjio^KeHne L^su^i-MOflyjibHbix ajire6p 
X : Pol(C) 9 C-[woSUi 7 i] q ^ x flonycKaeT npoflOji>KeHHe no HenpepbiBHOCTH flo 
Bjio»:eHH5i t/qSUi^-MOflyjibHbix ajire6p X : D(D) q r D(wQSUi^) q , a Tax>Ke flo 
Bjio»:eHHH npocTpaHCTB o6o6ineHHbix cpyHKUHft D(D)g D(w;o'S'^ r i,i) / g - 

B (popMyjinpoBKe cjieflyioinero yTBep>KfleHHH ynacTByeT UqSk-MopyjihH&si 
ajire6pa (pHHHTHbix cpyHKUHft Ha KBaHTOBOM KOHyce, BBefleHHan b nyHK- 

Te 2.6.3. 

IlPEfljiOKEHHE 2.7.4 JIuneuHuu ^ynKi^uonaA na D(woSUij) q , onpedeAMe- 

oo 

muu paeencmeoM J f dv = (1 — q 2 ) ^ ifjoooo(q~ 2n )q~ 2n , MeAMemcM no- 
jiootcumejibHUM u UqSh-UHeapuaHmHUM. JIuneuHuu tfiyHKi^uoHaA na T)(E) q , 

oo 

onpedeAMeMuu paeencmeoM f f dv = (1 — q 2 ) ^ '4 ) oooo( ( l~ 2n ) ( l' 2n ^ mbam- 

~ n=— oo 

— q 

emcM noAootcumeA'bHUM u V T qSii-uueapuaumHUM. 

,HoKa3aTeji£>CTBO. OrpaHHHHMC5i nepBbiM yTBep^KfleHneM. BTopoe flOKa- 
3biBaeTcn aHajiornnHO. 

Bocnojib3yeMCH npeflCTaBjieHHHMH 7r + ,p, BBefleHHbiMH b nyHKTe 2.3.6. 
IlpeflCTaBjieHHe 7r + (g) p npoflOJiJKaeTCH flo TOHHoro *-npeflCTaBjieHHH ajireGpti 
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D(woSUi f i)q. Ilojio^KHTejibHOCTb paccMaTpHBaeMoro jiHHeiffloro cpyHKHHOHajia 
BbiTexaeT H3 paBeHCTBa 



/ 



fdv = (l-q z )tr(ir + ®p)(f-x), f eV[w Q SU^) q 

{w SU 1A ) q 

(cjiefl KoppeKTHO onpeflejieH noTOMy, mto MaTpnua onepaTopa (n + (g) p)(f • x) 
b 6a3Hce {ej <g> z k }j e z + ,kez HMeeT KOHenHoe hhcjio HeHyjieBbix sjieivteHTOB Ha 
rjiaBHoii flHaroHajin). 

IlycTb ip(x) - (pyHKu,H5i c KOHe^HbiM HOCHTejieM Ha MHO^KecTBe q~ 2Z+ . 
Hcnojib3y5T (2.6.13) - (2.6.15), HeTpyznio noxaaaTb, hto 



J (K ±l - l)ip(x) dv = 0, 



(w SUi A ) q 

J E(t 12 ip(x)t 2 2) dv = J F(t n ip(x)t 2 i)dv = 0. 

(w SUi t i) q (w a SUi,i) q 

YTBep>KfleHHe 06 U gS [2 _ HHBapHaHTHOCTH paccMaTpHBaeMoro jiHHeftHoro (pyHK- 
nnoHajia jierxo cjie^yeT H3 sthx paBeHCTB. □ 

3aBepniHM nyHKT flOKa3aTejibCTBOM npefljio>KeHH5i 2.5.25. 
HHBapnaHTHOCTb nojiyTopajiHHeifflro OTo6pa^KeHH5i 

h A : D(D) 5 , A x D(D) 9>A -> D(D) g , h A : v x fi x ^ A / 2 -> / 2 * (1 - ^*) A /i 

flOCTaTOHHO ycTaHOBHTb b ^acTHOM cjiy^ae A G Z. C noMombio Bjico>KeHH5i 

X A : D(D) ff)A — D^o^r/i,!),, lx:v x f^ t u x 1(f), 

flOKa3aTejibCTBO HHBapHaHTHOCTH CBOflHTCH k paBeHCTBy T(y x ) = (^12) ^^12 5 
nocKOJibKy D(w;o'5'^ r i,i)q HBji5ieTC5i C/qS^-MOflyjibHbiM D(w;o*S'[/i j i) (? -6HMOflyjTeM. 

riojio>KHTejibHOCTb npH A G R ycTaHaBjiHBaeTCH 6e3 Tpyzja, cm. flOKa3a- 
TejibCTBO npefljio^KeHHa 2.5.7. 

2.7.3 /^OKa3aTejibCTBO jieMMM 2.6.6. BBe-fleM ajire6pbi flflep 

cK5?/i,i x w su hl \ q = cw,i]; p ® Ch^y],, 
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C[w SUi,i x E] q = C[w SU lt i]f ® C[S] ? , C[S x S], = C[S]° P ® C[H] g 

H 0603HaMeHH5I tjj, Tjj flJIfl HX o6pa3yK»LLI,HX tij <S> 1, 1 <S> tjj COOTBeTCTBeHHO. 

H3 onpeflejieHHH cjieflyeT 
JlEMMA 2.7.5 iTdpa 

fcn = ^ii7"22 - qtuT2h h2 = -q~ l tiiTi2 + *12Tn; 

&21 = ^21^22 - ^22721 J &22 = ~q^2\T\2 + *22Tll 

UqSk-UHeapuaHmHU. 

riPEflJIOKEHHE 2.7.6 5 C[u;o'5'^ r i,i x ifo^f/i,^ eunoAHMwmcM cAedywu^ue 
coomnomeHUM: 

f k n k 12 = q^knkn , ^21^22 = ^^22^21, 
fcnfoi = q~ 1 k 2 ik 11 , ki 2 k 2 2 = q~ 1 k 2 2ki2, 

&12&21 = &21&12 , &11&22 - &22&11 = (tf ~ ^12^21 

k &22&11 - #12^21 = 1 

^OKa3aTejibCTBO. PaccMOTpHM OTo6pa>KeHHe 
C[5L 2 ] 9 - C[5L 2 ]JP (8) C[SL 2 ] g , / » (id ® 5)A(/), (2.7.19) 
rfle A - KoyMHO^KeHne, a S - aHTnnofl b ajire6pe Xoncpa < C[SL 2 ] q . 3to oto6- 

pa^KeHHe 5IBJI5ieTC5T aHTHaBTOMOp(|)H3MOM H tjj I — ► /Cjj. □ 

CJlEflCTBHE 2.7.7 B C[woSUi^x'B\ q u eC[SxS] 9 eunoAHxwmca CAedyiou^ue 
cooniHomeHUM: 

hiku = q~ l ki 2 kn , k 2 ik 2 2 = Q _1 ^22^2i, 

&11&21 = g -1 fc21&ll , &12&22 = Q _1 ^22^12, 

^12^21 = &21&12 , &11&22 - &22&11 = (^ ~ ^12^21 

k &22&11 - #12^21 = 0. 

BBefleM b paccMOTpeHne ajieMeHTbi x = t\ 2 t\2, £ = T^r-j^ ajire6p 
Hflep Cfwo^^i,! x woSUi,i] q , <C[wqSUi,i x C[S x S] ? h jioKajiH3au,HH 



i w (2.7.20) 



168 



C[woSUi,i x woSUi t i] qtX s, C[woSUi,i x E] q ^, C[S x H] g ,^ sthx ajire6p no 
MyjibTnnjiHKaTHBHbiM MHO>KecTBaM (x^) z+ . IlyCTL 

z = qtwhi, z* = t 22 t 2 l, C = QTuTui C = 7-^22- 



C[H 

nj9M ece:c / G Z 

00 / —2/ 2\ oo / _2/ 2\ 

4Mi = g- 2 ? E ^fr^fo 2 ^ W E TTirWN- (2-7.21) 

,Z^OKa3aTejTbCTBO. C noMombio paBeHCTB 

t 12 T 21 (zC) = q\zC)ti 2 r 21 - {(z*)t 12 r 21 = faim&z*), 
nojiynaeM: 

k' u = (-qt 12 r 21 (l - = (-fl^W; <T J )l, 7 

fc< 2 = ((l - ^C)(-9-4 21 r 12 ))' = (A; ^M-T^ir^)'. 

3nannT, 

A^ftJi = (^^M^oWa)^- 2 ^;? -2 )! = 

OcTaeTca BOcnojib30BaTbCH paBeHCTBOM 

(t;q)n = it { -f^q j ( n+1 hi (2.7.23) 

(cm. (2.5.64)) n ero cjie,o,CTBH5iMH 

oo / _2i 2 \ 



n=0 

00 ^-2L ^2n 



«j / _2t 2\ 



□ 



n=0 



ITojiynHM aHajiHTHnecKoe npoflOJDKeHne Hflpa k 22 kn no napaMeTpy /. 
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J\jik SToro HaM noHaflo6HTC5i TonojiornnecKoe BeKTopHoe npocTpaHCTBO 
o6o6m,eHHbix n^ep. Hanc-MHHM, hto b nyHKTe 2.7.2 BeKTopHoe npocTpaHCTBO 
C[woSUi 7 i] q 6biJio HaflejieHO cjiaGenmen H3 Tonojiornn, b KOTopbix HenpepbiBHbi 
jiHHeiiHbie (pyHKu,HOHajibi jC a ,b,c,d,n, BBefleHHbie paBeHCTBOM (2.7.17). Paccy^K- 
flan aHajiorHMHO, HaflejiHM BeKTopHoe npocTpaHCTBO C[wqSUi : \ x WoSUi t i] q 
cjia6enHien H3 Tonojiornn, b KOTopbix HenpepbiBHbi jiHHeiiHbie (pyHKunc-Hajibi 
£a! \b' ,d ,d' \ri ® £a" ,b" ,c" ,d" ,n" i H BBefleM b paccMOTpeHHe nonojiHeHHe, Ha3biBaeMoe 
npocTpaHCTBOM o6o6ineHHbix a^ep h o6o3HanaeMoe ^{wqSUi^ x woSU\^)' q . 

Tax me, k&k b nyHKTe 2.7.2, nojiynaeM onncaHne SToro nonojiHeHHH b 
TepMHHax (popMajibHbix pHflOB n npoflOJDKeHne Ha Hero no HenpepbiBHOCTH 
fleftcTBHH ajire6pbi U q sl2- Ajire6pa cpHHHTHbrx n^ep 

V(w SU hl x woSU lt i) q = D(w SU hl )° q ^D(w SU^) q 

HBjineTCH njiOTHbiM jiHHeiiHbiM noflMHoroo6pa3neM b D(woSUi 7 i x woSUi 7 i) q . 

Il0Ka>KeM, HTO ^22^11 HBJIHeTCH o6o6lH,eHHbIM HflpOM. /JeHCTBHTejIbHO, KaK 

cjieflyeT H3 (2.7.21), 

oo oo / _2i 2\ ( —21 2\ 
U U __ n ~2l Kg \Q_h\g \Q )m 2j(l+l)+2ml*j „m l c l r j r *m 

j=Q m=0 W ' q " )m 

( —21 2\ ( —21 2\ 
= q -2l [Q )j_[Q )m ^(l+l)+2mU z ^ z ^ z m-j x ld^ ^j\^(m-^) j 

(<r-<r)j (<r- (/-),„ 

qq / 2/ 2 \ 2 

j=o w ' q h 

, -2Z (g 2 j ^ 2 )j (g 2 j g 2 )^ 2j(Z+l)+2mZ *(j-m)/ 

q h 3 (9 2 ;9 2 )- 

3anMeMCH aHajinTnnecKHM npoflOJDKeHneM. PaccMOTpHM seKTop-cpyHK- 
nnio 3C(A) KOMnjieKCHoft nepeMeHHoft A co 3HaneHHHMH b D{wqSUi : i x 
WqSUi^i)'. Ha30BeM Taxyio BeKTop-(pyHKnnio nojinHOMnajibHon, ecjin fljia 
jik)6oh (pHHHTHoft (pyHKii,HH ip G T>{wqSUi,\ x W{)SUij)' q HHTerpaji 
J J %(X) ipdudu HBjineTcn nojinHOMOM JlopaHa nepeMeHHoii A. 

(w SUl,l)q (w SUl,l) q 
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riPEflJlOKEHHE 2.7.10 Cymecmeyem eduHcmeeHHCiM maKasi noAUHOMuaAb- 
hcim eeKmop-tfiynimuM %(X) co 3hq,h6hummu e T)(wqSUi : i x woSUi^y q , umo 
X(q 21 ) = k l 22 k[i djm ecex I G Z+. 

/]^OKa3aTejIbCTBO. EflHHCTBeHHOCTb paHHOHajIbHOH (pyHKHHH /(A) c 3a- 

27/ 

flaHHblMH 3HaHeHH5TMH B TOHKaX MHO^KeCTBa q + , OHeBHflHa. 

PaccMOTpHM (pHHHTHyio (pyHKHHK) ^ h 3aMeHHM k l 22 k l u B HHTerpajie 
J J UC(A) ipdvdv npaBoii nacTbio paBeHCTBa (2.7.21). TojibKO ko- 

(iu S?7i ) i)g (w SU 1A ) q 

HenHoe hhcjio cjiaraeMbix H3 (2.7.21) flaiOT HeHyjieBoii BKjiaiJ, b stot HHTerpaji. 
OcTaeTCH 3aMeTHTb, hto K&mppe H3 sthx cjiaraeMbix HBjraeTCH hojihhomom Jlo- 
paHa nepeMeHHoft q 21 . □ 

CoxpaHHM o6o3HaHeHHe k 22 k l u fl- 1151 o6o6meHHoro flflpa, onncaHHoro b 
npeflbiflym,eM npefljio>KeHHH. Kax cjie^yeT H3 jieMMbi 2.7.5 h npefljio>KeHH5i 
2.6.2, 9to aflpo D^s^-HHBapHaHTHO npn / G Z + , a, cjieflOBaTejibHO, h b o6meM 
cjiynae. 

YTBep>KfleHHe JieMMbi 2.6.6 BbiTexaeT H3 HHBapnaHTHOCTH a,o,pa k l 22 k l u n P H 
/ = —m h JieMMbi 2.7.8, nocKOjibKy 

q- 2m k 22 m k n m = (l-((T- 

00 ( n 2m. 2\ 00 ( 2ro. 2\ 

■ E T 2 ' (g 2( ' m+1) ^0- ? • V T 2 2 /" (g" 2r "<*)"(l " = 

OTMeTHM, HTO B 9TOM JJ,OKa3aTejIbCTBe HeHBHO HCnOJIb30BaHbI KaHOHHMe- 

CKoe Bjicc-KeHHe t/g-S^-MOflyjibHbix ajire6p h Bjio>KeHHe L^s^-MOflyjieft D(D x 
D)g — > D{wqSU\^ x wo*S'[/i j i)g, nojiynaeMoe npoiJ,oji}KeHHeM no HenpepbiBHO- 

CTH. 

3AMEHAHHE 2.7.11 3aMeH5i5i b npejj,bijj,ym,Hx paccy>Kjj,eHH5ix <C[woSUi,i x 
WoSUi^q Ha C[u;o5'^ r i,i x jih6o Ha C[S x nojiynaeM yTBep^KfleHne 

06 ?7 g 5[2-HHBapHaHTHOCTH npH BCeX / G C o6o6meHHbIX (pyHKD,HH 

00 / —21 2\ 00 / _2/ 2\ 

% = «' E tt4V <!+1) **^ E TT^H 

,t^o (« ;« )•» 

Ha KBaHTOBbix aHajiorax jj,eKapTOBbix npoH3Bejj,eHHft wqSUi 1 x S h S x S. 
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2.7.4 CTaHflapTHi>ie cnjieTaioiii,He onepaTopbi h c-cpymajHa 
XapHin-HaH/^pbi. B KjiaccHnecKOM cjiynae q = 1 k c-(pyHKUHH XapniH- 
MaHflpbi mo^kho npniiTH, H3yna5T onepaTopbi, cnjie-TaioiHHe npeflCTaBjieHna oc- 
hobhoh cepHH. OnnnieM g-aHajior 9Toro noflxo^a. 

HanoMHHM o6o3HaMeHne (a; q 2 )i = (a; q 2 )oo/ (aq 21 ] q 2 )oo- 

PaccMOTpHM U q s[2-MOffyjm 

L J « 21og(gri) " " 21og(gr 1 )' 

ochobhoh ccpepHMecKoii cepHH, BBefleHHbie b nyHKTe 2.6.5. 

riPEflJIOKEHHE 2.7.12 IIpu ecex I ^ { — 1, —2, —3, . . .} AuneuHuu onepamop 

/rlf) 
(e^-V; q% (^e^; g 2 ), f(e i6 ) — (2.7.24) 

o 

HBAttemctt, Mop<fou3MOM UqS^-ModyAeu 

Ii : C[0D]<- i_1) -> C[dB]®. 

^OKa3aTejibCTBO. Mojkiio orpaHHHHTbC5i cjiynaeM Re/ > 0. Tpe6ye- 
Moe yTBep^KfleHHe jierKO nojryHHTb, noBTopflfl flOKa3aTejibCTBO npefljio>KeHH5i 
2.6.11. ^eftcTBHTejibHO, BO-nepBbix, hmciot MecTO paBeHCTBa (2.6.26), (2.6.27), 

H o6o6lU,eHHa5I (pyHKHHfl %l Ha KBaHTOBOM KOHyCe H X S 5IBJI5ieTC5I U q sl2 

HHBapHaHTHoft, cm. 3aMenaHHe 2.7.11. Bo-BTopbix, fleftcTBne ajire6pbi U q sl2 
nepeHeceHO b C[5D]q 1 ^ c KBaHTOBoro KOHyca npn noMomn OTo6pa>KeHHfl 
/ i— > f x~ l ~ x . B-TpeTbHx, npoH3BefleHne %i (1 (g) f x~ l ~ x ) HMeeT CTeneHb ofl- 
HopoflHOCTH —1 no BTopoMy TeH3opHOMy coMHO^KHTejiK). B-ne-TBepTbix, JIHHeil- 
Hbiii (pyHKu,HOHaji r] : w2m=-oo a mZ m ) x~ x i— > ao Ha noflnpocTpaHCTBe 0606- 

LLI,eHHbIX (pyHKUHH CTeneHH OflHOpOflHOCTH —1 Ha KBaHTOBOM KOHyCe HBJIHeTCfl 
U q% ^2~HHBapHaHTHbIM . □ 

Cjiefly^ TpaflHD,HH, cm., HanpnMep, [189], Ha30BeM jiHHeftHbiH onepaTop Ii 
b BeKTopHOM npocTpaHCTBe C[<9D] CTaHflapTHbiM cnjieTaiOHj,HM onepaTopoM. 
HanoMHHM, hto c-cpyHKHHH XapHin-HaHflpbi 6bijia BBefleHa paBeHCTBOM 



172 



(2.5.42): 



c(l) = 



2 

oo 



r>(2/ + r 



(q^ +l hq 2 )oo(q 2 ;q 2 )oo (^(Z + l)) 2 ' 

OyHKD,H5i c{l) He^BHO 3a,BHCHT ot napaMeTpa q r b (popMajibHOM npeflejie 
q — ► 1 Hecym,ecTBeHHO OTjiH^aeTca ot oGmmhoh c-(pyHKD,HH Xapnin-MaHflpbi 
[86, CTp. 55], Kax cjieflyeT H3 cpopMyjibi yflBoeHM Jle>KaHflpa [5, CTp. 19] 

r(2/ + 1) = 2 21 tt 1/2 r(i + -) r(/ + 1) 

(ee g-aHajior npnBefleH b [32, CTp. 38]). 

ElPEflJIOKEHHE 2.7.13 IIpu ecex I £ {-1, -2, -3, . . .}, n G Z 

= c(/)a(/,n)z n , 



(2.7.25) 



a 



(Z,n) = g-( 2m )" < 



n-l 

n 

.7=0 

1, 
n— 1 

n 

U=° 



q-(n-l-j-i) _qn-l-j-i 

a -(n+l-j)_ a n+l-j 1 



q -{n+l+j+\) _ q n+l+j+l 
a -(n-l+j)_ a n-l+j 1 



n > 0, 

n = 0, 
n < 0. 



(2.7.26) 



/JoKasaTejibCTBO. ^ocTaTOMHO paccMOTpeTb cjiy^aii / ^ Z. Kax cjie^yeT 

H3 JieMMbI 2.5.19, npH / ^ Z CyiU,eCTByeT H eflHHCTBeH TaKOH H30MOp(|)H3M U q sl2- 

MOflyjieii Ai : C[5P]g ' ^ — » C[5P]^, mto A/ 1 = 1. Hcnojib3y5i HBHbift bh^ 

H30MOp(J)H3MOB 9THX t/^S^-MOflyjieft H MOflyjieft OCHOBHOH ccpepHMecKoft cepHH, 

HeTpyflHO noKa3aTb, mto Ai z n = a(l,n)z n npn Bcex n G Z. 

H30MOp(J)H3M [/ g S[2-MOflyjieft C[5D]g ' ^ — > C[5P]^ eflHHCTBeH C TOM- 

HOCTbio flo MHCJiOBoro MHO>KHTeji5i. SiiaMHT, H3 npefljio>KeHH5i 2.7.12 cjieflyeT 
paBeHCTBO // z n = const(/) a(Z, n) z n . OcTaeTca noxasaTb, mto const(/) = c(l), 
to ecTb flOKa3aTb paBeHCTBO I\ 1 = c(/). Ho, Kax cjie^yeT H3 (2.7.24), 

(g^;g 2 )fc(g^;g 2 )fc .2(2mb- 



k=o 



(q 2 ;q 2 )k(q 2 ;q 2 )k 



-q 



= 201 



^ % l ^ 21 2 2(2i+l) 

o ) y 5 y 
y 
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Hcnojib3y5T g-aHajior (2.5.68) (popMyjibi Taycca h onpeflejiemie (2.5.42) (pyHK- 
d,hh c(l), nojiy^aeM: 

(9 2 ;9 2 )oo(9 2<2,+1 >;« 2 )oo ( >- 



CJlEflCTBHE 2.7.14 IIpu -1 < / < spjuumoea cfiopMa 

(/i,A)( = / AP)(/-f-i/i)(e*)|[ (2.7.27) 



e C[<9D]^ MGAMemcM noAootcumeAhHou u UqSUi^-UHeapuaHmHou. 

/]^OKa3aTejibCTBO. Pfe onpeflejiemifl t/gS^-MOflyjieft C[5P]^ 1 1 \ C[<9D]^ 
h H3 npefljio>KeHH5i 2.6.10 BbiTexaeT t/gSU^i-HHBapiiaHTHOCTb nanyTopajiiraeft- 
hoh (popMbi C[5P]g ? ^ x C[<9D]g^ — > C, onpeflejiaeMoii paBeHCTBOM 

</i,/2>, = / h^Me' 6 )^. 



^pyrHMH CJIOBaMH, /l, /2>Z = (/l,£*/2>i npH BCex£ G C/gSUi,i. 3HaMHT, 9p- 

MHTOBa (popMa (2.7.27) aBjiaeTca L^sui i-HHBapnaHTHOH. OcTaeTca BOcnojib30- 
BaTbca paBeHCTBaMH (2. 7. 13), (2. 7. 26) fljra flOKa3aTejibCTBa ee nojio^KHTejibHO- 

CTH. □ 

^onojiHHTejibHoft cepneft Ha3biBaiOT mhojkgctbo npocTbix yHHTapH3yeMbix 
C/gSU^i-MOflyjiefi C[5D]? } c -§ < / < 0. 

AHajiorHMHO flOKa3biBaeTC5i yHHTapH3yeMOCTb C/gSU^i-MOflyjieft C[<9D]!^ 
npn Iml = ±2]^— -ry. CcpepHMecKoft CTpaHHoft cepneft Ha3biBaiOT MHCc-Ke- 
ctbo npocTbix yHHTapH3yeMbix U q 5U\ ^-Mopy Jien C[<9D]^ c Im/ = 2 iog(<?- 1 ) H 
Re / > 0. 

3AMEHAHHE 2.7.15 9th cepHH BMecTe c ochobhoh yHHTapHoft ccpepHHecKoft 
cepneft 

C[dBW, Rel = -l k 0<Im/< 



2 " " 21og(gr 1 )' 
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h TpHBHajibHbiM L^SU^i-MOflyjieM C o6pa3yK)T nojiHbift cnncoK npocTbix ccpe- 
pH^ecKHx yHHTapH3yeMbix L^su^i-MOflyjieft, cm. pa6oTy Byp6aHa h KjiHMbiKa 
[126], rfle npHBefleH nojiHbift ciihcok npocTbix Becc-Bbix yHHTapH3yeMbix U q SUi^- 
MOflyjieii. 

IloKa>KeM, mto, Kax h b KjiaccHMecKOM cjiy^ae q = l, c-(pyHKu,H5i XapHin- 
MaHflpbi B03HHKaeT npn H3yMeHHH acHMnTOTHKH \z\ — > 1 C06cTBeHHbIX cpyHK- 
d,hh HHBapHaHTHoro JlaiuiacHaHa \3 q . 3to oGT^CH^eT noflBjieHHe c-(pyHKi],HH b 
cpopMyjie fljifl Hflpa HHTerpajiBHoro onepaTopa (A — D,?) -1 h, cjieflOBaTejiBHO 
[40, CTp. 77], b cpopMyjie (2.5.41) fljiH Mepbi IljiaHniepejiH. 

Bo-nepBbix, KaK noKa3aHO b nyHKTe 2.5.4, (pyHKinM 



= 302 



^ q -2l ^2(1+1) 

2 n ; ^ 



x = (1 - 



5iBji5ieTC5i co6cTBeHHoft (pyHKu,Heft onepaTopa d q Q \ OTBeMaiomeft co6ctb6hho- 
My 3HaMeHHio (2.5.45). KpoMe Toro, 3^(1) = 1. Bo-BTopbix, KaK noKa3aHO b 

2tt 

nyHKTe 2.6.4, o6o6m,eHHa5i (pymcipifl ip(x) = J Pi + i(z, e te )f(e l9 )^ aBjiaeTca 

o 

co6cTBeHHoft (pyHKu,Heii onepaTopa c TeM me co6cTBeHHbiM SHa^eHHeM h 
paBHa 1 npn x = 1. SHa^HT, 

2tt 



= J Pi + i(z, e id )f(e i0 ) 



de 

2it' 





3to - g-aHajior xoponio H3BecTHoro HHTerpajibHoro npe-flCTaBjieHM ccpepHne- 
ckoh (pyHKu,HH [86, CTp.54]. 

riPEflJlO>KEHHE 2.7.16 1. JJpu Rel > -\ 

iy(2/ + i) 

^2 



lim x $i(x) = , 



2. n P u Rel < -\ 



Inn x l+1 ^(x) = F 2 a (_Q 
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,HoKa3aTeji£>CTBO. CooTHOineHne <$>i(x) = no3BOji5ieT orpaHH- 

MHTbCH cjiy^aeM Re / > — \. 3aMeH5ra b (2.5.72) q, 6, c, z Ha q 2 , q~ 21 , q~ 2l ~ 2n . 



-,2l+2 



cooTBeTCTBeHHO, nojiynaeM 

2n 



(q- 2n ; q 2 \ 



■ 201 



q J 9 2 2(Z+1) 



-2nZ (9 



2(Z+1).„2 



,r)oo 



ivo 



/oo 



-2(/+n) 



-2/ 



59 ,9 



CorjiacHO g-6HHOMHajibHOH (popMyjie (2.5.64) 



Q ; g 2 , g 2 ( 2m ) 



/oo 



, -2n M 2{l+l \q 2 )oo (q 2{l+1 hq% 

(q 2 ;q 2 U {q 2 ^ 2l+1 \q 2 )J 



Mq~ 2n ) ~ q 



h ocTaeTca BOcnojib30BaTbC5i onpeflejieHneM g-raMMa-cpyHKipra. 
3to flOKa3aTejiBCTBO HaM coo6ihhji Jl. H. KoporoflCKHft. 



□ 



176 



3 OCHOBbI KBAHTOBOM TEOPMM 



OrPAHMMEHHblX CMMMETPMMECKMX 



OBJ1ACTEM 



3.1 CBO^Ka H3BeCTHbIX pe3yjIbTaTOB O KBaHTOBBIX yHH- 

BepcajibHBix o6epTtiBaioiii,Hx ajire6pax 

3.1.1 Ajrre6pbi ^pHHcpejib/ja-^^HMGo. Oahhm h3 caMbix H3BecT- 
hmx pe3yjibTaTOB MaTeMaTHKH 20-ro ctojigthh 5iBji5ieTC5i nojiyMeHHafl 3. Kap- 
TaHOM KjiaccH(pHKau,H5i npocTbix KOMnjieKCHbix ajire6p JIh [85, 83]. C tom- 
HOCTbio flo H30Mop(pH3Ma ohh onpefleji5iK)TC5i cbohmh MaTpnnaMH KapTaHa 
a = (aij)ij=i t 2,...,i, nojiHbiii ciihcok kotopmx npnBefleH b [14]. Ka^Kflaa Taxaa 
MaTpHu,a a Hepa3jio^KHMa, aBjiaeTca nejiOMHCjieHHoii h an = 2, a^ < npn 
i j. KpoMe Toro, fljra HexoTopbix Mnceji di > 0, i = 1,2,...,/, MaTpnna 
b = (diaij)ij = i£,...,i nojio^KHTejibHO onpeflejieHa. 

B flajibHeiinieM Mncjia di 6yzryT Bbi6npaTbC5i HaTypajibHbiMH h B3anMHO 

npOCTblMH. 

IlpocTyio KOMnjieKCHyio ajire6py JIh g c MaTpHneft KapTaHa a moxho 
onncaTb c noMom,bio o6pa3yioiHHx h cooTHonieHHH. IlpHBefleM Taxoe onncaHHe 
npHMeHHTejibHO k yHHBepcajibHoft oGepTbiBaioineft ajire6pe Ug [186, CTp. 51]. 
Ee moxho 3aflaTb o6pa3yioiHHMH {Hi, Ei, i^}i=i,2,...,z h cjie,zryioiHHMH onpefle- 

JIHIOIHHMH COOTHOIIieHHHMH: 



HiHj — HjHi = 



EiFj — FjEi 




npn i, j = 1,2, . . . 




H%Fj FjHi — ciijFj 



m=0 V 7 



^ = o, 



m=0 ^ 7 



F 7 i*» = 
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npn % ^ j. 

yHHBepcajibHaH o6epTt»iBaioiii,a5i ajire6pa Ug 5iBji5ieTC5i ajire6poft Xon(pa 
c KoyMHO>KeHHeM A: 



A(Hi) = Hi®l + l®Hi, A(Ei) = Ei®l + l®Ei, A(F t ) = F 2 ®1 + 1®F,, 



Ajire6py JIh q mwkho OTCc-KflecTBHTb c noflajireGpoft J1h, nopo>KfleHHOH mho- 

JKeCTBOM {H h E h Fi} i= i } 2,...,l- 

riepeiifleM k iioh5ithio KBaHTOBoii yHHBepcajibHoii o6epTbiBaK)m,eH ajire6- 
pbi, cjiefly5i oGoaHaMeHHHM pa6oT [255, 139, 295, 186, 123]. 3t& ajire6pa Xon(pa 
BBefleHa B. ^JpHHCpejibflOM h M. ^jkhmGo b cepeflirae 80-x roflOB b cym,ecTBeHHO 
6ojibineii o6iu,hocth, ^eM onncaHO nmme. 

IlycTb a = (aij)ij=i t 2,...,i - MaTpHD,a KapTaHa npocToft KOMiuieKCHoft aji- 
re6pbi JIh h q 6 C - Taxoe HeHyjieBoe KOMnjieKCHoe mhcjio, mto q 2dl 1 
npn Bcex 1 = 1,2,...,/. Ajire6pa U q Q onpe,a,eji5ieTca cbohmh o6pa3yioiHHMH 
{K h K^ 1 , Ei,Fi} i= i2,...,i h cooTHonieHHSMH: 



KoeflHHHD,eft £ h aHTHnoflOM S: 



e(H t ) = e(Ei) = e(F t ) = 0, 
5(^0 = -^, S(Ei) = -E h S(F i ) = -F i , 2 = 1,2,...,/. 



KiKj = KjKi, KiK^ = K~ Ki 



= 1 





(3.1.2) 



(3.1.3) 



(3.1.4) 



rfle q l = 



\ 1 < i < I, 



m 



,n 



q 



—n 



[n] q \[m - n] q \ 



[n] ff ! = K...[2] ff [l] ff , [n] q 



q-q 



-l 



(3.1.5) 



n 

L J q 
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,HoKa3biBaeTC5i [186, rjiaBa 4] cyinecTBOBaHne h eflHHCTBeHHoerb Taxoii 
CTpyKTypbi ajire6pt»i Xoncpa b U q Q, hto npn Bcex i = 1, 2, • • • , / 

A(Ei) = Ei®l+Ki®E h A(Fi) = Fi®K7 l +l®F h A{K,) = K,®K U (3.1.6) 

e(Ei) = e(F$ = 0, = 1, 

5(£?0 = -K^E,, S(Fi) = —FiKi, S(K t ) = Kr\ (3.1.7) 

B MacTHOM cjiynae / = 1 nojiynaeM ajire6py XoiKpa U q si2, b TepMimax 
KOTopoft 6biJia onncaHa chmmctphh KBaHTOBoro Kpyra b rjiaBae 2. KaK h b 
9toh rjiaBae, mm b flajibHeftnieM orpaHHHHMCH nacTHMM cjiynaeM q 6 (0,1). 
TojibKO TaKHe q B03HHKaK)T b HHTepecyiomHx Hac sa^anax HeKOMMyTaTHBHoro 
KOMnjieKCHoro aHajiH3a. 

KaK h b cjiynae 1 = 1, onpeflejiaioiHHe cooTHonieHHH fljin Ug MoryT 6biTb 
nojiyMeHbi H3 cooTHOineHHii /^pHH(pejibfla-^>KHM6o noflCTaHOBKoii 

Ki = qf\ K~ x = q^ Hi , z = l,2,...,/ (3.1.8) 

h (popMajibHMM npeflejibHMM nepexoflOM q — ► 1. 

3.1.2 BecoBbie HanoMHHM HexoTopbie itohhthh TeopnH 

ajire6p J1h [51]. PaccMOTpnM npocTyio KOMnjieKCHyio ajire6py JIh paHra I, 
3aflaHHyio o6pa3yK)m,HMH {Hi, E{, i^}i=i,2,...,/ h xoponio H3BecTHbiMH onpefle- 

JIHIOIHHMH COOTHOHieHHHMH , CM. npeflblflyiHHH nyHKT . 

JlHHeftHyio o6ojiOHKy f) nonapHO KOMMyTHpyromnx sjieMeHTOB 

{^/j}j=i,2,...,/ Ha3MBaiOT KapTaHOBCKoii noflajireGpoft, sjieMeHTM GnopToroHajib- 

Horo 6a3Hca {uJj}j=i,2,...,i b f)* (pyHflaMeHTajibHMMH BecaMH, a a6ejieBy rpynny 
l 

P = ^ ZcJi - penieTKoii BecoB. 

i=i 

BemecTBeHHan jiHHeimaH o6ojiOHKa (pyHflaMeHTajibHbix BecoB o6o3HaHaeT- 
ch f)j^. Ka^KflOMy A 6 f)| OTBenae-T CTpoxa (X(H\), A(i?2), • • • , ^(Hi)) hhcjiobmx 
OTMeTOK Beca A, neM ycTaHaBjiHBaeTCH H30Mop(pH3M Pjjjj = M. 1 . 

JlHHeiiHbiH (pyHKD,HOHaji A Ha () Ha3MBaK)T BecoM npe-flCTaBjieHHH tt aji- 
re6pbi JIh g, ecjin fljin HeKOToporo HeHyjieBoro BeKTopa v 
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ynacTByioinHH b 9tom paBeHCTBe o6iu,hh co6cTBeHHbift BeKTop v onepaTopoB 
7r(£) Ha3biBaiOT BecoBbiM BeKTopoM Beca A. 

HeHyjieBbie Beca npHcoeflHHeHHoro npeflCTaBjieHHH ad^ = [£, •] ajire6pbi 
Jin g Ha3biBaiOTC5i kophamh, a OTBenaromne hm BecoBbie noflnpocTpaHCTBa - 
KopHeBbiMH noflnpocTpaHCTBaMH. JlnHeiiHbie (pyHKnnoHajibi 

i 

a j = ^2 a% ^ 1 J = 1, 2, . . . , / (3.1.9) 

i=i 

HBJIHIOTC5I KOpHHMH, nOCKOJIbKy [Hi, Ej] = CLijEj. Hx Ha3bIBaiOT npOCTblMH 

KopHHMH, h, Kax cjieflyeT H3 o6paTHMOCTH MaTpHu,bi KapTaHa, ohh o6pa3yiOT 
6a3HC BeKTopHoro npocTpaHCTBa f)j^. 

i 

Bee kophh npHHaflJie>KaT rpynne Q = ^Zc^, Ha3biBaeMoft peineTKoft 

/ i 

KopHeft. Hcnojib3yiOTC5i o6o3HaneHHH 

i i 

p + = X z +^-> q+ = ^2 z + a j- 

3=1 3=1 

BeKTopHoe npocTpaHCTBO f)j^ HaflejiniOT OTHOineHHeM nacTHHHoro nopafl- 
Ka, nojiaran A' > A" ecjin h TOJibKO ecjin HeoTpHnaTejibHbi Bee KoopflHHaTbi 
BeKTopa A' — A" b 6a3nce cki, ct2, ■ ■ ■ , oli- 

IlycTb n + , n - noflajire6pbi JIh, nopo>KfleHHbie MHO>KecTBaMH 
{El, E21 ... i Ei} H F21 • • • 1 Fi] 1 cooTBeTCTBeHHO. IloflnpocTpaHCTBa n 5ib- 
ji5iK)TC5i ad^-HHBapnaHTHbiMH fljifl Bcex ^ G (). Pa3jio>KeHHK) g = n © f) © n 
OTBenaeT pasjicoKeHne MHCOKecTBa KopHeii $ b oG^eflMHeHHe nc-flMHCOKecTBa 
nojio>KHTejibHbix KopHeii n nc-flMHCOKecTBa $ OTpnnaTejibHbix KopHeii. One- 

BHflHO, II = {ai, Q!2, • • * , a/} C $ + . 

Mcokho noKa3aTb, mto Bee KopHeBbie noflnpocTpaHCTBa c-flHOMepHbi n mto 
cpeflH KopHeii ecTb HaH6ojibiHHH. 

riepeftfleM ot ajire6p JIh k rpynnaM. PaccMOTpHM npocTyio a(p(pHHHyio 
ajire6paHHecKyio rpynny G c ajire6poft JIh g. PeuieTKa BecoB ee paniiOHajibHbix 
npeflCTaBjieHHii KaHOHnnecKH H30MopcpHa noflrpynne XL, 3aKjiK)neHHon Me^Kfly 
Q h P: Q C XL C P. Ilapa (9, XL) onpeflejraeT rpynny G c TOHHOCTbio flo 



180 



H30MopcJ)H3Ma [84, CTp. 312]. /JpyrHMH cjiOBaMH, G onpeflejiaeTca c TOHHOCTbio 
AO H30MopcpH3Ma napoft (a, £), r^e a - MaTpnija KapTaHa ajire6pbi Jim Q. 

riepeiifleM k KBaHTOBbiM rpynnaM. Mo^yjib V h&r ajire6poii U q g Ha30BeM 
XL-BecoBbiM, ecjin 

V=®V X , V x =\veV K i v = qf i v, i = 1, 2, . . . , z) , (3.1.10) 

I 

rfle A = ^2 XjUJj. HeHyjieBoe cjiaraeivtoe V\ b stom pa3jio>KeHHH Ha3biBaiOT 
i=i 

BecoBbiM noflnpocTpaHCTBOM Beca A. riojiHaa noflKaTeropna KOHenHOMepHbix 
£-BecoBbix U q Q-MOffyjieR (HaflejieHHaa HexoTopbiMH flonojiHHTejibHbiMH CTpyx- 
TypaMn) nrpaeT pojib KBaHTOBoft ajireGpaHMecKoft rpynnbi G [123]. 

riPHMEP 3.1.1 ripHcoeflHHeHHoe npeflCTaBjiemie ajire6pbi Xon(pa U q g onpefle- 

jiaeTCH paBeHCTBOM ad(£) ij = Yl^S r fl e = ®£j i H nafleji5ieT 

j ^ i 

U q Q CTpyKTypoft BecoBoro U q Q-MOj\yjin: U q g = ®{U q g)\. 

Tpe6oBaHne £ C P mo^kct OKa3aTbC5i cjihhikom orpaHHMHTejibHbiM. Ocjia- 
6hm ero. Kax h b nyHKTe 2.3.4, BecoBbiM U q g-Mop,yjieM 6yfleM Ha3biBaTb U q Q- 
MOflyjib, yflOBjieTBopaiomHii ycjiOBHio (3.1.10) c £ = fjjjg = M. 1 . 11 PaBeHCTBOM 
Hi\y x = Ai BBOflHTCH jiHHeftHbie onepaTopbi Hi b 1/, fljisi KOTopbix 

Kf x v = qf Hi v, veV. 

IlojiHaa noflKaTeropna BecoBbix U q g-Mopy jieii 3aMKHyTa OTHOCHTejibHO 
nepexofla k noflMOflyjraM, 12 cpaKTop-MOflyjiHM h TeH3opHbiM npoH3Be,a,eHH5iM. 
Ka^Kflbiii U q Q-MOffyjib o6jiaflaeT HanGojibinHM BecoBbiM noflMOflyjieM, mto no3- 

BOJI5ieT BBeCTH IIOHflTHe flBOHCTBeHHOrO BeCOBOrO UqQ-MOpjJlft. HMeHHO, ecjin 

v = 0y A ,To v* = ®(v x y. 

X A 

I 

Ka^KflOMy ajieMeHTy A = ^ UiOn penieTKH KopHeft Q conocTaBHM sjieivieHT 



K X = K^K?---K 



11 KoHe x iHOMepHbie BecoBbie U q Q-Mopjjm o6mhho Ha3MBaiOT U q g-MopjjiRMm Tiina 1 [186]. 
12 Cm., HanpHMep, [51], npefljioJKeinie 1.5 
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noflajire6pt»i U q fy. H3 onpeflejieHHH ajire6pbi U q Q cjieflyiOT paBeHCTBa 

K x KjK? = K h K X E 3 K X 1 = q^Ej, K x FjK? = qJ^Fj. 

Il0Ka>KeM, MTO aBTOMOp<pH3M S 2 ajire6pbl U q Q 5IBJI5ieTC5I BHyTpeHHHM. KaK 

cjieflyeT H3 (3.1.7), 

S\Kf) = Kf\ S\E j )=qfE h S\F j )=q]F j , j = l,2,...,Z. 

3HaMHT, 

St 2 ® = K- 2p ZKli p , £etf fffl , (3.1.11) 

rfle 

1 1 

P= 2 S ^ = X^ 

{3 e <f>+ i=l 

(nocjieflHee paBeHCTBO xoponio H3BecTHO, cm. [14, CTp. 210]). 

PaccMOTpHM BecoBoft U q Q-MOffyjib V h OTBe^aiomee eMy npeflCTaBjieHHe 

7T. ripeflJIOJKeHHe 2.4.1 H paBeHCTBO (3.1.11) II03BOJI5nOT SaKJIIOHHTb, mto jih- 
HeftHblft (pyHKD,HOHajI 

tr q A = \z{Ak{K- 2p )) (3.1.12) 
Ha t/qg-MOflyjibHofi ajire6pe End/(y) jiHHeftHbix onepaTopoB KOHe^Horo paHra 

B V 5IBJI5ieTC5T HHBapHaHTHbIM HHTerpajiOM. 

JlHHeiiHbiH (pyHKu,HOHaji tr q Ha3biBaK)T g-cjie-flOM. Tpe6oBaHne (2.4.2), one- 

BHflHO, BbIIIOJIH5TeTC5i: A(K-2p) = ^-2p <8> K-2p, £{K-2p) = I- 

3.1.3 MoHOMHajibHfcie 6a3HCt>i. PaccMOTpHM ajire6py Xoncpa U q g 
n noflajire6pbi Xoncpa (7 g f), U q n + , U q n~ , nopo^KfleHHbie MHO>KecTBaMH 

{^ 1 }i=l,2,...,/, {^}i=l,2,..,Z, {i ? i}i=l,2,...,i, COOTBeTCTBeHHO. 

IlocTpoHM MOHOMHajibHbie 6a3HCbi BeKTopHbix npocTpaHCTB UqXV^. 3to 
npHBefleT k 6a3ncaM U q Q, nocKOJibKy mohomh {K^K^ 2 ■ ■ ■ Ki}j 1 ,j2,-,jiez °6pa- 
3yK)T 6a3HC U q \) n jiHHeftHbie OTo6pa»:eHH5i 

U q xC <8) £/gf) <8) c7 g n + — > t7 g g, u~ <8) w° <8> w + u~u°u + , 

U q n + <g> £/gf) (8) £/gti _ — > Z7 g fl, w + (8) w° <8> w~ u + u°u~ 
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5TBJI5TIOTC5I H30M0p(|)H3MaMH BeKTOpHblX npOCTpaHCTB [186, CTp. 66]. 

Kax cjieflyeT H3 TeopeMbi nyaHKape-BnpKrocpa-BHTTa [16, CTp. 28], b 
KjiaccHnecKOM cjiynae q = 1 MOHOMHajibHbie 6a3HCbi BeKTopHbix npocTpaHCTB 
Uvi^ moxho nojiy^HTb c noMOinbio 6a3HCOB b xi^, HanpHMep, c noMOinbio 6a- 

3HCOB KOpHeBblX BeKTOpOB. IIojiyHHM (/-aHajIOrH 9THX 6a3HCOB. 

Ilpe>Kfle Bcero, BBefleM b paccMOTpeHne rpynny Beiijra. HaflejiHM f)^ cxa- 
jiapHbiM npoH3BefleHneM 

(a h aj) = didij, z, j = 1,2, . . . ,Z. (3.1.13) 

Kax cjieflyeT H3 (3.1.9), 

(ui,aij) = diSij, i,j = 1,2, ... ,1. (3.1.14) 

BBefleHHoe CKajiapHoe npoH3BefleHne flocTaBjraeT H30MopcpH3M 

2a- 

f) R ^J&, ^, (3.1.15) 

n03BOJI5IIOIII,HH OT05KfleCTBHTb f)R C 

JlnHeiiHbie onepaTopbi Si : A i— > A — A(i^)c^ b nojiyneHHOM eBKjiHflOBOM 
npocTpaHCTBe 5tbji5tiotc5i OTpa^KeHHSMH OTHOCHTejibHO rHnepnjiocKOCTeii, op- 

TOrOHajIbHblX npOCTbIM KOpH5TM OL{. /^eiiCTBHTejIbHO, H3 paBeHCTBa Cti(Hi) = 2 

cjieflyeT, mto = id, a h3 paBeHCTB 

(s l (a J ),a k ) = dja jk - a lJ d l a ik = dja jk - a ik djaji = (a j ,s l (a k )) 

BbiTexaeT opToroHajibHOCTb onepaTopoB s^. 

Tpynnoft BeftjiH Ha3biBaiOT rpynny W o6paTHMbix jinHenHbix onepaTopoB 

B nopOJKfleHHyiO npOCTblMH OTpa>KeHH5IMH Sl, S2, . . . , si. 

3AMEMAHHE 3.1.2 HeTpyflHO noKa3aTb, mto KOHe^Hoe noflMHOJKecTBO <£> C E 
aBjiaeTca (a6cTpaKTHoii) CHCTeMoii KopHeii, to ecTb nopo>KflaeT Fjj^ h 

1. s a (/3) G <£> npn Bcex a, (3 G <£>; 

2. s a (/?) -/?£Za npn Bcex a,/? 6 $, rpp s a (A) = A - 2^^. 
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OnpeflejifliomHii ciihcok cooTHOineHHft Me>Kfly o6pa3yioiHHMH S{ rpynnbi 
W HMeeT BHfl [14, cTp. 116, 184] 

s? = l, (s iSj ) m « = l, i^j, 



rfle 



rriij = < 



2, ecjiH dijdji = 



3, ecjin dijdji = 1 



4, ecjiH a^-a^ = 2 



6, ecjiH dijdji = 3. 



PaccMOTpHM ajieMeHT wo MaKCHMajibHoft fljiHHbi rpynnbi VF. Bbi6epeM ero npn- 
BefleHHoe pa3Jio>KeHHe 

wq = s ll s l2 s l3 . . .s lM , (3.1.16) 

to ecTb pa3jio>KeHHe, fljia KOToporo M paBHO fljiHHe wq. Eivty OTBenae-T otho- 
ineHne jiHHeiffloro nopaflxa Ha MHO>KecTBe nojicoKHTejibHbix KopHeii <f> + 



(3 1 = a n , p 2 = s ll {a l2 ), 



Pm = s h s i2 . . . s JM _ 1 (a JM ), (3.1.17) 



cm. [14, CTp. 196 - 197]. MtoGm nojiynnTb g-aHajiorn KopHeBbix BeKTopoB 

Ep i: Efo, . . . , Ep M , OTBeHaiOIII,HX 9THM KOpH5TM, BOCnOJIb3yeMC5I BBefleHHblMH 

JliocTHroM b [255] aBTOMopcpH3MaMH Xi, T2, . . . , T\ ajire6pbi U q Q. Hx fleiicTBHe 
Ha o6pa3yK)Hj,He onncbiBaeTca cjieflyioiHHMH paBeHCTBaMn: 

Ti{Kj) = KjK7 a ^ (3.1.18) 

T^Ei) = —FiKi, Ti(Fi) = -K^Ei, 



(_i ) s a ~ r 



r+8=-ai 

PaccMOTpHM npHcoeflHHeHHoe npeflCTaBjieHne ajire6pbi Xoncpa U q g. H3 (3.1.18) 
cjieflyeT, hto aBTOMop(pH3Mbi Ti nepecTaBji^ioT BecoBbie noflnpocTpaHCTBa: 
Ti(U q Q)x = (U q Q) a .(\), rfle 

(U q g)x ={te U q g I KitKr 1 = , A = (A 1? A 2 , . . . , A,) e Z l . 
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KaK nOKa3ajI JIlOCTHr, 9TH aBT0M0pCpH3MbI yflOBJieTBOpfllOT COOTHOIIieHHHM KOC 

TjTjTj • • ^ = TjTjTj • • -j i ^ j 

(hhcjio coMHO^KHTejieii b Ka^Kfloii H3 MacTeii paBeHCTBa paBHO m^). 
OnpeflejiHM "g-aHajiorH KopHeBbix BeKTopoB" paBeHCTBaMH 



TiiTi 2 Ti 3 . . . Ti k l (E ik ), k > 2 
E h , k = 1 



TiiTi 2 Ti 3 . . . Ti k l (Fi k ) , k > 2 

fc = 1 ' 

CjieflyiomHii pe3yjibTaT Tax^Ke npnHafljie>KHT JliocTHry. 

IIPEflJIOKEHHE 3.1.3 MOHOMU 

EftE* . . . Efc, hi hi ...iJ M e Z + , (3.1.19) 
o6pa3yTom 6a3uc e U q n + , a mohomu 

mtl--- F k> ji,j2,...,j M £Z + , (3.1.20) 
o6pa,3ywm 6a,3uc e U q n . 

B 3aKjiiOTeHHe npHBefleM KOMMyTau,HOHHbie cooTHOineHM, nojiyMemibie 
JleBeHflopcKHM h Coii6ejibMaHOM [143, CTp. 67-68]. 

ElPEflJIOKEHHE 3.1.4 1. IIpu ecex i < j 

E Pt E Pi - q^E Pj E 0i = C' m (Q) " E m , (3.1.21) 

meZf 

FfiFp, - q-^F^ = ]T C£( g ) • F m , (3.1.22) 
gcte m = (mi, . . . , m M ), 

tl — tlo tlo ...Ilia . t — to to ...to . 

Pi P2 PM ' PM PM-1 Pi ' 

u KoatfxfiuiiueHmu C' m (q), C^(q) Mosym 6umb otuauhhu om nyAM Aumt 
npu mi = m.2 = . . . = mi = u rrij = rrij+i = . . . = vtlm = 0. 
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2. C' m (q) , C'miq) £ Q[q,q ], mo ecmt C' m (q) u C'^q) MGAMTomcM uoauho- 
mclmu Jlopana c pav^uouaAtHUMU K09$$uu,ueHmaMU. 

Hcnojib3y5i npefljicxaceHiie 3.1.4, HeTpyflHO HaflejiHTb ajire6py U q Q Taxoii 
(pHjibTpau,Hefi, mto b npHCoeflimeHHOH rpaflynpoBaHHoii ajire6pe 

KiKj = K 3 K % , KiKi i = K^Ki = 1, i = 1, 2, . . . , Z, 

E Pi E p . = Ep-Efr z = l,2,...,M, 
E Pi E p . = q&MEftEfr F Pt F Pj = q-^F p .F Pi , i < j. 

CJlEflCTBHE 3.1.5 [142] AA2e6pa U q Q sieAShemcH odAacmtK) v i eAocmHocmu. 

CjieflyK)m,ee yTBep^Kflemie BbiTexaeT H3 npefljio»:eHH5i 3.1.3 h H3 KBa3Hne- 
pecTaHOBOMHOCTH o6pa3yioiii,Hx npHcoeflHHeHHoft rpaflynpoBaHHoft ajire6pbi. 

CjlEflCTBHE 3.1.6 MOHOMU 

o6pa,3ywm 6a,3uc e U q n + , a mohomu 

F k F k---H M M> juh,...,jMeZ + , 

o6pa,3ywm 6a,3uc e U q n~ . 

3.1.4 yHHBepcajibHaa .R-MaTpjiija. IIpHBefleM o6o6iu,eHH5T pe3yjib- 
TaTOB nyHKTa 2.3.4, ncnojib3y5i o6o3HaMeHH5i 9Toro nyHKTa. 

PaccMOTpHM noflajire6pbi Xoncpa U q b + 7 U q b~ , nopo^KfleHHbie MHO^Ke- 
CTBaMH {Kf 1 , £?»}i=i,2,...,/, {Kf l , Fi} i= i2,...,u cooTBeTCTBeHHO. riojiHyio nofl- 
KaTeropnio BecoBbix jioKajibHO [7 g b + -KOHe x iHOMepHbix U q Q-Moj\yjieVi o6o3Ha- 
mhm C + , a nojiHyio noflKaTeropHK) BecoBbix JioKajibHO t/^b -KOHe^HOMepHbix 
UqQ-MORyjiePL- C . 

IlPEflJlOKEHHE 3.1.7 ([328, cmp. 946], [186, cmp. 114J). Cymecmeyem u 
eduHcmeeHHa manasi 6uAUHeunaH cfiopMa (•, •): U q b + x U q b~ — >• C, umo, 

F (a"^) = (£" ®£',Afa)) « (£,7/7/') = (A(£),»/ ® r/') npu ecerr 
e,r,r'et/,b+ rj,rj',rj" eU q b~, 



186 



2. (Kp, K v ) = q ^ npu ecex \i,v G Q, 

3. (E h Kf) = (K?\ Fj) = 0, (Ei, Fj) = i npu ecex z, j = 1, 2, . . . , I. 



IlepBoe ycjiOBne 03HaMaeT, mto GHjiHHeiiHaa (popMa (•, •) ocyinecTBjifleT 
cnapHBaHne ajire6p Xon(pa (U q b~) cop h £/ g b + . H3 npefljio^KeHna 3.1.8 cjieflyeT 
ero HeBbipo^KfleHHOCTb. 

HanoMHHM CTaHflapTHoe o6o3HaMeHHe fljia BecoBbix noflnpocTpaHCTB 

(U q n ± )x = {t€U q n ± \ ad(Ki) £ = £ £, i = 1, 2, ...,/} , 
rfle, Kax oGmmho, A = (Ai, A2, . . . , A/). OMeBHflHO, 

£fyi + = (U q n + ) x , U q n- = (U q rC) x . 

H3 onpeflejieHHH 6HjiHHeftHoft (popMbi (•, •) cne,zryeT, hto ee cy>KeHHe Ha 
{U q n~)^ x (U q n + )\ paBHO Hyjiio npn A + \x 7^ 0. Cjieflyroinee yTBepjKfleHHe 
flOKa3aHO b [186] CHa^ajia b npe,zrnojio)KeHHH o TpaHcneHfleHTHOCTH q, a iiotom 
fljiH Bcex MHceji q, He hbjihioihhxch kophhmh H3 eflHHHnbi, cm. [186, CTp. 105]. 

IiPEflJIOKEHHE 3.1.8 Cyotcenue 6uAUHeuuou cfiopMU (•,•) na (U q b~)-\ x 
(U q b + )\ Heeupoofcdeno npu ecex A G Q + . 

IlycTb {^i}^! - 6a3HC BecoBbix BeKTopoB b U q n + } a - 6nopToro- 

HajibHbiii 6a3HC BecoBbix BeKTopoB b U q n~: (r)i,£i) = 5ij. 

Ecjih V', V" - BecoBbie U q Q-Mopyjm h jih6o V E C + } jih6o V" G to 
KoppeKTHO onpeflejieH jiHHeiiHbiH onepaTop 



evy ■ V ® v" -+v® v", e v >,v» :v'®v" ® »7* 



v" 



i=i 



(npn Bcex i> ' <S> v" G V' <S> V" pnfl ^ ^i;' (g) t^u" oGpbiBaeTCH, h ero cyMMa He 

3aBHCHT ot Bbi6opa 6a3Hca BeCOBblX BeKTOpOB 

B 9thx npeflnojio»:eHH5ix paccMOTpHM jiHHeftHbift onepaTop b V <8> V" , 
onpeflejieHHbift paBeHCTBOM 

1 

- V r •,,</, (/,//, 7/y 
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rfle c = (cy)ij=i,2,...,i - MaTpmja, oGpaTHaa k b = (d i a lJ ) l j =1 ^..j. 

jiHHeftHbix onepaTopoB Ryy = <Jvv" Rv,V" flOKa3biBaiOTC5i yTBep- 
>KfleHH5i, flocjiOBHO noBTop5nom,He npefljio>KeHH5i 2.3.17, 2.3.18 h osHa^aiomHe, 
mto Ryy 5iBji5ieTC5i Q-aHajioroM onepaTopa nepecTaHOBKH TeH3opHbix comho- 
^KHTejieft. IlpHBefleM 9th yTBep>KfleHH5i. 

riPEflJlOKEHHE 3.1.9 1. PaccMompuM maKue eecoeue U q Q-Modyjiu V , V" , 
umo au6o y' G C + , au6o V" G C . JIuneuHuu onepamop 

Ryy ■ V <8> V" -> V" <g> V 
o6pamuM u mgamcthcm Mop<fou3MOM U q Q-ModyAeu. 

2. Ecau f : V' — > /" : V" — > VK" - Mop$u3MU eecoeux U q g-ModyAeu, u 
au6o V\ W e C+, au6o V'\ W" e C~, mo 

U"®f)-Rviy» = Rw>,w"-U'®f")- 

ElPEflJIOKEHHE 3.1.10 1. Ecau V , V , V" - eecoeue U q Q-ModyAu u au6o 
V',V" e C+, au6o V e C~ , mo 

Ry®v",v = [Ryy ® id]/") (idy ®Ryy)- 

2. Ecau V , V , V" - eecoeue U q g-ModyAu u au6o V G C + , au6o V' , V" G C , 
mo 

Rvy®v = (idy ®Rvy"){Rvy ® idy). 

3. JJam aw6o20 eecoeozo U q Q-ModyAM V 

Rv,c = Rcy = idy . 

riepeiifleM k o6o6m,eHHK) (popMyjibi (2.3.31) fljia yHHBepcajibHoii i?- 
MaTpHu,bi ajire6pbi Xoncpa U q sl2- Bbi6epeM npnBefleHHoe pa3jio^KeHHe sjieMeHTa 
wq G W MaKCHMajibHoft fljiHHbi rpynnbi BeftjiH. Bocnojib3yeMC5i ynacTByiomH- 
mh b (popMyjiHpoBKe npefljio»:eHH5i 3.1.3 g-aHajioraMH KopHeBbix BeKTopoB Ep., 
Fp., OTBe^aiomHMH STOMy npHBefleHHOMy pa3Jio>KeHHK). riycTb 

qp = q 2 , (3e<$> + . 
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PaccMOTpHM npoH3BefleHHe 



i 



/ \ ~ 2^ '-..'1,(1,11, it, 

R = 11 ex P(Z 2 - q p )Ep ® F p ) q , (3.1.23) 

C0MH0>KHTejiH KOToporo 3anHcaHbi b nopHflKe y6bmaHH5i HOMepoB KopHeft j3: 



ex P? ^ [(qpl - qp M )Ep M <g> F^J exp^ (fa^ - qf} M -i) E (3 M -i ® F Pm-i 



i 



• • exp^ - ^JE^ <g> J g ^ 



J] CijdidjHi^Hj 



IlPEflJlOKEHHE 3.1.11 [250], [211] Ilycmh V , V" - eecoeue U q g-ModyAU u 
jiu6o V G C + , au6o V" G C . JIuneuHuu onepamop e V ®V" , onpedeAMejwuu 
npaeou uacmbw paeencmea (3.1.23), paeen Ryy- 

Ba^KHbie flonojiHHTejibHbie CBoftcTBa yHHBepcajibHoft i?-MaTpHD,bi npHBe- 
fleHbi b pa6oTax C. XoponiKHHa h B. TojiCToro [207, 208]. 

3AMEHAHHE 3.1.12 H'3 paBeHCTB 

— {pt-ii ^j) — d{CLij — djttji 

h H3 onpeflejieHHH MaTpmxbi c = (cij)ij=i : 2,...,i cneflyeT, mto sjieMeHT 

i 

to = ^2 c l jd l d j H l <g> Hj 

aBjiaeTca KaHOHH^ecKHM 9jieMeHTOM b f) OTBeHaK)m,HM CKajrapHOMy npo- 
H3BefleHHio (•, •) b f)*: 

(\,ti) = \®ti(t ), \fjtel)*. (3.1.24) 
CjieflOBaTejibHO, fljiH jiio6bix BecoBbix U q Q-Mopjjiem V', V" h jno6bix hx Beco- 

BblX BeKTOpOB v' G Vj[, v" G V'^ HMeGT MeCTO paBeHCTBO 

q- to {v' <g> v") = q~ M v' <g> u". (3.1.25) 

ECJIH {Ij}j=l,2,...,l ~ OpTOrOHajIbHblft 6a3HC B f) = f)*, TO 



189 



Paccy>Kfla5i Tax me, KaK b nyHKTe 2.3.4, mwkho nepeftTH otCh MHCJiOBoro 
napaMeTpa q k TonojiorHnecKoft ajire6pe C[[/i]] c /i-aflnnecKoft TonojiorHeft. 
TonojiorHMecKa^ ajire6pa Xoncpa UhQ onpe,o,eji5ieTC5i cbohmh o6pa3yioinH- 

MH {Hi, X^}i=i2,...,l H COOTHOIIieHH5IMH '. 

HiHj — HjHi = 0, HiXf — X^Hi = ia^-X^, 

MHi/2 _ -dihHi/2 

y+ V — X X + — A - - 

v\ t v\j v\j v\ t u l3 /2 _ d . h/2 > 



l-a, ; 



E(-!)' 



,s=0 



1 &ij 



X?XfX? = 0, i^j, 



A(Hi) = Hi®l + l®H h A(X±) = Xf <g> e d * hH/4 + e -^ hH/4 <g> X±, 
e(#<) = = 0, S(Hi) = -H^ 

S(Xf) = -e ±d ^ 2 Xf, i = l,2,...,Z. 

3AMEMAHHE 3.1.13 9Ta ajire6pa Xoncpa Hafl C[[/i]] CBH3aHa c ajire6poft U q Q 
Hafl nojieM C cjieflyioiHHMH "3aMeHaMH o6pa3yioinHx h napaMeTpa flecpopMa- 
uhh": 

(3.1.27) 
(3.1.28) 



q = e- h '\ Kf l = e^W 2 , 



Tax >Ke, Kax b cjiy^ae U q Q, onpeflejiaiOTca cnapnBaHne (•, •) n cpopMajib- 
Hbiii pafl R no nepeMeHHoii /i c KOScpcpnnneHTaMH H3 Uq ® (70, Ha3biBaeMbra 
yHHBepcajibHon _R-MaTpHHeft. ripHMeHHH k KoacpcpHUHeHTaM SToro pHfla CTaH- 
flapTHbie Bjio»:eHH5i zi^, Zi,3, ^2,3 : (70 (70 ^ (700(700(70, nojrynaeM cpop- 
MajibHbie p^iflbi R 1,2 , i? 1 ' 3 , i? 2 ' 3 . AHajiorn npefljio>KeHHH 3.1.9, 3.1.10 BbiTeKaiOT 

H3 CJieflyroiHHX OCHOBHblX CBOHCTB yHHBepcajibHoft i?-MaTpHU,bi: 



A°v(0 = R-A(Z)-R-\ ZeU q g, 

(A®id)(R) = R 1 ' 3 ■ I? 2 ' 3 , 
(id<g)A)(i?) = i? 1 ' 3 -^ 1 ' 2 , 



(3.1.29) 

(3.1.30) 
(3.1.31) 
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rfle A op - npoTHBonojio>KHoe KoyMHO^KeHne, cp. c (2.3.35)-(2.3.37). ripoH3Be- 
flemie (3.1.23) Ha3biBaiOT MyjibTHnjiHKaTHBHoft (popMyjioft fljin yHHsepcajiBHoft 
-R-MaTpHu,bi [250, 211]. 

Tax me, KaK KaK b nyHKTe 2.3.4, bboahtch aHTHaBTOMop(pH3M r ajire6pbi 
U^Q, onpeflejiHeMBift paBeHCTBaMH 

r{Hi) = Hi, T(Ei) = e-^-Fi, r(F t ) = E,e^ , 

h flOKa3BiBaK)TC5i paBeHCTBa, o6o6iHaioiHHe (2.3.38): 

(S®S)R = R, (t®t)R = R 2 \ (3.1.32) 

rfle R 21 OTjinnaeTCH ot R nepecTaHOBKoii TeH3opHbix coMHO^KHTejieii. Cm. CTa- 
Tbio ^pHHcpejibfla [46, CTp. 34, 37]. 

H3 [46, npefljicc-KeHHe 4.2] cjieflyeT, hto npn 3aMeHe KoyMHO>KeHH5i Ha npo- 
THBonojicc-KHoe yHHBepcajibHaH i^-MaTpnna 3aMeHHeTCH Ha o6paTHyio. 

1 

3.1.5 MoflyjiH BepMa. IlycTb A = Yl ^j^j £ §r h Xx ~ oflHOMepHoe 

.7=1 

npeflCTaBjieHne ajire6pbi U q b + b bcktophom npocTpaHCTBe C: 

X x:K^^qf x % Xx:Ei ^0, i = l,2,...,Z. (3.1.33) 

PaccMOTpHM oflHOMepHbift U q b + -Mopjjib Ca, OTBeHaK)Hj,HH 9TOMy npefl- 
CTaBjieHHio, h onpeflejiHM MOflyjib BepMa M(X) Hafl ajire6poft U q g Tax me, 
Kax b KjiaccH^ecKOM cjiynae q = 1: M(A) = U q Q ®u q b+ ^x- 

3AMEHAHHE 3.1.14 Tpe6oBaHHe BeinecTBeHHOCTH HncjiOBbix otmctok Xj Beca 
A mo^kho 6buio 6bi OT6pocHTb, ho b HHTepecyroinnx Hac 3aflanax oho Bcerfla 

BbinOJIHHeTCH. 

IlycTb i\ - ecTecTBeHHoe BjiojKeHHe U q b + -Mopjjiew. 

z A :C A ^M(A), i x :z^l®z. 

J\jis. Jiio6oro U q Q-MOj\yj\5{ M h jno6oro MopcpH3Ma U q b + -Mopy jie& f : Ca — ► M 
cyinecTByeT h eflHHCTBeH Mop(pH3M U q Q-MOffyjie& f : M(A) — > M, ajih KOTopo- 
ro / = f • i\. 9to cbohctbo MOflyjiH BepMa M (A) Ha3biBaiOT ero yHHBepcajib- 

HOCTbK). 
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IlycTb v(X) = 1 ® 1. Moflyjib M(X) mcokho 3aflaTb c noMombio o6pa3yio- 
meft v(X) h onpefleji5iioiii,Hx cooTHOineHHii: 



E iV (X) = 0, Kf v{X) = %(A), z = l,2,...,Z. 
BecoBbie BeKTopbi 

vj(X) = FfcFfczl • • • FfcvW, J = fah, ...J M )e Zf , (3.1.34) 
o6pa3yiOT 6a3HC BeKTopHoro npocTpaHCTBa M(A) b cnjiy npefljiCG-KeHM 3.1.3. 

SHaMHT, M (A) - BeCOBOH UqQ-MOflJJlb C MHOJKeCTBOM BeCOB X~Q + H TSKHMH >Ke 

pa3MepHOCT5iMH BecoBbix noflnpocTpaHCTB, Kax b KjiaccH^ecKOM cjiynae q = 1. 
Hmchho, 

M 



dimM(A) A - M = card < (ji, j 2 , •••Jm)^ 



M 
+ 



i=l 



HanOMHHM, MTO MHO^KeCTBO BeCOB 5IBJI5ieTC5T MaCTHMHO ynOpflflOMeHHblM. Kax 

cjieflyeT H3 onpeflejiemift, M(A) aBjiaeTca L^g-MOflyjieM co CTapniHM BecoM A 
h oflHOMepHbiM CTapniHM BecoBbiM noflnpocTpaHCTBOM Gu(A). 
HaflejiHM HHBOjiionHeH 

{Kf l f = Kf\ Ej = KjFj, Fj = EjKj 1 , j = l,2,...,Z, (3.1.35) 

oGoGniarorueft (2.3.9). ilojiyneHHaH *-ajire6pa Xon(pa 5iBji5ieTC5i g-aHajiorc-M *- 
ajrre6pbi Xon(pa U q Qo ®r C, r^e Qo - KOMnaKTHaa Bem,ecTBeHHa5i (popMa npo- 
CToft KOMnjieKCHoft ajire6pbi JIh g [18, CTp. 24]. 

HanoMHHM hto mm He bkjiiohhjih Tpe6oBaHHe HeoTpHn,aTejibHOCTH b onpe- 

flejieHHe SpMHTOBOH (pOpMbl H HTO yCJIOBHe L^g-HHBapHaHTHOCTH SpMHTOBOH 
(|)OpMbI B M(X) HMdOT BHfl 

(£v'y) = (t/,£V'), v'yeM{X), ZeU qQ , 

cm. nyHKTbi 2.4.1 h 2.5.3. 

B M(A) cym,ecTByeT h eflHHCTBeHHa HHBapnaHTHaH spMHTOBa (popMa (•, •), 
fljra KOTopoii (i>(A), i>(A)) = 1, Kax jierxo noxasaTb, Hcnojib3yji H30Mop(pH3M 

BeKTOpHblX npOCTpaHCTB UqWT ®U q ^)®U q XV + ~ U q Q, OIIHCaHHblH b nyHKTe 3.1.3. 
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3tot H30Mop(|)H3M no3BOJi5ieT BBecTH b paccMOTpemie jiHHeftHbift onepaTop 

H3 b L^P) h nojiy^HTb paBeHCTBO (£t>(A), r]v(X)) = XA(h(r/*^)), cm. (3.1.33). 

BecoBbie noflnpocTpaHCTBa M(A) M MOflyjisi BepMa M (A) nonapHO opToro- 
HajibHbi. Ka^Kflbift ero co6cTBeHHbift noflMOflyjib 5iBji5ieTC5i BecoBbiM, opToroHa- 
jieH Cv (A) h, cjieflOBaTejibHO, coflep^KHTca b flflpe HHBapnaHTHOH spmhtoboh 

(|)OpMbI. 3HaMHT, 9TO flflpO if (A) 5TBJI5ieTC5I HaH6ojIbHIHM HeTpHBHajIbHbIM nofl- 

MOflyjieM MOflyjia BepMa M(A), (paKTopMOflyjib L(A) = M(X) / K(X) npocT h 
HaflejieH HeBbipo^KfleHHoii spmhtoboh cpopMoii, ajm KOTopoii 

3AMEHAHHE 3.1.15 HeTpyflHO flOKa3aTb, mto if (A) 5iBjiaeTC5i eflHHCTBeHHbiM 
noflMOflyjieM kohomhoh Kopa3MepHOCTH [7 g 0-MOflyji5i M(A). ^eftcTBHTejibHO, 
nycTb dim(M(A)/3C) < oo fljiH HeKOToporo noflMOflyjra C K(X). Y[en- 
TpajibHbie xapaKTepbi U q g-Mopjjiem M(X)/% h L(X) paBHbi. Cjie-flOBaTejibHO, 
UqQ-mojxyjYb M(X)/% KpaTeH L(X), cm. nyHKTbi 3.1.6, 3.1.8. KpaTHOCTb paBHa 
eflHHHu,e, nocKOjibxy dim(M(A)/3C)A < dimAf(A)A = 1. 3HaMHT, % = if (A). 

OneBHflHO, L(X) = M(A), ecjiH h tojibko ecjiH MaTpnija g(A, fi) nonapHbix 
CKajiapHbix npoH3BefleHHft (MaTpHD,a TpaMa) BeKTopos 



MX) 



M 



J={jl,j2,---, 3m) G Zf & ^ JiPi = V 



i=l 



HeBbipo^KfleHa npn Bcex fi G Q + . HMeeTca g-aHajior H3BecTHoro pe3yjibTaTa 
IIIanoBajiOBa [90]. 

riPEflJlOKEHHE 3.1.16 ([184, cmp. 129], [142, cmp. 484J) ^emepMunanm 
Mampuvfii rpajvia g(A, /j) c moHHoemtto do nenyAeeoso hucjiogoso mhooku- 
mejiM paeen 



*a nn 




(Ml (Ml 
m =i \ q 2 — q 2 



2de, kcik u npeotcde, qp = q 2 u [m] q/3 = ~~F^ 
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3AMEMAHHE 3.1.17 Ecjih A = X^j^j; ft = X^ n « Q; j) T0 > KaK cjieflyeT H3 

3 i 

(3.1.14), 

Xx {Kf) = q i =q - = q^K 

3to no3BOJi5ieT 3anncaTb fleTepMHHaHT MaTpnubi Tpaivia cjie-flyioiHHM o6pa30M 

, q (\+p-fp,P) _ -(X+p-f (3,(3) \ ,> (/'-'" J ' 

const - !_[ |M TIM 

m=l \ g 2 - g 2 

rfle const 7^ 0. 

CJlEflCTBHE 3.1.18 ModyAt Bepjua M(A) npocm, ecAU u moAtKO ecAU 
2( ^f } £ N npw ecea: /? G $+. 

3.1.6 I^eHTpajibHfcie ajieMeHTbi ajire6pbi U^ xt Q. B nyHKTe 3.1.2 
Ka>KflOMy A G Q 6mji conocTaBjieH ajieivteHT 

z 

= A^i^ 2 • • • K? 1 , X = Y1 aiai ' (3.1.36) 

i=i 

OneBHflHO, 

K\K^ = X A+M , X = 1. (3.1.37) 

Tax Kax (o!j,a!j) = e^a^-, to 

K\Ej = q^EjKx, K X F 3 = q-^FjK x . (3.1.38) 

PemeHHH HeKOTopbix sa^a^ Teoprai KBaHTOBbix rpynn ynpomaiOTCfl, ecjiH 
Hcnojib30BaTb ajieMeHTbi K\, OTBenaiomHe BceM A G P. B stom cjiynae hhc- 

Jia di B (3.1.36) 5TBJI5TIOTC5I paHHOHajIbHblMH, HO He 065I3aTejIbH0 UOJIblMH, HTO 

npHBOflHT k Heo6xoflHMOCTH pacHiHpHTb ajire6py Xoncpa U q Q. 

Cjieflya o63opaM [214, CTp. 281], [249, CTp. 73], BBe-fleM b paccMOTpemie 
ajire6py U^ xt g } onpeflejiaeMyio cbohmh o6pa3yiOHj,HMH 

E u F t , z = l,2,. ..,/; K x , AGP, 

H COOTHOHieHH5IMH, nOJiynaeMblMH H3 COOTHOHieHHH flJIfl U q Q 3aMeHoii (3.1.1) 

Ha (3.1.37), (3.1.38). OneBHflHO, U^q aBjiaeTca ajire6poii Xoncpa: 
A(K x ) = K x ®Kx, S(K x )=K-x, e(K x ) = 1, 
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a U q g ee noflajire6poft Xoncpa. 

Tax me, KaK b nyHKTe 3.1.2, bboahtch noHHTHe BecoBoro U^g-MORyjisi V: 

V = ®V^ V, = \veV K x v = q^v, AG?}. 

OMeBHflHO, KaTeropna BecoBbix U^g-MOffyjiem KaHOHH^ecKH H30MopcpHa KaTe- 
ropHH BecoBbix U q Q-MOffyjieR. /^onycKaa BOjibHOCTb pe^n, mo>kho CKa3aTb, mto 
ajire6paM U^g h U q g OTBe^aeT oflHa h Ta me KBaHTOBaa rpynna. 

OnnnieM u,eHTp ZiU^g) ajire6pbi U^g. JlnHeftHaa o6ojiOHKa [/^ xt f) mho- 
»:ecTB {K\}\ e p } h jiHHeftHaH oGojiOMKa ?7® ven [) mhtokgctb {K\}\ e 2p, hbjihiotch 
KOMMyTaTHBHbiMH no,i],ajire6paMH. JlnHeftHoe OTo6pa>KeHHe 

U q n~ ® t/, ext f) ® t/,n + -> /7 g cxt , £ ® 77 <g> C ^ 

6neKTHBHO (cp. c aHajiornMHbiM pe3yjibTaTOM b nyHKTe 3.1.3). 3to no3BOji5ieT 
BBecTH b paccMOTpeHHe jiHHeftHbift onepaTop 

rfle £ G £^n _ , 77 G £^ xt f), C £ U q n + . Tax >Ke, xax b KjiaccH^ecKOM cjiy^ae q = 1 
[42, CTp. 268], flOKa3biBaeTC5i, mto OTo6pa>KeHHe 7' aBjiaeTca roMOMopcpH3MOM 
ajire6p. 

HanoMHHM TeopeTHKO-npeflCTaBjieHMecKHft cmmcji 9Toro roMOMopcpH3Ma. 
riycTb z G Z(t/^ xt 0). Ajire6pa £/^ xt [) ecTecTBeHHO BKjiaflbmaeTCH b ajire6py 
cpyHKD,HH Ha f)^: 

A^^' A) , /iGP. 

IlpH 9tom Bjio>KeHHH sjieivieHTy 7' (2;) OTBenaeT (pyHKD,H5i, onHCbmaiomafl fleft- 
CTBHe z b MOflyjie BepMa M(A). BBe^eM H30MopcpH3M "cflBHra Ha njiycyMMy 

IIOJIOJKHTeJIbHblX KopHeft" 

r : Z U™% r : K? 1 - gfi^ 1 . 

Cjieflyroinee yTBep^KfleHHe HBjiaeTCH g-aHajioroM H3BecTHoft TeopeMbi 
Xapnin-MaHflpbi 06 onncaHHH neiiTpa ajire6pbi Ug [42, CTp. 269] h ncnojib- 
3yeT ecTecTBeHHoe fleftcTBHe rpynnbi b £7® xt (): 

wK A = f X^-ia, A G P, w eW. 
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riPEflJlOKEHHE 3.1.19 [328, cmp. 95 1[ OspaHuuenue zoMOMopcfiusjua 

7 = f T'-f' na Z(Uq Xt g) unneKmueno, u eso o6pa,3 coenadaem c nodcuise6pou ecex 

W -uHeapuanmHux ajieMewmoe aji2e6pu U^ ven ^. 

OnnnieM npHHafljie:>Kaiii,HH B. ^pimcpejibfly MeTOfl nocTpoeHHH sjieivieHTOB 
u,eHTpa ajire6pt,i U^q. 

H3 (3.1.24) cjieflyeT, mto H30Mop(pH3M, o6paTHbift k (3.1.15), HMeeT cjie- 
flyK)m,HH BHfl: 

ff^f), /ii->id<g)/i(*o) (3.1.39) 

IlycTb Hjj ero 3HaHeHHe Ha sjieMeHTe \i. Hcnojib3y5i o6o3HaHeHH5i nyHKTa 3.1.2 
h (3.1.15), nojiynaeM 

H — rl H K ±X — K ±l — n ±Hl — a ±Ha i 

n a . — a t ii t , j\ a . — j\ i — q i —q 

3HaHHT, 

K^ = q ±H -i, i =1,2,..., I. (3.1.40) 

3AMEHAHHE 3.1.20 IlycTb V - KOHeHHOMepHbift BecoBoft ?7^ xt 0-MOflyjTb h ny 
- OTBe^aiomee eMy npeflCTaBjieHHe ajire6pbi Uq Xt g. Kax cjieflyeT H3 (3.1.39), 
(3.1.40), sjieMeHT id<g>7Tv{q~ to ) ajire6pbi Uq Xt g <S> End V KoppeKTHO onpeflejieH. 
OTBeHaiomHH eMy jiHHeHHbift onepaTop H3 V b Uq Xt g ® V OTo6pa>KaeT BecoBoii 
BeKTop Beca \i b <S> v^. 

IlycTb R - yHHBepcajibHafl R-MaTpiina (3.1.23), h R21 OTjiH^aeTCH ot R 
nepecTaHOBKoii TeH3opHbix coMH(»KHTejieft: 

R2i= n ex p^((^ 1 - qp) f p ® E Ph~ to - 

C Ka^KflblM KOHeHHOMepHbIM BeCOBbIM Uy Xt Q-MOffyjieM V CB5I5KeM JIHHeft- 
Hblft (J)yHKLI,HOHajI 

ti q : End V -> C, tr q : A h-> tr(An v (K_ 2p )), 
rfle Try - npeflCTaBjieHne ajire6pbi U^ xt g } OTBe^aiomee V. Tax >Ke, Kax b nyHKTe 

3.1.2, flOKa3bIBaeTC5I, HTO 9TOT JIHHeftHblft (pyHKIBTOHajI L^? xt £j-HHBapHaHTeH. 
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IlPErj;jio>KEHHE 3.1.21 dAeMewm Cy = (id<g>tr q 7iy)(R2iR) npunadAecncum 
i^enmpy aAse6pu U^ xt g. 

/]^OKa3aTejibCTBO. Hy;>KHbiH pe3yjibTaT H3BecTeH b KOHTeKCTe cpopMajib- 
hmx pHflOB nepeMeHHoft h. Hmchho, b [46, CTp. 32] noKa3aHO, hto sjieivieHT 
id (g)l(R2iR) npHHafljrejKHT neHTpy, earn jiHHeftHbiH (pyHKUHOHaji I Ha ajire6- 
pe Xoncpa Bbi6paH Tax, hto l{£rf) = l(r]S 2 (^)) ajih Bcex sjieMeHTOB £, r\ stoh 
ajire6pbi. OcTaeTCH nojio:>KHTb = Xx q i\y{<^). J\rr nepexo^a ot nncjiOBoro 
napaMeTpa q £ (0, 1) k cpopMajibHOMy napaMeTpy h b paBeHCTBe 

C v - e = e • CV, C/f g, 

flocTaTOMHO pa3jio>KHTb o6e nacTH SToro paBeHCTBa no 6a3ncy IlyaHKape- 
BnpKro(pa-BHTTa b U^q (cm. nyHKT 3.1.3). Ilocjie noflCTaHOBKH q = e~ h l 2 

Ka^KflblH H3 KOSCpCpHUHeHTOB pa3JI05KeHH5I CTaHOBHTCH aHajiHTHnecKoii (pyHK- 

nnen Ha nojiyocn h > h b OKpecTHOCTH tohkh h = (cm. npefljio^KeHne 
3.1.4). OcTae-TCH flOKa3aTb, hto paBHbi Hyjiio Bee npoH3BOflHbie sthx (pyHKu,HH 
b TOHKe h = 0. Ho 9to cjieflyeT H3 cnpaBefljinBOCTn paBeHCTBa CV£ = £Cy b 

KOHTeKCTe (|)OpMaJTbHbIX pHflOB. □ 

Cjieflyroinnn pe3yjibTaT flocTaBjineT onncaHHe o6pa3a ajieMeHTa Cy npn 
roMOMopcpH3Me 7'. 

IlPEflJlOKEHHE 3.1.22 nycmt M(X) - ModyAb Bepjua co cmapmuM eecoM 
A u V - KoneHHOMepnuu eecoeou U^g-ModyAt. Togda 

Cv\m { x) = ^(dimyjg- 2 ^), (3.1.41) 

zde p - noAycyMMa noAODtcumeAbHux Kopneu. 

,HoKa3aTeji£>CTBO. PaBeHCTBO (3.1.41) b kohtckctc (popMajibHbix pnflOB 
H3BecTHO [46, CTp. 39]. Ilepexofl ot hhcjioboto napaMeTpa q £ (0, 1) k (pop- 
MajibHOMy napaMeTpy h ocyinecTBjiHeTCH Tax >Ke, KaK npn flOKa3aTejibCTBe 
npeflbiflym,ero npefljio>KeHHH. □ 
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CJlEflCTBHE 3.1.23 JJam aw6o20 KoneHHOMepnozo eecoeozo Q-ModyAfi V 

7(cv) = J2( dimV ^ K -^- ( 3 - L42 ) 

,Z^OKa3aTejTbCTBO. IlpaBaH nacTb (3.1.42) paBHa 

PaccMOTpHM KOHeMHOMepHbiii npocToii BecoBoii U q Q-Mop,yjib L(pi) co 
CTapniHM BecoM uJj, i = 1,2,...,/. CoxpaHHM rjisi OTBe^aioiHero eMy Uq Xt g- 
MOflyjiH to me oGoaHaMeHHe. 

CJlEflCTBHE 3.1.24 Mnoofcecmeo {CL(uJi)}i=i,2,...,i nopootcdaem i^enmp 
Z{U° xt Q) cuise6pu U* xt Q. 

^OKa3aTejibCTBO npoBOflHTca c noMom,bK) CTaHflapTHbix paccy^KfleHHii 
[186, CTp. 125] c Hcnojib30BaHneM cjieflCTBM 3.1.23 h npefljio>KeHH5i 3.1.19. 
Hmchho, flocTaTOMHO flOKa3aTb, mto cjieflyroinne noflajire6pbi ajire6pbi Uqf) 
coBnaflaiOT: 

A\. noflajire6pa, nopo^KfleHHaa sjieMeHTaMH ^ dim L(uJi)K_2fi, i = 1, 2, . . . , Z; 
^2- noflajire6pa, nopo^KfleHHaa sjieMeHTaMH ^ dim L(A)^A'_2^, A G P + ; 
A%. noflajire6pa, nopo^KfleHHaa sjieMeHTaMH r fl e ^ ^ P+i 

A4. ajire6pa VF-HHBapnaHTOB jiHHeiiHOH o6ojiomkh sjieivteHTOB K_2\, A G P+; 
A 5 . 7 (^(0))- 

PaBeHCTBO Ai = ^2 HMeeT MecTO b cnjiy Toro, mto KOjibnp KOHeMHO- 

MepHblX BeCOBblX IipeflCTaBJieHHH U^ xt Q KaHOHHMeCKH H30MOp(pHO KOJIbUy KO- 

HenHOMepHbix npeflCTaBjieHHii ajire6pbi Uq h, cjieflOBaTejibHO, nopo^KflaeTca 
(pyHflaMeHTajibHbiMH npeflCTaBjieHMMH [17, CTp. 175]. 

J\jik flOKa3aTejibCTBa paBeHCTBa A2 = A3 flocTaTOMHO BOcnpoH3BecTH 
paccy>KfleHH5i, npHBefleHHbie b [186, CTp. 125], npnneM HHflyKnnio ypf)6no Be- 
cth no (A, A), rfle A G P+, Hcnojib3y5i to, hto fljia jiK)6oro A G P+ h jno6oro 
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Beca fi G P + npeflCTaBjieHHa P(A), OTjiHHHoro ot A, HMeeT MecTO HepaBeHCTBO 
(//,//) < (A, A) [216, ct P . 234]. 

PaBeHCTBO A% = A4 cjieflyeT H3 [14, CTp. 232], a paBeHCTBO = Aq 
BbiTexaeT H3 npefljiojKeHHH 3.1.19. □ 

HeTpyflHO flOKa3aTb, hto ajieMeHTbi Cu^a, i = l,2,-- - ,Z, ajire6paHHecKH 
He3aBHCHMbi h, cjieflOBaTejibHO, neHTp Z(U^ xt g) ajire6pbi Uy Xt g H30MopcpeH aji- 
re6pe nojiHHOMOB / nepeMeHHbix, xax h b KjiaccHnecKOM cjiynae q = 1. 

3AMEMAHHE 3.1.25 HeHTp Z(U q g) ajire6pbi U q g ycTpoeH HecKOjibKO cjrasoiee 

H HBJIHCTCH JIHHeifflOH 060JIOHKOH SJieMCHTOB Cl(\), A G P + fl|Q, CM. [186, CTp. 

109]. HeTpyflHO flOKa3aTb, hto ajih jiio6bix //i,//2 G P+ HaftfleTcn sjicmcht 
2 G Z(U q o), pa3fleji5nom,HH [/ g 0-MO,a,yjiH L(/ii), L(/i2), cm. [186, CTp. 125-126]. 

3.1.7 Pe,zi,yKij;H5i k cjiynaio g = 1. OnnnieM b caMbix o6ihhx nepTax 
MeTOfl CBefleHHH 3a,a,aH 06 U q Q-Mopyjinx k cooTBe-TCTByioiHHM aa^a^aM 06 Uq- 
M0flyji5ix. ^aHHbifi MeTOfl oco6eHHO acpcpeKTHBeH npn flonojiHHTejibHOM npefl- 
nojio>KeHHH o TpaHCu,eHfleHTHOCTH q [186, rjiaBbi 5-7], a nepexofl ot stoto nacT- 
Horo cjiy^aa k o6ineMy cjiynaio Tpe6yeT flonojiHHTejibHbix ycnjinii [186, rjiaBa 
8]. 

PaBeHCTBO (3.1.25) noKa3biBaeT, hto b (popMyjiax TeopnH U q Q-MOffyjie& 
MoryT B03HHKaTb flpo6Hbie CTeneHH q. IlycTb s- nopnflOK rpynnbi P/Q. Kax 
cjieflyeT H3 (3.1.14), (A,//) G -JL npn Bcex A,/iGP. PaccMOTpnM nojie C(£ 1//s ) 
pau,HOHajibHbix (pyHKu,Hft nepeMeHHoft i 1//s h ajire6py Xoncpa UtQ Hafl sthm no- 
jieM, onpe-flejieHHyio tcmh >Ke o6pa3yioiHHMH h cooTHOineHHHMH, hto U q Q, ho 
c 3aMeHoft HHCJiOBoro napaMeTpa q nepeMeHHoft t. 3t& me 3aMeHa no3BOJiHeT 
nojiyHHTb ajieMeHTbi Ep., Fp p j = 1,2, .. . , M, ajire6pbi UtQ, MOflyjin BepMa 
M(A) Hafl SToft ajire6poft, hx npocTbie (paKTopMOflyjin L(X) h jiHHeftHbie one- 
paTopbi Rl(\),l((i) n P H A, yL£ G P. IIocjieflHee ycjiOBne 6yfleT npeflnojiaraTbcn 
BbinojiHeHHbiM bo Bcex yTBep>KfleHHHx HacTOHHj,ero nyHKTa. 

IlycTb A = Q[t ly/s , t -1 ^} - ajire6pa hojihhomob JlopaHa nepeMeHHoft £ 1//s 

C paU,HOHajIbHbIMH K09(J)(pHLI,HeHTaMH. 

OcHOBHoe Ha6jnofleHHe coctoht b tom, hto MHorne CBoftcTBa UfQ-MOffyjiem 
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MoryT 6biTb ccpopMyjinpoBaHbi h flOKa3aHbi c noMombio coflepjKaiHHxcfl b hhx 
BbiflejieHHbix /L-MOflyjieft. ^JeftcTBHTejibHO, paccMOTpHM ^L-noflajire6py Ua b 
U q g, nopo>KfleHHyK) sjieMeHTaMH K i ^E^F^hi = 1 \ , z = 1, 2, . . . , Z, r,a,e 
ti = t di . H3BecTHO [142], hto onpeflejiaiomHii cnncoK cooTHOineHHii Me^Kfly 

9THMH o6pa3yK)LLI,HMH M05KHO nOJiyHHTb, 3aMeHHB B CTaHflapTHOM cnncKe COOT- 

J£ J£ — 1 

HOineHHii fljia UtQ paBeHCTBO E{Fj — FjEi = % l_ t -i Ha E{Fj — FjEi = dijhi 

H fl06aBHB COOTHOIIieHHe 

(U - tT l )hi = Ki - Kr\ i =1,2,... ,/. 
Pa3yMeeTC5i, yi-noflajire6pa Ua HacjieflyeT CTpyKTypy ajire6pbi Xoncpa: 

A(hi) = hi <g> Ki + Kr 1 <g> ^, S(hi) = -h h e(hi) = 0, z = l,2, ...,/. 
BeKTopbi F^F^l ■ ■ ■ F^vx nopo>KflaK)T ,A-MO,zryjih Ma(A) = C/4 • i>a- 06pa3 

M/l(A) npH KaHOHHMeCKOM 9nHMOMOp(J)H3Me M(A) — > iv(A) oGosHanHM Ly|.(A). 
OneBHflHO, M/i(A) H Lyi(A) 5TBJI5TIOTC5I [//j-MOflyjiaMH. 

OnnnieM flBa roMOMopcpH3Ma ajire6p, nepBbiii H3 KOTopbix no3BOji5ieT ne- 
peHOCHTb CBoiicTBa t/g-MOflyjieft Ha [/4-MOflyjiH, a BTopoii — CBoiicTBa Uj\- 
MOflyjieii Ha t/^-MOflyjin. PaccMOTpHM roMOMopcpH3M Q-ajire6p 

Q[t 1/s ,r 1/s } c, t ±1/s 1 — > 1. 

CymecTBye-T h e-flHHCTBeHHO Taxoe ero npoflOji>KeHHe flo roMOMopcpH3Ma 
Q-ajire6p C/a — > ^0, hto 

Xf^l, /lih-.fTi, z = 1,2, . . . ,Z. 

3tot roMOMopcpH3M no3BOji5ieT Hcnojib30BaTb KjiaccHHecKyio TeopHio C/ g- 
MOflyjieii npn H3yneHHH [//i-MOflyjieft. C flpyroii CTopoHbi, paccMOTpHM tomo- 
Mop(pH3M Q-ajire6p 

Q[t 1/s , r 1/s ] -> c, t ±1/s ^ g ±1/s . 

CymecTByeT h eflHHCTBeHHO Taxoe ero npoflOJDKeHHe flo roMOMopcpH3Ma 
Q-ajire6p U A — > U q Q, hto 

Kf x ^Kf\ Ei^E h Fi^Fi, hi^ Ki ~ \ , i = l,2,...,Z. 

% - % 
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3tot roMOMop(J)H3M HHteKTHBeH npH TpaHcneHfleHTHbix q h no3BOJi5ieT nepe- 
HOCHTb CBoftcTBa Uji-MOffyjiem Ha U q Q-Mopjjim. 
HanpHMep, H3BecTHO [46, CTp. 34], hto 

S®S(R) = R. (3.1.43) 

BBeflH oGosHaHeHHH q = e^ h ^ 2 , G = Rq to , STOMy paBeHCTBy mo>kho npnflaTb 

BHfl 

5(g) 5(6) = q- t °Oq to . (3.1.44) 

Hcnojib3ya nepexoflbi ot [7^0 k UaQ h ot L(a0 k UhQ, HeTpyznio nojiyHHTb c 
noMOinbio (3.1.44) paBeHCTBO 

Rv u v 2 ft ® k) = ft ® fe) , /1 e v;, / 2 g V 2 * 

fljia ninpoKoro Kjiacca BecoBbix t/gg-MOflyjieft Vi, V2. 

3.1.8 JIoKajibHO KOHeHHOMepHfcie £/ g 0-MO,z],yjiH. CneflyioiHHe yr- 
Bep>KfleHH5i xoponio H3BecTHbi [186]. 

IlPEflJlOKEHHE 3.1.26 1) Ilpocmue eecoeue U q g-ModyAU L(X), A G P+ ; ko- 
HeuHOMepnu u nonapno Heu30Mop$HU. 

2) Kaatcduu npocmou eecoeou KOHeuHOMepnuu U q Q-Modyjib u30MopcjjeH odno- 
jwy U3 U q Q-Modyjieu L(\), A G P+. 

CoxpaHHM o6o3HaMeHHe f(A) fljra o6pa3a oflHOHMeHHoii o6pa3yK)m,eH mo- 
flyjia BepMa M (A) npn KaHOHH^ecKOM 9nHMopcpH3Me M(A) — > £(A). 

IlPEflJlOKEHHE 3.1.27 Ilycmh X = ^j^j G d^eMenm v(X) nopootc- 

3=1 

daem U q Q-ModyAt> L(X), u CAedywu^ue coomnomeHUH mgamwiticm onpedeAHio- 
muMu: 

E iV (\)=0, Kf l v(X)=qf Xi v(A), i^ +1 v(A)=0, (3.1.45) 
gcte z = 1,2,...,/. 



3AMEHAHHE 3.1.28 CoOTHOIIieHHH (3.1.45) flOCTaBJIHIOT BTOpOe, SKBHBajIGHT- 

Hoe onpeflejieHHe U q Q-Mopyjin L(X) npn A G P+. 
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riPEflJlOKEHHE 3.1.29 (cp. [186, cmp. 76-77]) JJjim ak>6o2o nenyAeeozo een- 
mopa £ G U q g naudemcM manou SAeMeum Xe P + f)Q, umo £ L(X) ^ 0. 

riPEflJlOKEHHE 3.1.30 ([186], cmp. 81) Mnootcecmeo eecoe L(X) u ux %pam- 
nocmu ne u3MeHMK>mcM npu nepexode om Ug k U q g, mo ecmb om KAaccuue- 
CK020 CAyuaM k KeanmoeoMy. 

IlPEflJIOKEHHE 3.1.31 ([186], cmp. 82) Kaotcduu eecoeou KOHeuHOMepnuu 
UqQ-ModyAb noAynpocm, mo ecmb omeenaiou^ee ejuy npedcmaeAenue aAze6pu 
U q Q enoAne npueoduMO. 

H3 npefljio>KeHHH 3.1.31, 3.1.26, 3.1.30 nojiy^aeM 
CJIEflCTBHE 3.1.32 Upu ecex A,/i G P+ 

l(a)®%)^ c ;lh, 

u Kpamnocmu c<( exoatcdenuM L(X) e L(X) <S> L(fi) paenu ux 3HaneHUMM e 
KAaccunecKOM CAyuae q = 1. 

riycTb P% - npoeKTop b L(X) (g) L(fi) Ha H30THnHHecKyio KOMnoHeHTy, 
KpaTHyio L(y), napajuiejibHO cyMMe ocTajibHbix H30THnHHecKHx KOMnoHeHT. 



riPEflJlo>KEHHE 3.1.33 ([46], cmp. 39) IJpu ecex A, fi G P. 



+ 



VEP+ 

riycTb C - nojiHaa noflKaTeropHH Bcex BecoBbix jiOKajibHO KOHe^HOMepHbix 
U q Q-Mopyjieft. 

riPEflJIOKEHHE 3.1.34 Kaotcduu U q Q-ModyAt> V G C eduncmeeuHUM o6pa- 

30M pa3Aazaemcn e npMMyw cyMMy V = (J) V(X) ceoux nodjuodyAeu V(X), 

Ac /'. 

npamnux L(X). 

,HoKa3aTeji£>CTBO. riycTb A G P+. PaccMOTpnM BeKTopHoe npocTpaHCTBO 
X(\) = {vev\E jV = 0, Kf 1 v = qf Xj v, j = 1,2,...,/} 
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h nopo^KfleHHbiii hm U q Q-Mop,yjib V(X) = U q Q ■ X(X). /JocTaTOMHO flOKa- 

3aTb, HTO 9TO HaH60JIi>IHHH nOflMOflyjIb U q Q-MOpyjlft V, KpaTHblft L(X) } H HTO 

^ = (B ^('M- A- 1151 JiK>6oro HeHyjieBoro BeKTopa t>A £ -^(^) cyinecTByeT h 

A /'. 

eflHHCTBeHHO BJIO>KeHHe U q Q-MOR~yjieR 

L(X) — V, v(X) ^ v\. 

(eflHHCTBeHHOCTb oneBHflHa, a cyinecTBOBaHne jierxo flOKa3aTb, Hcnojib3yH yHH- 
BepcajibHOCTb MOflyjia BepMa M(X) h 3aMenaHHe 3.1.15). 

SnaHHT, Ka^KflOMy 6a3ncy BeKTopHoro npocTpaHCTBa X(X) OTBenaeT pa3- 
jiO)KeHHe V(X) b npHMyio cyMMy MOflyjieft, KpaTHbix L(X). Pa3Jio»:eHHe V = 

(J) V(A) BbiTexaeT H3 npHBefleHHbix Bbinie cbohctb KOHenHOMepHbix U q Q- 

AeP+ 

MOflyjieft. □ 
CJlEflCTBHE 3.1.35 Kaofcduil U q Q-ModyAt> Kamezopuu C noAynpocm. 

KaTeropHH C 3aMKHyTa OTHOCHTejibHO nepexo^a k noflMOflyjiHM, (paKTop- 

MOflyjIHM H TeH30pHbIM npOH3BefleHH5IM. 

PaccMOTpHM (pyHKTop F H3 KaTeropHH Bcex U q Q-MOj\yjieVi b KaTeropnio C, 
conocTaBjiHioiHHH Ka^KflOMy U q Q-MopjJiK) V ero HaH6ojibiiiHH noflMOflyjib KaTe- 
ropHH C. ^eftcTBHe Ha MopcpH3Mbi onpeflejineTCH oneBHflHbiM o6pa30M. ^boh- 
CTBeHHbift oG^eKT V* b KaTeropHH C - 9to pe3yjibTaT npHMeHeHHH cpyHKTopa 
F k U gg-MOflyjiio Bcex jiHHeftHbix (pyHKHHOHajiOB Ha V. 

Ajire6pa U q g c npncoeflHHeHHbiM fleftcTBHeM HBjineTCH t/^-MOflyjibHoft aji- 
re6poft, h F(U q o)- ee co6cTBeHHan £7 g 0-MO,zryjibHaH noflajire6pa. 

IlPEflJIOKEHHE 3.1.36 ([194], z-fiaea 7) Ajize6pu U q g u F(U q g) MejiMwmcM 
nan jieeuMU, man u npaeuMU nemepoeuMU aAze6paMU. 

IlycTb A 6 P+. Pe3yjibTaTbi nyHKTOB 3.1.3, 3.1.5 h HacTOHinero nyHKTa 
no3BOJiHioT ecTecTBeHHbiM o6pa30M BBecTH HenpepbiBHoe Hafl (0, 1] h aHajiHTH- 
necKoe b (0, 1) BeKTopHoe paccjioeHne S\ co cjiohmh, H30Mop(pHbiMH L(X). 
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OnnnieM BKpaTu,e nocTpoeHHe paccjioeHHH S\. B nyHKTe 3.1.5 6bijia BBe- 
fleHa spMHTOBa (popMa (•, •) b L(X) h 6a3HCbi BeKTopHoro npocTpaHCTBa M(X), 
OTBe^aiomHe npHBefleHHbiM pa3Jio»:eHH5iM ajieMeHTa wq G W. 

J\jl5i JII060H TOHKH qo G (0, 1] Bbl6epeM IIOflMHO^KeCTBO {^j}j=l,2,...,dim.L(A) 

9jieMeHTOB oflHoro H3 BbiflejieHHbix 6a3HCOB Tax, MTo6bi MaTpnna Tpaivta 

((v i, Vj))ij = i^,...,dimL(X) 6bIJia HeBbipO^KfleHHOH . Ilo HenpepblBHOCTH OHa HeBbl- 

po>KfleHa npn Bcex q, flocTaTOHHO 6jih3khx k qo, h mm nojiynaeM TpHBnajibHoe 
paccjioeHne c Tpe6yeMbiMH CBoiicTBaMH Hafl OKpecTHOCTbio tohkh qo, nocKOjib- 
xy dimL(A) He 3aBHCHT ot q G (0, 1]. 

3jieMeHTbi MaTpHu,bi Tpaivia hbjihiotch HenpepbiBHbiMH b (0, 1] h aHajiH- 
TH^ecKHMH b (0, 1) (pyHKHHHMH. CjieflOBaTejibHO, so-nepBbix, MaTpHD,bi one- 
paTopoB Ei, Fi, Hi HenpepbiBHbi b (0,1] h aHajiHTHHHbi b (0,1), BO-BTopbix, 
TaKHMH me CBoiicTBaMH o6jiaflaK)T MaTpnnbi nepexofla, 3aflaHHbie Ha nepecene- 
hhhx OKpecTHOCTeft. HaKOHeu,, nojiyneHHoe BeKTopHoe paccjioeHne Ha nojiyHH- 
TepBajie (0, 1] b cymecTBeHHOM He 3aBHCHT ot cflejiaHHbix npn ero nocTpoeHHH 
Bbi6opoB. 

Hcnojib3y5i £\, jierxo flOKa3aTb nojicoKHTejibHyio onpeflejieHHOCTb HHBapn- 
aHTHoii spMHTOBoii (popMbi b L(X), BBefleHHoii b nyHKTe 3.1.5. /JeiicTBHTejibHO, 
9Ta spMHTOBa (popMa nojio>KHTejibHO onpeflejieHa b npe^ejie q — ► 1, aHajiHTHH- 
Ha b HHTepBajie q G (0, 1) h HeBbipcc-KfleHa npn Bcex q G (0, 1), KaK cjieflyeT H3 
npocTOTbi U q Q-Mopyjift L(X). riojiynaeM 

IlPEflJlOKEHHE 3.1.37 dpMumoea cjjopMa (•, •) e L(X) noAoatcumeAbHO onpe- 
deAena. 

Cjieflyromee yTBep>KfleHHe BbiTexaeT H3 nojiynpocTOTbi C/gg-MOflyjieft Ka- 
TeropHH C h H3 npefljicoKeHHH 3.1.37. 

CJlEflCTBHE 3.1.38 Kastcduu U q Q-ModyAt> Kamezopuu C yHumapusyeM. 

3AMEMAHHE 3.1.39 IlycTb A G P+ h (j, oflHH H3 BecoB t/g-MOflyjiH L(X). KaK 
cjieflyeT H3 paccMOTpeHHft npeflbiflymero nyHKTa, HMeeTca Q[t» , t _ «]-MOflyjib, 
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flOCTaBjifliomHH BecoBbie noflnpocTpaHCTBa MOflyjieft U q Q Beca \i npn cnennajin- 
3auHH t° = , q G (0, 1]. 

3.2 CBO^Ka n3BecTHbix pe3yjibTaTOB 06 ajire6pax 
cJ)yHKii,HH Ha KOMnaKTHbix KBaHTOBbix rpynnax 

3.2.1 AjireGpaHMecKne KBaHTOBbie rpynnbi. Kax ynoMHHajiocb b 
nyHKTe 3.1.2, npocTa^ KOMnjieKCHa^ acpcpHHHafl ajire6pannecKa5i rpynna G 
onpefleji5ieTC5i c TonHOCTbio flo H30MopcpH3Ma napoft (a, XL), r^e a - MaTpn- 
ua KapTaHa ee ajire6pBi Jin, a L pemeTKa, saKjiioneHHafl Mempj peineTKaMn 
BecoB n KopHeii: Q C -C C P. Iloflrpynna £ 5TBjineTC5i pemeTKon BecoB panno- 
HajibHbix npeflCTaBjieHHii rpynnbi G. 

HaMeTHM nocTpoeHne ajire6pbi Xoncpa peryjinpHbix (pyHKunii Ha G. IIojio- 
^khm £ + = XLflP + . IloflnpocTpaHCTBa (End L(A))* Bjio>KeHbi b ajire6py Xoncpa 
(Ug)* h jTHHeiiHO He3aBncnMbi. Mo^kho noKa3aTb, hto noflajire6pa Xoncpa 

C[G] = (End L(A))* (3.2.1) 

AeiL + 

5TBJI5ieTC5I KOHenHOnOpO^KfleHHOH 06jiaCTbK) nejIOCTHOCTH H, CJieflOBaTejIbHO, 5IB- 

jiaeTca ajire6pon peryjrapHbix cpyHKunii Ha cb5I3hoh acpcpnHHon ajire6panne- 
ckoh rpynne. 

9to nocTpoeHne He^BHO ncnojib3yeT peflyKTHBHOCTb ajire6pbi Jin g n, 
KaK cjieflCTBne, Hajinnne y Hee KOMnaKTHoft BemecTBeHHoft cpopMbi. PaBeHCTBO 
(3.2.1) 5iBji5ieTC5i pa3Jio»:eHHeM rieTepa-Benjifl fljiH cooTBeTCTByioineH kom- 
naKTHoft Bem,ecTBeHHoft ajireGpannecKoft rpynnbi [28, naparpacp 5.2]. 

06 onncaHHH ajire6pbi C[G] c noMombio o6pa3yiom,Hx n cooTHonieHnn cm. 
pa6oTy IlonoBa [287]. 

BBefleM b paccMOTpeHne KBaHTOBbin aHajior ajire6pbi Xoncpa C[G]. K&tk- 
flOMy npeflCTaBjieHHio tt : U q g — > End V n Ka^KflOMy jinHenHOMy cpyHKirnoHajiy 
(f : End V — > C conocTaBHM jinHenHbin cpyHKnnoHaji (p • 7r : (7^0 — >■ C. Taxne 
jiHHenHbie cpyHKirnoHajibi Ha3biBaK)T MaTpnnHbiMH sjieMeHTaMH npeflCTaBjieHna 
7r. Ecjih npeflCTaBJieHne tt KOHenHOMepHO n HenpnBOflHMO, to conp5DKeHHbiii jih- 
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HeftHbift onepaTop (Endy)* — > (U q g)* HHteKTHBeH, xax cjieflyeT H3 TeopeMbi 
BepHcaftfla [62, CTp. 177], [47, CTp. 100]. 

PaccMOTpHM nojiHyio noflKaTeropnio Bcex £-BecoBbix KOHe^HOMepHbrx 
U qQ-Mopy Jieft. Ecjih V, V, V" npHHaflJie>KaT 9Toft KaTeropHH, to h V V", 
V"(&V' , V* npHHafljie»:aT eft. TpHBHajibHbift V q Q-Mopjjib TaK>Ke npHHafljie^KHT 

9TOft KaTerOpHH. SHaMHT, nOflMHOJKeCTBO BeKTOpHOrO npOCTpaHCTBa JIHHeftHBIX 
(pyHKD,HOHajIOB Ha U q Q, 06pa30BaHH0e MaTpHHHblMH 9JieMeHTaMH /L-BeCOBbIX 

KOHe^HOMepHbix npeflCTaBjieHHft U q Q, aBjiaeTca ajire6poft Xoncpa. Ee o6o3Ha- 
naiOT C[G] g h Ha3biBaK)T ajire6poft peryjiapHbix (pyHKirnft Ha KBaHTOBoft rpynne 
G, cm. [237, ct P . 96]. 13 

CjieflyK)Hj,Hft pe3yjibTaT aBjiaeTca aHajioroM TeopeMbi IleTepa Beftjra. 

nPEflJlo>KEHHE 3.2.1 C[G] q = (End L(A))*. 

,Z^OKa3aTejTbCTBO. Ka>Kflblft KOHeHHOMepHblft BeCOBOft U q Q-MOflJJlb H30- 

Mop(peH cyMMe noflMOflyjieft, KpaTHbix L(X) c A G P + , cm. nyHKT 3.1.8. Cjieflo- 
BaTejibHO, C[G] g 5iBji5ieTca cyMMoft noflnpocTpaHCTB (End L(A))*, ecTecTBeHHO 

BJIO>KeHHbIX B C[Gr] g . OcTaeTCH flOKa3aTb, MTO 9Ta CyMMa 5IBJI5ieTC5I np^Moft. 

IlycTb U q Q° v - ajire6pa Xon(pa, OTjiH^aromaflCfl ot U q Q 3aMeHoft yMHOJKe- 
HH5T Ha npoTHBonojio>KHoe. HaflejiHM C[G] g CTpyKrypoft U q Q-6nMOffyjisi, 3aflaB 
fleftcTBne U q Q h fleftcTBne U q Q op cjieflyK)Hj,HM o6pa30M: 

Rre g (0 : Kl) i ► L rcg (0 : f(n) -> /(^), (3.2.2) 

r fl e / G C[G]„ £,t? <E C/ g fl. 

IloflnpocTpaHCTBa (End L(A))* C[G] g 5ibji5hotc5i npocTbiMH KOHenHO- 

MepHblMH nOnapHO HeH30MOp(|)HbIMH U q Q° P (8) [7 g 0-MOflyjI5IMH. CjieflOBaTeJIbHO, 

ecTecTBeHHoe OTo6pa»:eHHe hx BHeniHeft np5iMoft cyMMbi b C[G] g hht>6kthb- 
ho (cm. saMe^aHHe 3.1.25, no3BOJi5nomee npn flOKa3aTejrbCTBe HHTieKTHBHOCTH 
3aMeHHTb HeKOMMyTaTHBHyio ajire6py U q Q ee hchtpom). □ 

3AMEHAHHE 3.2.2 C[G] q 5iBji5ieTCfl U q Q° v <g) [/ g 0-MOflyjibHoft ajire6poft. 

13 Ee Tclk>kg Ha3MBaiOT KOopflHHaTHMM KOJibn;oM kbcihtoboh rpynnbi G h o6o3Ha x iaiOT Q q (G). 
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3AMEHAHHE 3.2.3 B flajibHeftmeM H3Jio>KeHHH npeflCTaBjieHHe Rreg nrpaeT cy- 
m,ecTBeHHO 6ojibinyio pojib, neM L reg . ByzjeM niicaTb £f BMecTO R ieg (^)f, b Tex 
cjiynaHx, Korfla 9to He npHBOflHT k Heflopa3yMeHH5iM. 

Bbc/t,cm npHCoeflHHeHHoe npeflCTaBJieHHe Ad^ ajire6pbi U q Q b npocTpaH- 
CTBe C[G] g , nojiaraa 

Ad e : f(n) -> Y^tts-^rig), £,ne U q Q, 

i 

rfle noflpa3yMeBaeTC5i, wro A(£) = ® £i ■ 

i 

IlycTb tt\ — npeflCTaBjieHne ajire6pbi U q Q, OTBeMaioiHee npocTOMy £- 
BecoBOMy KOHe^HOMepHOMy U q Q-Mop,yjito L(X). 3jieMeHT 

XA(0=tr7r A (e-^_ 2p ), ZeU qQ , (3.2.3) 

ajire6pbi C[Gr] 9 Ha3biBaiOT xapaKTepoM npeflCTaBjiemifl tt\. 

H3 pe3yjibTaTOB nyHKTa 3.1.8 cjie^yeT, hto dimHom[/ 9fl (En(i(L(A)*, C) = 
1, KaK h b KjiaccHnecKOM cjiynae q = 1. SHanHT, H3 npefljio»:eHH5i 2.4.1 h h3 
pa3Jio»:eHH5i rieTepa-BeftjiH BbiTexaeT 

CJlEflCTBHE 3.2.4 Xapanmepu xx c X E £ + npuHadAeotcam nodnpocmpan- 
cmeaM (End L(A))* C[G] g; mgamwiticm UHeapuanmaMU npucoeduneHHOzo 
deucmeuM 

Ad^xx = e(X\)f, Z e t/ g fl 
m o6pa3yK>m 6a3uc eeKmopnoso npocmpancmea UHeapuawmoe. 

3AMEMAHHE 3.2.5 1. Kax cjieflyeT H3 npefljicoKeHM 3.1.29, ecTecTBeHHoe cna- 
pHBaHne ajire6p Xon(pa 

C[G] q xU q Q^C, fx^ /(£) (3.2.4) 

HeBbipo^KfleHO. 3HaMHT, U q Q C[G]*. 9to aHajior xoponio H3BecTHoro b Teo- 
pnn Bem,ecTBeHHbix rpynn J1h BjicoKeHM yHHBepcajibHoii oGepTbiBaroiHeii aji- 
re6pbi b npocTpaHCTBO o6o6ineHHbix (pyHKnnii c HOCHTejuiMH b eflHHiine rpyn- 
nbi, cm. [52, CTp. 167]. 
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2. Ajire6pa C[G] g aBjiaeTca KOHenHO nopo^KfleHHoii. /JeiicTBHTejibHO, 
HeTpyflHO flOKa3aTb [123, CTp. 61], hto nojiyrpynna L+ nopom^ena KOHenHbiM 
hhcjiom sjieMeHTOB n hto HaHMeHbinan noflajire6pa, coflep^ainan OTBenaioinne 
hm noflnpocTpaHCTBa (End L(A))*, coBnaflaer c C[G] g . 

OyHflaMeHTajiBHaa rpynna tti(G) GCTecTBGHHO H30MopcpHa P/L [28, CTp. 
204]. B flajiBHeftnieM, earn He orosopcHO npoTHBHoe, npeflnojiaraeTCH, hto £ = 
P, to ecTB hto rpynna G 0flH0CBn3Ha. 

3AMEMAHHE 3.2.6 B KjiaccnnecKOM cjiynae q = 1 Ka^KflOMy noflMHO>KecTBy 
§ C {1,2,...,/} OTBenaiOT no,a,ajire6pbi Jin C Q, nopo^KfleHHbie MHO>Ke- 
ctbom {Hj,Ej} j= i2,...,i U {Fz}ie§, n mhojkcctbom {H v Ej} j=lj2 ,...,i U {i^}i e s 
cooTBeTCTBeHHO [84, CTp. 291]. ilocTpoeHnn HacTonmero nyHKTa b nojraon Me- 
pe npnMeHHMBi k cbh3hoh peflyKTHBHoft noflrpynne L§ C G c ajire6poft Jin 
fe = % ^ % ■ riojiynaeM ajire6py Xon(pa C[L§] g , HBjimoinyiocH KBaHTOBbiM 
aHajioroM ajire6pbi Xoncpa C[L§] peryjrnpHbix (pyHKUHH Ha L§. 

B pnfle 3aflan TeopHH KBaHTOBbix rpynn Tpyzrno hjih HeB03MO^KHO yxa- 
3aTb KBaHTOBbiii aHajior 3aMKHyTOH noflrpynnbi, ho y^aeTCH HaiiTH KBaHTO- 
Bbiii aHajior ajireGpannecKoro G-npocTpaHCTBa co CTa6njiH3aTopoM tohkh, H30- 
Mop(pHbiM 9toh noflrpynne. IlpHMepoM cjiy^KHT KBaHTOBbiii KOHyc, BBe-fleH- 
Hbiii b nyHKTe 2.6.3. IlpHBefleM HecKOjibKO xoponio H3BecTHbix pe3yjibraTOB 
o noflrpynnax acpcpHHHbix ajire6pannecKnx rpynn n 06 ajire6pannecKnx G- 
npocTpaHCTBax. PasyMeercn, ncnojib3yeMoii Tonojiorneii 6y^eT Tonojiornn 3a- 
pnccKoro n Bee G-MOflyjin 6yzryT npeflnojiaraTbcn KOHenHOMepHbiMH. 

ToMOMopcpHbin o6pa3 a(p(pHHHon ajireGpannecKOH rpynnbi nBjineTcn 3a- 
MKHyToii noflrpynnoii. 

OaKTopoM G/H Ha3biBaeTC5i oflHopoflHoe npocTpaHCTBO X c OTMeneHHoii 
tohkoh x, CTa6HjiH3aTopoM KOTopoii HBjineTCfl H, yflOBjieTBop5Hom,ee cjieflyio- 
ineivty Tpe6oBaHHio yHHBepcajibHOCTH. J\jisi jno6oro oflHopoflHoro npocTpaHCTBa 
Y c OTMeneHHoii tohkoh y h CTa6HjiH3aTopoM tohkh, paBHbiM H, cyinecTByeT 
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h eflHHCTBeH MopcJ)H3M oflHopoflHbix npocTpaHCTB X — > Y } OTo6pa:>KaioiHHH X 
b y. OaKTop cym,ecTByeT h eflHHCTBeH c tohhoctbk) flo H30Mop(pH3Ma. 

Ka^Kflaa 3aMKHyTa5i nc-flrpynna H C G 5iBji5ieTC5i CTa6HjiH3aTopoM ofl- 
HOMepHoro noflnpocTpaHCTBa HeKOToporo Gr-MOflyjia, mto HaflejraeT op6nTy 
CTpyKTypoii KBa3nnpoeKTHBHoro ajire6paHMecKoro MHoroo6pa3H5T, H30Mopcp- 
Horo G/H [84, ct P . 135-146]. 

B flajibHeiiiiieM Bee noflrpynnbi npeflnojiaraiOTca 3aMKHyTbiMH. OflHopofl- 
Hoe npocTpaHCTBO G/H acpcpHHHO ecjin h TOjibKO ecjin noflrpynna H peflyx- 
THBHa [29, CTp. 216]. Iloflrpynna H C G Ha3biBaeTC5i napaGojnmecKoft, ecjiH 
G/H— npoGKTHBHOG ajire6paH x iecKoe MHoroo6pa3He. 

PaCCMOTpHM npOGKTHBH3aU,HK) G-Op6HTbI CTapnierO BeKTOpa KOHeMHOMep- 

Horo npocToro G-Mopyjin. KaK noKa3aji KocTaHT, OHa 3aMKHyTa h ee oflHopofl- 
Hoe KoopflHHaTHoe KOJibu,o 5iBji5ieTC5i KBaflpaTHHHoii ajire6poft. To ecTb, Hfleaji 
nojiHHOMOB, paBHbix Hyjiio Ha G-op6nTe CTapniero BeKTopa, nopco-KfleH 9JieMeH- 
TaMH BTopoft CTeneHH. IIoflpoGHoe flOKa3aTejibCTBO cm., HanpHMep, b [163]. 

PaCCMOTpHM G-npOCTpaHCTBO X H TOMKy X G X. Op6HTa Gx 5IBJI5ieT- 

C5i Heoco6biM noflMHoroo6pa3neM, a ee rpamina- oG^eflMHeHHeM op6nT CTporo 
MeHbineii pa3MepHOCTH [84, CTp. 108]. B MacTHOCTH, cyinecTByeT 3aMKHyTa5i 
G-op6nTa b 3aMbiKaHHH op6nTbi Gx. 

^ajibHeftniHe pe3yjibTaTbi Ha 9Ty TeMy cm. b o63opax [77], [29] h b jieKnirax 

[78]. 

3.2.2 KoMMyTau,HOHHbie cooTHOineHHa. PaccMOTpnM KOHenHOMep- 
Hbift /L-BecoBoft UqQ-MORyjib V. Kascfloft nape v G V, I G V* conocTaBHM 

JIHHeftHblft (pyHKD,HOHajI Ha U q Q: 

= HeU q9 (3.2.5) 

Ajire6pa C[G] g oGjia^aeT KOHe^HbiM mho^kcctbom o6pa3yioiHHx BHfla cf^\ 

npHMeM JIHHeilHblH (pyHKEHOHajI I H BeKTOp V MCOKHO CMHTaTb BeCOBblMH. 

B flajibHeiiHieM Hcnojib3yeTC5i cc-KpaineHHoe o6o3HaMeHHe fljra ajieMeH- 
Ta cfy, rfle v G L(A) fl , / G (L(A)x)*, ecjin sto coicpaiHeHHe He npHBOflHT k 
Heflopa3yMeHHHM. IloflpasyMeBaeTCH, hto (L(A)a)* L(A)*. 
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KoMMyTau,HOHHbie cooTHOineHira Me^Kfly 9jieMeHTaMH BHfla mo^kho no- 
jiyHHTb, Hcnojib3y5i MopcpH3Mbi U q Q-MORyjie& Rvy '■ V ®V — > V'®V, onncaH- 
Hbie b nyHKTe 3.1.4. B caMOM flejie, nycTb V, V - KOHe^HOMepHbie £-BecoBbie 
UqQ-uoj\yjm h 7T, 7r' - OTBeMaiomHe hm npeflCTaBjieHM ajire6pbi £7 g 0. Tor^a 

(tt' ® tt)(0 flyy = £v,v (tt <8) tt'JK), £ G U q g. (3.2.6) 

OcTaeTCH nepeftTH ot paBeHCTBa onepaTopoB (3.2.6) k paBeHCTBy hx MaTpnH- 
hmx 9JieMeHTOB: 

r y'®V ^ V®V C\9 7) 

l'®l,R(v®v') R*(l'®l),v®v n yo.^.ij 

r fl e R = R V y h v € V, I € V*, v' € V , V G (V)*. PaBeHCTBa (3.2.7) sbjm- 
iotc5i KOMMyTau,HOHHbiMH cooTHOiueHH5iMH Me^Kfly sjieMeHTaMH BHfla cf v , tfi v ,, 
nocKOjibKy MaTpHMHbie sjieMeHTbi TeH3opHbix npoH3Be,a,eHHft npeflCTaBjieHHii 

5TBJI5TIOTC5I npOH3BefleHH5IMH MaTpHMHblX SJieMeHTOB COMH05KHTejieft: 

r y®v v v r y®v v r y 

H<2>l',v®v' H,v H',v'i H'®l,v'®v H',v' H,v 

OnncaHHbiii Bbinie noflxofl k BbiBOfly KOMMyTau,HOHHbix cooTHOineHHii c 
noMom,bio yHHBepcajibHoft i?-MaTpHD,bi npHHafljie>KHT B. ^pHHCpejibfly [45] 
h socxoflHT k KBaHTOBOMy MeTOfly o6paTHoft safla^H pacceflHHH, pa3BHTOMy 
Jl. J\. OafleeBbiM h ero coTpyzjHHKaMH [75]. Cjieflyiomee yTBep>KfleHHe flOKa3bi- 
BaeTCH c noMom,bK) KOMMyTau,HOHHbix cooTHOineHHii, BbiTeKaK)m,Hx H3 (3.2.7). 

IlPEflJIOKEHHE 3.2.7 ([123, cmp. 78], [194, cmp. 266]) AA2e6pa C[G] q ae- 
ASLemcH (nan npaeou, man u Aeeou) nemepoeou o6Aacmt>w v^cAocmnocmu. 

HanoMHHM CTaHflapTHoe o6o3HaMeHHe wq sjieMeHTa MaKCHMajibHoii fljiHHbi 
rpynnbi Beiijia W. 

IlPEflJlOKEHHE 3.2.8 ([237, cmp. 98]). Ilycmh 

A, A' G P+, A, A', fjt, // G P 
u eunoAHenu dea ycAoeun: 

1). fi = A uau ji' = wqA', 2). A = wqA uau X' = A'. 
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Tozda e aA2e6pe < C[G] q 

ct = </<*■"'>-<«'> ct„ cj;„, (3.2.8) 

^OKa3aTejibCTBO. Kax cjieflyeT H3 (3.2.6), (3.2.7), (3.1.25), flocTaTOHHO 
flOKa3aTb paBeHCTBa 

Rl(A),l(V)( v ® v ') = V~ t0v ® v 'i v®v' e L(A)„ <g> L(A%/, (3.2.9) 

(i?L(A),L(A0)* P ® = fa~*T* ® l\ (L(A)x)* <8> (L(A')aO*- 

IlocjieflHee H3 hhx osHa^aeT, mto 

RlwmM 1 ® = ^ ® *'> / ® G ( L ( A )a)* ® (^(A')aO* 5 (3-2.10) 

nocKOjibKy (S (g) = i?, cm. (3.1.32). Otmc-thm, hto CTapnine Beca U q Q- 
MOflyjieii L(A), L(A'), L(A)*, L(A')* paBHbi A, A', -w A, -w; A' cooTBeT- 
CTBeHHO, a hx Mjiaflinne Beca paBHbi woA, wqA 1 , —A, —A'. 

Bocnojib3yeMCH pa3jio>KeHHeM £/ g ti + (g) b cyMMy BecoBbix noflnpo- 

CTpaHCTB: 

U q n + ®U q n- = (^u + )m® (^VO — 

H3 HBHoro BHfla yHHBepcajibHoii i?-MaTpHu,bi (3.1.23) cjie-flyeT, hto b npocTpaH- 
CTBe (popMajibHbix pHflOB 

Rq to ~ 1 e (tf g ti + )„ ® (^n-)_,. (3.2.11) 

H3 (3.1.25) cjieflyeT, hto paBeHCTBO (3.2.9) BbinojraeHO, ecjin fi = A hjih 
// = ifoA', a paBeHCTBO (3.2.10) BbinojiHeHO, ecjra A = woA hjih A' = A'. □ 

CJlEflCTBHE 3.2.9 IlodaAze6pa, nopoDfcdennaM sjiejueHmaMU 

c w A,A> c A,w Ai & G £+, (3.2.12) 

KOMMymamuena, u ee o6pa,3yK>ut ) ue (3.2.12) Kea3UK0MMymupyK>m co eceMU 



dAeMenmaMU c^, , G CfGjg." 



r A' A (AX)-KA,A') A A' 

r A A' _ ( M > A)-(A',A) A' A 
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3AMEHAHHE 3.2.10 Ot6pochm Tpe6oBaHHe A 6 P h 3aMeHHM KOHenHOMep- 
Hbie BecoBbie U q Q-M0j\yjm L(X) MOflyjiHMH BepMa M(A). MaTpnnHbie ajieMeH- 
™ C A /x) C A' // OTBenaioinHx hm npeflCTaBjieHHft hbjihiotch sjieMeHTaMH ajire6pbi 
(U q Q)* . Kax BHflHO H3 flOKa3aTejibCTBa npefljio>KeHH5i 3.2.8, KOMMyTannoHHbie 
cooTHonieHHa (3.2.8) cnpaBefljiHBbi n b stom 6ojiee o6ineM cjiynae, ecjin fi = A 
h A' = A'. 

3.2.3 KoMnaKTHbie KBaHTOBwe rpynnti. riojiynnM KBaHTOBbiii 
aHajior KOMnaKTHoii cpopMbi K KOMnjieKCHoft pe-flyKTHBHoii rpynnbi G [28]. 
BeinecTBeHHan ajire6pa Jin Ha3biBaeTCH KOMnaKTHoii, ecjin OHa o6jiaflaeT hh- 
BapnaHTHon OTHOCHTejibHO npHCoeflHHeHHoro fleftcTBHH nojio^KHTejibHO onpe- 
flejieHHoft HeBbipo>KfleHHOH CHMMeTpHMecKoft 6HjiHHeftHoft (popMoft. Taxne no- 
flajire6pbi conp5i>KeHbi [18, CTp. 26]. ripnMepoM mo^kst cjiy>KHTb BeinecTBeHHaa 
noflajire6pa Jin npocToft KOMnjieKCHoft ajire6pbi Jin g, nopojKfleHHaa MHO»:e- 
ctbom {iHj, Ej — Fj, i{Ej + Fj)}j = i^,...,i, cm. [27, CTp. 139]. 

PaccMOTpHM *-ajire6py Xoncpa (U q g,*), BBe-fleHHyio b nyHKTe 3.1.5 paBeH- 
CTBaMH (3.1.35) n flBoiicTBeHHyio *-ajire6py Xoncpa (c7 g g)*: 

cm. (2.3.7). 

HanoMHHM, hto ee sjieMeHTaMH hbjihiotch MaTpnnHbie sjieMeHTbi kohchho- 
MepHbix npeflCTaBjieHHii ajire6pbi U q Q, He o6fl3aTejibHO BecoBbix. rioflajire6pa 
Xoncpa C[Gr] g (c7 g g)* Hacjie-flyeT 9Ty HHBOjnonnio, nocKOJibKy /* HBjiaeT- 
C5i MaTpnnHbiM sjieMeHTOM npeflCTaBjieHna 7r*, ecjin / — MaTpnnHbin sjieMeHT 
KOHenHOMepHoro BecoBoro npeflCTaBjieHna n. (B flajibHennieM mm yTOHHHM no- 
cjieflHee yTBep^KfleHne, cm. (3.2.21).) 

Cjieflya ^pnHCpejibfly, 6yfleM Ha3biBaTb *-ajire6py Xoncpa 

C[if]/= (C[G] g ,*) (3.2.13) 

ajire6pon peryjinpHbix cpyHKu,nn Ha BemecTBeHHon acpcpnHHon ajire6pannecKon 
rpynne A'. 
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3AMEMAHHE 3.2.11 B KjiaccHMecKOM cjiy^ae q = 1 HHBOjiionira *bC[G] bbo- 

flHTCH TOHHO TaK >Ke, H 

K = { g e G | = 75) npn ecex / G C[G] } . (3.2.14) 

B nyHKTe 3.1.8 KOHe^HOMepHbie Becc-Bbie U q Q-MOffyjim L(A) 6bijih Hafle- 
jieHbi HHBapHaHTHbiMH nojio^KHTejibHO onpeflejieHHMMH spmhtobbimh (popMa- 
mh (•,•), flJia KOTopbix (f(A), v(X)) = 1. Bbi6epeM opTOHopMHpoBaHHbiii 6a- 
3hc BecoBbix BeKTopoB •]■ b Ka^KflOM H3 KOHe^HOMepHbix BecoBbix noflnpo- 

CTpaHCTB L(A) /U . ECJIH 9TO nOflnpOCTpaHCTBO L(A) fl OflHOMepHO, TO BMeCTO 

6yfleM fljia KpaTKOCTH nncaTb v^. 
BBefleM o6o3HaMeHHe 

flJIH MaTpHMHblX 9JieMeHTOB npeflCTaBJieHHH 7TA, OTBeHaiOIHHX U q Q-MO,nyjl5lM 

L(A). }Kejia5i oGecneHHTb cooTBeTCTBHe c oGosHaHeHHHMH pa3flejia 3.2.2, BMe- 
cto cj^. • 6yfleM rracaTb , ecjiH sto He npHBOflHT k Heflopa3yMeHH5iM. 

MHO>KeCTBO {c^i-^j} HBJIHeTCH 6a3HCOM BeCOBblX BeKTOpOB U q Q° P (g) U q Q- 

MOflyjia C[iT] g : 

^reg^m 1 ) C^j.^j = C \i;n,ji (3.2.15) 

Lreg{K^) Cx^j = Qm^ C X,i;n,j^ (3.2.16) 

rfle A = J] Afc uJk, [i = ^fc. 
k k 

H3 onpeflejieHHft cjieflyeT, hto KoyMHO>KeHHe A h KoeflHHHna e fleftcTByioT 
Ha MaTpHHHbie sjieivieHTbi c^. • cjieflyioiHHM o6pa30M: 

A ( C \,i;H,j) = ^2 C \i\v,m ® C t,m^,ji (3.2.17) 
v,m 

£ ( r A.'':/;./) = <*A,Aj- ( 3 - 2 " 18 ) 

IIjis Toro, T iTo6bi HaiiTH aBHbiii bhii sjieivteHTOB £ (cf ■ , •), fc^- „ •)*, Ha- 

flejIHM ?7 g aHTHJIHHeHHOH HHBOJIK)LI,HeH T 

T(Kf 1 )=S(K?), T (E j )=q j S(E j ), r(F j )=qf S (F j ), (3.2.19) 
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rfle j = 1,2, ...,/. Ka^KflOMy A G P + OTBenaeT U q Q-Mop,yjib L(A) h 
*-npeflCTaBjieHHe 7Ta b KOHenHOMepHOM fhjib6gptobom npocTpaHCTBe L(A). 
IlycTB 7r^ - npeflCTaBjieHHe ajire6pbi U q Q b L(A) : onpe,a,eji5ieMoe paBeHCTBOM 

(ttXCO^i, V2) = (vi, 7Ta(t(0)^2), £ e C/ g 0, ui, v 2 e L(A). 
Tax KaK *r = r*, to 

OH^b^) = (vi,7Ta(t(£))v2) = (7rA((r(0)*)vi,V2) = 

= (7r A (r(e*))vi,V2) = (vi,7rJ(e*)v2). 

3HaMHT, 7r^ aBjiaeTca *-npeflCTaBjieHHeM co CTapniHM BecoM — woA. 

Cjieflyiomee yTBep^KfleHne HecymecTBeHHO OTjiH^aeTca ot aHajiornMHoro 
pe3yjibTaTa Coii6ejibMaHa [237, CTp. 100]. 

IlPEflJlOKEHHE 3.2.12 Ilycmb U : L(A) — > L(-w A) - eduHcmeeuHuu c 
mouHocmbK) do hucaoooso MHOQfcumeAM yHumapnuu onepamop, 3am Komoposo 

(£) C/ npw ecex £ G C/ g fl. 5 *-aAse6pe C[K] q 

S(cl, v j) = q ( ^-c:X-x,P (3.2.20) 
K, i; „r = 9 (A -"" , '-^ J , (3.2.21) 
2de {c^i-^j}, i^A^Tx j| ~ MampuuHue SAeMenmu npedcmaeAeHuu 7Ta, 7r- Wo A 6 

/JoKasaTejibCTBO. PaccMOTpHM aBTOMopcpH3M £ i— > K p l t^* p ajire6pbi 
U q Q. Oh KoppeKTHO onpeflejieH, cm. nyHKT 3.1.2. Paccy^Kflaa Tax >Ke, xax npn 
flOKa3aTejibCTBe (3.1.11), h Hcnojib3y5i (3.2.19), nojiynaeM paBeHCTBO S{£) = 
K p 1 r(^)K p fljiH jiio6oro ajieMeHTa £ HaHMeHbineft BemecTBeHHoft noflajire6pbi, 
coflep^ameft Bee o6pa3yioiii,He K^ 1 , Ei, Fi, i = 1,2,...,/. SHa^HT, ajih TaKHx 

9JieMeHTOB £ 

H3 nojiyneHHoro paBeHCTBa BbiTexaeT (3.2.20). ITpn Bcex £ G C/ g 



214 

S (cl,,J = (ci, Ai y , (3.2.22) 

h paBeHCTBO (3.2.21) cjieflyeT hs (3.2.20), (3.2.22). □ 
Cjieflyroinne paBeHCTBa BbiTexaiOT H3 onpeflejieHna aHTnnofla ajire6pbi 
Xoncpa h H3 (3.2.17), (3.2.18), (3.2.22): 

^ C ti-M ( c ti;»,j) =1 > (3.2.23) 

(J-,3 

H3 hhx cjieflyeT, hto ajih jno6oro ajieMeHTa / £ C[-K] g 

||/||oo= f sup||T(/)|| < oo, (3.2.25) 

T 

rfle T npo6eraeT MHCOKecTBO KjiaccoB yHHTapHoii SKBHBajieHTHOCTH * - npefl- 
CTaBjieHHii ajire6pbi C[i^] g b rnjibGepTOBbix npocTpaHCTBax. IIoctpohm TOHHoe 
* - npeflCTaBjieHne ajire6pbi C[i^] g . TeM caMbiM 6yfleT flOKa3aHO, hto \\f\\oo 
aBjiaeTca HopMoii, a C[.fC] g c stoh HopMoii - HopMHpoBaHHaa ajire6pa. 

3AMEHAHHE 3.2.13 Xopoino H3BecTHO [41, CTp. 53], hto Ta me caMaH HopMa 
nojiynaeTCH, ecjin b (3.2.25) Hcnojib30BaTb He Bee *-npeflCTaBjieHH5i ajire6pbi 
C[i^] g , a TOJibKO HenpHBOflHMbie *-npeflCTaBJieHH5i. 



BBefleM b paccMOTpeHHe jiHHeftHbift cpyHKUHOHaji 

v:C[K] q ^C, v.f^ J fdv, 



K q 



paBHbift Hyjiio Ha rHnepnjiocKOCTH (J) (End L(A))* C C[-K] g n ejxtmm\e Ha efln- 

HHMHOM 9JieMeHTe. OneBHflHO, 

{y ® id) A(/) = (id ®v) A(f) = u(f) -1, feC[K] q , (3.2.26) 

H V 5IBJineTC5T eflHHCTBeHHbIM C TOMHOCTblO flO MHCJIOBOTO MHO}KHTejI5T (U q g)° P (g> 

U g^-HHBapnaHTHbiM jiHHeiiHbiM (pyHKu,HOHajiOM. 3to KBaHTOBbiii aHajior HHTe- 
rpajia no Mepe Xaapa Ha K . 



215 



H3 paBeHCTBa (3.1.11) cjieflyeT, mto npeflCTaBjieHna tta(^) h 7ta(5 2 (^)) 
ajire6pt.i U q Q b £(A) 3KBHBajieHTHBi. HivieHHO, jinHeftHBift onepaTop 

F A : L(A) -> L(A), F A : < ? -> g- 2 ^ < j5 

5iBji5ieTC5i cnjieTaiomHM: 

Kax oGtsrcHsreTCfl b [320, CTp. 26], 3Ha5i aBHbiii bha cnjieTaiomero onepaTopa, 
HeTpyflHO nojiy^HTB cjieflyromne cooTHOineHHH opToroHajiBHOCTH. 

IlPEflJlOKEHHE 3.2.14 

f(r A Vr A ' Hv ~ ^,A^A,A^/^y^g 2(V) . , 

J \ c \i^3> c \',Vw',j' av - dim L(A) ' 

sde 

dim ? L(A) = ^dimL(A) A q 2 ^ p \ 
XeP 

CJlEflCTBHE 3.2.15 IIoAymopaAUHeuHaH cfiopjua 

noAootcumeAhHO onpedeAena. 

Cjieflyiomee yTBep>KfleHHe BBiTexaeT H3 (3.2.27), (3.2.22) h h3 onpeflejie- 
HH5T xapaKTepa (3.2.3), corjiacHO KOTopoMy Xa = Y1 c xi-xi Q. 2 ^^- 

X,i 

CJIEflCTBHE 3.2.16 IIpoeKmop P A e C[K] q na (End L(A))* napaAAeAbno 
@ (End L(A))* sieAShemcH unmespaAbHUM onepamopoM c ndpoM 

X; A 



y A = dim g L(A)-(id®5')A(xA). 



1/2 



rionojiHHH C[iT] ? no HopMe H^lh = / ^ ? nojiynaeM thjib- 



6epTOBO npocTpaHCTBO L (dv) q , KOTopoe 5iBji5ieTC5i KBaHTOBBiM aHajioroM npo- 
CTpaHCTBa L 2 (dv). 
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3AMEHAHHE 3.2.17 Tax xax w p = -p, to 

dim q L(-w A) = ^dim(L(-w A)_ WoA )q 2 ^ = dim q L(A), 

AeP 

rfle wo-sjieMem MaKCHMajibHoii fljiHHbi rpynnbi Benjin W. 
VL'3 (3.2.24) n H3 npefljio»:eHH5i 3.2.7 BbiTexaeT 

IlPEflJlOKEHHE 3.2.18 UpedcmaeAenue *-aA2e6pu C[-fC] g e nped2UAt6epmo- 
eoM npocmpaHcmee C[K] q , nomopoe naotcdoMy SAejuenmy f conocmaeAM- 
em AuneuHuu onepamop yMHOotcenuH CAeea na f , MeAMemcM ee mounuM *- 
nped curiae AenueM, u ece onepamopu smozo npedcmaeAenun ozpanunenu. 

CJlEflCTBHE 3.2.19 IIpodoACHcaM no Henpepuenocmu onepamopu paccMampu- 
eaeMOZo npedcmaeAenua na ece npocmpancmeo L 2 (dv) q , noAyuaeM monnoe 
^-npedcmaeACHue aAze6pu C[-fC] 5 e smoM 2UAt>6epmoeoM npocmpaHcmee. 

IIonojiHeHHe C(K) q *-ajire6pbi C[i^] g no HopMe \\f\\oo HBjineTcn C* - aji- 
re6poii n Ha3biBaeTcn ajire6pon HenpepbiBHbix (pyHKUHii Ha KBaHTOBoii rpynne 
K. 

PaccMOTpHM npocTpaHCTBeHHoe TeH3opHoe npoH3BefleHHe C*-ajire6p 
C(K) q <S> C(K) q [41, CTp. 71]. 143 onpeflejieHnft cjieflyeT, hto CTpyKTypa 6h- 
ajire6pbi no HenpepbiBHOCTH nepeHOCHTcn c iuiothoh noflajire6pbi C[i^] g Ha 
C(K) q . 

A : C(K) q -> C(K) q C(K) q ; e : C{K) q -> C. 

HHBapHaHTHbiii HHTerpaji v flonycxaeT npoflOji^KeHne no HenpepbiBHOCTH 
Ha C(K) q . ,HeHCTBHTejibHO, II/H2 < ll/lloo, nocKOjibKy H3 onpeflejieHHH || • ||oo 
BbiTexaeT HepaBeHCTBO ||/</?||2 < ll/lloo IMI2, h ||1||2 = 1- CjieflOBaTejibHO, 

1/ fdv\<\\f\\ 2 \\l\\ 2 = ||/|| 2 < ll/lloo- 

K q 

OneBHflHO, paBeHCTBa (3.2.26) HMeiOT MecTO npn Bcex / 6 C(K) q . 

3AMEHAHHE 3.2.20 rioflMHO^KecTBO {c^ rM ? } C C[K] q n C*-ajire6pa C(K) q 
yflOBjieTBopniOT BceM Tpe6oBaHHHM, BKjnoneHHbiM C. BopoHOBnneM b onpefle- 
jieHne KOMnaKTHoft MaTpnnHoft nceBflorpynnbi [352, CTp. 616]. 
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3.2.4 IIpHMep: ajireSpa cpyHKiniH Ha KBaHTOBoii rpynne SU2. 
PaccMOTpHM ajire6py Xon(pa £/ g sl 2 , *-ajire6py Xon(pa U q s\i2 = (UgS^,*) h 
ajire6py Xon(pa CfSX^, BBeflemibie b nyHKTax 2.3.1, 2.3.2 h 2.3.6. 

Haflejiaa C[SX 2 ] 9 HHBOjiioirtfeH no flBoiicTBeHHOCTH, cm. npeflbiflyiuHH 
nyHKT, nojiynaeM *-ajire6py Xon(pa <C[SU2] q , aBjiaioiiryioca KBaHTOBbiM aHa- 
jioroM ajire6pt»i peryrapHbix (pyHKu,Hft Ha KBaHTOBoii rpynne SU2. H3 onpefle- 
jieHHft BbiTexaeT paBeHCTBO 



*21> ^22 / V ~Q *12j *11 



(3.2.28) 

'21? ^22 

Hcnojib3y5i onncaHne ajire6pbi C[SX 2 ] g b TepMHHax o6pa3yK)innx n 
cooTHomeHHH , npnBefleHHoe b nyHKTe 2.3.6, HaiifleM HenpnBOflHMbie *- 
npeflCTaBjieHHa ajire6pbi C[SU2] q . 

IlPHMEP 3.2.21 Ajire6pa V[SU2] q o6jia,a,aeT oflHOMepHbiMH *-npe,a,CTaBjieHH5i- 

MH 

X v (tn)=e Up , X<p(tu) = Xvfoi) = 0, X^2 2 )=e"^, r fl e ip G R/ (27rZ). 

IlPHMEP 3.2.22 IlycTb {ej}°^ - CTaHflapTHbiii 6a3nc rnjib6epTOBa npocTpaH- 
CTBa / 2 (Z + ). CjieflyiomHe paBeHCTBa onpe-flejiaiOT HenpHBOflHMoe GecKOHenHO- 
MepHoe *-npeflCTaBjieHHe II ajire6pbi <C[SU2] q b / 2 (Z + ): 



. v/l — q 2 i e 7 -_i, 7 > 0, .,, 

n(tn) ej = 4 v 7 , n(* 12 ) ej = ^ +1 e„ 

0, j = 



n(t 22 )e 7 = VI - g 2 CHi) ej+h n(t 21 ) ej = g^'ej 



3AMEHAHHE 3.2.23 IIpH BCex / G C(SU 2 ) q 

||n(/)||> max | x ,(/)|. (3.2.29) 

</?eM/(27rZ) 

^eftcTBHTejibHO, nycTb /3 - ajire6pa Bcex orpaHHMeHHbix onepaTopoB b / 2 (Z + ), 
JC - ee flBycTopoHHHft Hfleaji KOMnaKTHbix onepaTopoB 1 j : ¥> —> B/JC — 
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KaHOHHMecKaa (paKTopH3auH5T. Torfla b ajire6pe KajiKHHa B/JC 
||i-n(/)||= max JxM)l feC[SU 2 ] q . 

^gR/(2ttZ) 

OcTaeTca BOcnojib30BaTbC5i TeM, mto ||j|| < 1. 



IlepBoe yTBep^KfleHne cjieflyiomero npefljio>KeHH5i ncnojib3yeT KoyMHOJKe- 
Hne b C[SU2] q h noMTH OMeBHflHO. BTopoe yTBep>KfleHHe flOKa3biBaeTC5i MeTO- 
flOM, onncaHHbiM b nyHKTe 2.2.3. Pojib KOMMyTaunoHHbix cooTHOineHHii (2.2.13) 

npH 3TOM HrpaiOT KOMMyTaUHOHHbie COOTHOHieHH5T 

t\\x = q 2 xt u , t\2X = xtu, t 2 \X = xt 2 i, t 2 2X = q~ 2 xt 2 2, 
rfle x = t\2t\ 2 . 

ElPEflJIOKEHHE 3.2.24 ([22], cmp. 5) *-Ilpedcma6AeHUM cuee6pu C[S77 2 ] ? 

X<pi n® X ^, (3.2.30) 

zde ip 6 R/(27rZ) ; nenpueoduMU u nonapno HesKeueajiewmHU. Kaotcdoe 
nenpueoduMoe * - npedcmaeAenue aAse6pu < C[SU2] q ynumapHO sKeueajiewmHO 
odnoMy U3 npedcmaeAenuu (3.2.30). 

CJlEflCTBHE 3.2.25 B C*-aAse6pe C(SU 2 ) q 

||/||= max J(II® II, feC[SU 2 ] q . (3.2.31) 

B KjiaccH^ecKOM ony^ae q = 1 cneKTpoM spec(x) ajieMeHTa x = |^i2| 2 6a- 
HaxoBoft ajire6pbi C(SU2) 5iBji5ieTC5i OTpe30K [0, 1]. B KBaHTOBOM cjiy^ae cneKTp 

X OKa3bIBaeTC5I CHeTHbIM MHO>KeCTBOM. 

CJlEflCTBHE 3.2.26 B C*-aA2e6pe C{SU 2 ) q 

spec(x) = q m U {0}. (3.2.32) 



H3BecTeH aBHbiii BHfl HHBapnaHTHoro HHTerpajia, paBHoro eflHHime Ha 
eflHHHHHOM sjieMeHTe. 
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ElPEflJIOKEHHE 3.2.27 ([22], cmp. 11). /[am ecex f G C[SU 2 ] q 

J fdv = ^-^1 J tr ((n ® xM ■ x))dtp. (3.2.33) 

(SU 2 ) q o 
riepeiifleM k cyinecTBeHHO 6ojiee o6ihhm pe3yjibTaTaM. 

3.2.5 HenpHBO/i,HMbie *-npe/i,CTaBjieHHa ajireSpw C[i^] g h hhb&- 
pHaHTHbiii HHTerpajr. IlocTpoeHHe HenpHBOflHMbix *-npe,a,CTaBjieHHH ajire6- 
pbi C[-fC] ? ocym,ecTBji5ieTC5i CBefleHHeM k nacTHOMy cjiynaio K = SU 2 - Bbi6epeM 
i£ {1,2,...,/} h paccMOTpHM Bjio>KeHHe *-ajire6p Xon(pa 

U qi sl 2 ^U q Q, K ±l ^K±\ E i-> Ei, F i-> Fi. 

Ero o6pa3 6yfleM oGosHanaTb (U q M 2 )i . 

Conp5i>KeHHbiH jiHHeftHbift onepaTop HBjraeTca roMOMopcpH3MOM *-ajire6p 
Xoncpa C[-fC] g — > CfSL^jgj, nocKOJiBKy cysceHiie KOHe^HOMepHoro BecoBoro 
npeflCTaBjieHHa ajire6pbi U q g Ha ee noflajire6py (U qi sl2)i HBjraeTCH KOHeHHOMep- 
hmm BecoBbiM npeflCTaBjieHneM stoh noflajire6pbi. Bo3HHKaiOT roMOMop(pH3Mbi 
*-ajire6p XoiKpa 

& : C[K] q - C[SU 2 ] qv z = l,2,...,Z, 
h HenpHBOflHMbie *-npe,a,CTaBjieHHa ajire6pbi C[-fC] g : 

nj = no^, x<p,i = x<p fa, 

nojiyneH /-MepHbiii Top T ? = (M/(27rZ)) z oflHOMepHbix *-npe,a,CTaBjieHHft 
X v = ® X^ 2 ,2 <8> ... <8) x w ,z, p = y?2, • • • , Vi) e T z . 

EcTeCTBeHHO 0>KHflaTb, HTO HenpHBOflHMbI H HeKOTOpbie H3 TeH30pHbIX npoH3- 

BefleHHH 11^ ® Iii 2 ® . . . ® Ilj^. IloflHepKHeM, hto onepaTopbi npe-flCTaBjieHHH 
orpaHH^eHbi (cm. (3.2.23), (3.2.24)), h Hac HHTepecyiOT TeH3opHbie npoH3Befle- 
hhh b KaTeropHH rnjib6epTOBbix npocTpaHCTB. HenpnBOflHMOCTb b stom koh- 
TexcTe 03HaHaeT OTcyTCTBne o6ihhx He-TpHBHajibHbix HHBapnaHTHbix noflnpo- 

CTpaHCTB, a He OTCyTCTBHe o6lHHX HeTpHBHajIbHblX HHBapHaHTHblX JIHHeftHblX 

noflMHoroo6pa3Hii onepaTopoB npe-flCTaBjieHHH. 
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IlPEflJIOKEHHE 3.2.28 ([237], cmp. 121). Ilycmb w = s h s l2 . . . s lN - npu- 
eedennoe pa3A0CHcenue dACMenma w G W u ip G T l . PaccMompuM *- 
npedcmaeAenue ajiee6pu C[K] q 

U h <g> U i2 <g> . . . <g> U lN <g> x v - (3.2.34) 

_/. *- npedcmaeAenue (3.2.34) nenpueoduMO u Kaotcdoe nenpueoduMoe 
^-npedcmaeAenue aAze6pu C[K] q ynumapno SKeueaAenmno odnojwy U3 nped- 
cmaeAenuu (3.2.34). 

2. JJea *-npedcmaeAenuM (3.2.34) ynumapno SKeueaAenmnu, ecAU u moAt- 
ko ecAU coenadawm omeeuamu^ue um SAeMenmu w G W u SAejuenmu 
(R/(2ttZ)) z . 

Hcnojib3y5T (3.2.31) h npefljicxaceHiie 3.2.28, nojrynaeM 

CJlEflCTBHE 3.2.29 Ilycmb wo = Si 1 Si 2 ...si M - npueedennoe pa3A09tcenue 
SAejuenma MancuMaAbnou 3auhu u 

u Wo = n il ®n i2 ®...®ii iM . 

Tosda 3am aw6o20 SAeMenma f G C[-K"] g 

11/1100 = max 11(11^ (3.2.35) 

H3 npefljio»:eHH5i 3.2.28 TaioKe cjieflyeT, mto *-npeflCTaBjieHne 11^, w G 
W, ajire6pt»i C[i^] g onpefleji5ieTC5i sjieMeHTOM w c tomhoctbio j\o yHHTapHoft 
SKBHBajiGHTHOCTH , to ecTb He 3aBHCHT ot Bbi6opa npHBefleHHoro pa3JIO>KeHH5I. 

KaK noKa3aji CTOKMaH b [322], Hcnojib3y5i pe3yjibTaTbi pa6oTbi [324], aHa- 
jiornMHoe onncaHne *-npe,a,CTaBjieHHft mo>kho nojiy^HTb fljra Ba^KHoro Kjiacca 
OflHopoflHbix npocTpaHCTB KBaHTOBbix rpynn. 

06paTHMC5i k KjiaccH^ecKOMy cjiynaio q = 1. PaccMOTpHM nc-flMHCc-KecTBO 
Sc {1,2,.. J} h ajire6paHHecKHii Top TcGc ajire6poft J1h 

{Z€t>\a j (Z)=0 np H j€S}, 
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cm. [28, CTp. 133]. I^eHTpajiH3aTop L§ C G 9Toro Topa HBjineTCH cbh3- 
hoh peflyKTHBHoft rpynnoft c ajire6poft JIh [§ C 0, nopco-KfleHHoft MHCG-Ke- 
ctbom {Fi, Ej | % G §} U {Hj | j = 1,2,.../} [84, ct P . 202, 254]. 3 H a- 
hht, L§-HHBapHaHTHbie (pyHKD,HH Ha G BBifleji5iiOTC5i Tpe6oBaHHeM HX Ui- 
HHBapHaHTHOCTH, h onpaBflaHbi cjie-flyioiHHe nocTpoeHHH. 

IlycTB § C {1, 2, ...,/} h U q ig C - noflajire6pa Xon(pa, nopcG-KfleHHaa 

MHCOKeCTBOM 

{^ 1 }i=i,2,..,z U {£ ? ,Fj ?e §. 
PaccMOTpHM noflajire6py 

C[L s \G] q ^ {/ G C[G] g | WO/ = £(0/, £ G ^fe} • 
OHa HacjieflyeT CTpyKTypy jiOKajiBHO KOHeHHOMepHoft t/gg-MOflyjihHOH ajire6- 

PBI, nOCKOJIBKy 

^reg(0 • ^rcg(^) = Rvegiv) ' £reg(£)> f , T) G U q Q. 

IloflajireGpa C[L§\G] g Hacjie-flyeT hhbojiioli,hio *. H3BecTHO [322, CTp. 474], 
[171], hto OHa nopcoKflaercH mhcokgctbom {(^..xji^-uk)* M G §}. 

3afiMeMCH npe-flCTaBjieHHHMH ajire6pBi c HHBOjnoinieft <C[L§\G] q . IlycTB 
W$ C W - noflrpynna, nopcG-KfleHHaa mhcokgctbom {si}i e §, h 

S W = {weW\ l{ws z ) > l(w), i g §} . 
Cjie-flyioiHHH pe3yjibTaT nojiyneH KocTaHTOM b [239]. 

JlEMMA 3.2.30 ([179], cmp. 19) 1. Kaotcduu SACMcnm w G W eduHcmeeHHUM 
o6pa,30M pasjiazaemcM e npouseedenue 

w = s w ■ WSi Wg g Wg, ®w G ®W] 

2. s w - eduHcmeeuHuu SAeMenm HauMentmeu 3auhu e {wWs}; 

3. l(w) = l(w s ) + /(V). 

IlPEflJlOKEHHE 3.2.31 ([323], cmp. 480) Ecau w G s W , mo cyotcenue *- 
npedcmaeAenuu U w na noda,A2e6py C[L§\G] q nenpueoduMO. Kaotcdoe nenpueo- 
dujwoe *-npedcma,6AeHue aAse6pu C[L§\G] q ynumapno dKeueaAenmno odnoMy 
u moAbKO odnoMy U3 smux cyatcenuu. 



222 



PaBeHCTBO (3.2.33) flocTaBjraeT hbhmh bha HHBapnaHTHoro HHTerpajia Ha 
CySU^q. IlpHBefleM o6o6m,eHHe SToro pe3yjibTaTa Ha cjiynaft *-ajire6pbi XoiKpa 
C[K] q . 

IlpH Bcex A G P+, w G W BecoBoe noflnpocTpaHCTBO L(A) w a OflHOMepHO. 
3HaHHT, HopMHpoBaHHbiii 6a3HCHBiii B6KTop t>^ A G L(A) w a onpeflejieH c tohho- 

CTbK) flO HHCJIOBOrO MHO>KHTeJ15I, IIO MOflyjIK) paBHOrO eflHHHD,e, 14 H OflH03HaHHO 

onpeflejieH sjieMeHT 

%A,w = Ca, wA ' ( C A, wa) 

ajire6pbi C[-K"] g . 

J\jin sjieMeHTa w G W h ero npnBefleHHoro pa3jio>KeHH5i w; = s^s^ . . . Si N 
BBefleM ajieMeHTbi 

w j = s i j+ i s i j+ 2 • • • J = 0, 1, • • • , A r - 1; wtv = 1. 
JlEMMA 3.2.32 ([291], cmp. 10). OzpaHuncnnuc auhcuhuc onepamopu 

(n w ®xJW> Agp + , 

e / 2 (Z + ) <Xl7V nonapno KOMMymupywm, u 

N 

{U w ® xt)e fcl <8) e fc2 ® . . . ® e fcAr = ^(fc.+i)^,^)^ ^ ^ ^ ^ g ^ 

i=i 

g^e {e/ Cl ®efc 2 ® . . . Cge/^} - cmandapmHuu 6a,3uc 2UAt>6epmoea npocmpaHcmea 
l 2 (Z+)® N . 

CJlEflCTBHE 3.2.33 Heompui^amejibHuu auhcuhuu onepamop 
(n wo ® X^X^/vwo) MGAMemcM sidepHUM u UMeera nyAeeoe ndpo. 

riPEflJlOKEHHE 3.2.34 ([291], cmp. 11). /Jam aw6o20 SACMeuma f G C[K] q 

J tr((n wo ® X ^)(/ • Xp,^))^, (3-2.36) 

gcte rfyj - Mepa Xaapa na gpynne T l . 

14 HanoMHHM, hto HHBapnaHTHaH spMHTcma (popMa b L(A), BBe^emiaH b nyHKTe 3.1.5, nojiojKHTejibHO 
onpe^ejieHa npii Bcex A e P+ (cm. nyracT 3.1.8). 
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3AMEHAHHE 3.2.35 5Ibhmh BHfl nojiO)KHTejibHoro HHCJiOBoro MHOKHTejra 
const(g) npHBefleH b pa6oTe [291]. 

HHBapHaHTHbift HHTerpaji flonycxaeT npoflOJiJKeHne no HenpepbiBHOCTH c 
C[K] q na C(K) q . 

CJlEflCTBHE 3.2.36 CocmoMHue v MGAMemcM itiohhum, mo ecmt 3am, ecex 
HenyAeeux SAeMenmoe f £ C(K) q 

J tfdv > 0. 

,ZJoKa3aTejTbCTBO. Bee *-npe,o,CTaBjieHH5i ajire6pbi C[K] q 6yn,eM chh- 
TaTb npoflOji>KeHHbiMH no HenpepbiBHOCTH Ha C(K) q . IlycTb / £ C(K) q n 
J f*fdv = 0. H3 HenpepbiBHOCTH onepaTop-(pyHKnHH (H Wo <S> Xv){f) Ha T0 ~ 

K q 

pe h OTcyTCTBHH Hflpa y onepaTopa (Il Wo ® Xf)( x o) ^ cjie^yeT, hto 
U Wo (g) Xtp(f) = n P H BCex V 9 £ TT Z . ripoflOji^Kan o6e nacra paBeHCTBa (3.2.35) 
no HenpepbiBHOCTH Ha C(K) q , nojiynaeM: 

H/lloo = max ||(n wo ® =0, / £ C(i^), 

3HannT, f = 0. □ 

3.3 KBaHTOBbie BeKTopHbie npocTpaHCTBa h MO^yjin 
XapHni-MaH^pbi 

3.3.1 06o6m,eHHbie MO/iyjiH BepMa. Tax >Ke, xax b nyHKTe 3.1.1, 
paccMOTpnM MaTpnu,y KapTaHa (dij), i,j = 1,2,...,/, npocToft KOMnjieKCHoii 
ajire6pbi JIh h OTBenaioinHe eit ajire6pbi Xoncpa Uq, U q Q c o6pa3yioinHMH 

z = 1,2,...,/; {KitKr^EitFi}, z = l,2,...,/, 

COOTBeTCTBeHHO. 

Bbi6epeM noflMHOJKecTBO S C {1,2,...,/} HaflejiHM ajire6py JIh g rpa- 
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flynpoBKoft c noMom,bio sjieivieHTa H§ (E f), onpefleji5ieMoro paBeHCTBOM 

2, j£S 

o, jes. 



(*j(Hs) = 



HivteHHO, 



OneBHflHO, 



= © Qj , 0. 7 = e fl| ad# s £ = 2j£}. 
i 



q = u e [ e u 



+ 

5 



rfle ( = go, vT = © flj, u + = © Qj h q ± = I © u ± . Pa3yMeeTC5i, q ± D b ± , to 

i<o j>0 

ecTb noflajireGpti J1h q ± hbjihiotch napa6ojinnecKHMn. 

B cjieflyioineM pa3flejie mm HaflejiHM ajire6py C[u~] nojiHHOMOB Ha u 
CTpyKTypoii (Tg-MOflyjibHon ajire6pbi n nojrynnM ee KBaHTOBbin aHajior C[u~] ? . 
BBefleM Heo6xoflHMbie onpeflejiemia. 

Ilpe>Kfle Bcero, HaflejiHM Ka^Kflbiii BecoBoii U q Q-uoffyjib V rpaflynpoBKoii 

V = ®V r , V r = {v e V I H s v = 2rv}. 

r 

^ajiee, paccMOTpHM noflajire6pbi Xoncpa U q q + , U q q~ , U q i, U q l SS} nopo>K- 

fleHHbie MHOJKeCTBaMH 

{Kf l ,Ei} i=1 2,...,i U {Fj} je §, {Kf l ,Fi} i=1 ^...,i U {Ej} ]e $, 

{Kf l }i=i,2,...,i U {Ej, Fj} je §, {Kf 1 , Ej, F j}je§- 

Otmcthm, mto noflajire6pa Xoncpa U q l ss C U q l 5iBji5ieTC5i KBaHTOBbiM aHajioroM 
yHHBepcajibHoii o6epTbiBaK)in,en ajire6pbi Ul ss "nojiynpocToii nacTn" i ss = [I, [] 
ajire6pbi Jin I. 

OneBHflHO, (7 g [ = c7 g q + fl U q c\~ , h KoppeKTHO onpeflejieHbi ciopb>eKTHBHbie 
roMOMopcpH3Mbi ajire6p Xoncpa 

7T + : t7 g q + -> C/ g l, tT : £/ g q~ -> t/J, 



,Z],JI5I KOTOpblX 



= id, 7r + (E i )=7r-(F i )=0, j<£S. (3.3.r 
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3th roMOMopcJ)H3Mbi 7T 3aMacTyio cnoco6Hbi 3aMeHHTb KBaHTOBbie aHajio- 
rn noflajire6p Xoncpa Uv^ C Uq. HanpHMep, g-aHajiorn npocTpaHCTB u ± - 

HHBapHaHTOB UqQ-MOflJJlft V MO)KHO BBeCTH paBeHCTBaMH 

V u+ = {v G V\ Kei7T + ■ v = 0}, V u ~ = {v G V\ KerTT • v = 0}. 



Xj G Z + npn j G S 



riepeiifleM k o6o6m,eHHbiM MOflyji^M BepMa, cm. [247]. IlycTb 
{ j=i 

Ka^KflOMy A G P| conocTaBHM npocToii BecoBoii [/ g [-MOflyjib L(l, A) c o6pa3y- 
lomeii A) h onpeflejiflionrHMH cooTHonieHHSMH 

K? 1 v(l,\) = qt Xi v(l,\), j = 1,2,...,/; 



/ 



^(l,A) = 0, A) = 0, JG§, 



cp. c (3.1.45). Hcnojib3y5i roMOMopcpH3Mbi 7r ± : t/ g q ± — > nojiy^aeM ^ g q ± - 
MOflyjin iv(q ± , A) b tom «e caMOM BeKTopHOM npocTpaHCTBe. 

06o6m,eHHbiM MOflyjieM BepMa co CTapniHM BecoM A E P+ Ha3biBaK)T U q Q- 
MOflyjib 

N{q + ,\) = U q g® Uqq+ L{q + ,\). 

IlocTpoHM 6a3HC BeKTopHoro npocTpaHCTBa N(q + , A) c noMom,bK) 6a3nca 
nyaHKape-BnpKrocpa-BHTTa ajire6pbi U q n~ , OTBe^aiomero cneuriajibHbiM o6pa- 
30M Bbi6paHHOMy npHBefleHHOMy pa3jio^KeHHio sjieMeHTa w$ G W MaKCHMajib- 

HOH flJIHHbl. 

PaccMOTpHM noflrpynny W$ C W, nopo^KfleHHyio mho^kcctbom npocTbix 
OTpa>KeHHii {si}j G §, h sjieMeHT HaHMeHbineii fljiHHbi Wq b Kjiacce CMeoKHOCTH 
W§wo. Kax cjieflyeT H3 jieMMbi 3.2.30, TaKoft 9JieM6HT Wq eflHHCTBeH (nMeHHO, 

rfle wo 7 g- sjieMeHT MaKCHMajibHoii fljiHHbi rpynnbi W§. 
Bbi6epeM npHBeflemibie pa3jic»KeHH5T 

^o,§ = s H s l2 . . . s iM „ w^ = s lM , +l s lMl+2 . . . s lM . (3.3.2) 
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Hx K0HKaTeHaiJ,H5I Wq = S^Sjg . . . Si M 5IBJI5ieTC5I npHBefleHHMM pa3Jio>KeHHeM 

ajieMeHTa wq. H3 npefljio>KeHH5i 3.1.3 cjieflyeT, mto U q g 5iBjiaeTC5i cboGoahbim 
npaBbiM MOflyjieM Hafl ajire6poft U q q + c 6a3HCOM 

t?3m rpjM-1 TpiM'+i (A A A \ a T/M—M' 

3HaMHT, HMeeT MecTO 

riPEflJlOKEHHE 3.3.1 nycnib A G u {vi,V2, ■ ■ ■ ,Vd} - 6a3uc eeKmopnozo 
npocmpaHcmea L(q + , A). Tozda eenmopu 

F t F t:l--- F tZ>' ^ 6Z +> i 6 {1,2,... ,4, (3.3.3) 

o6pa3ywm 6a3uc odnopodnux SAeMcnmoe spadyupoeannoso eeKmopnoso npo- 
cmpaHcmea N(q + , A). 

3AMEMAHHE 3.3.2 OflHopoflHOCTb 9jieMeHT0B 6a3Hca (3.3.3) BbiTexaeT H3 to- 
ro, mto sjieMeHTbi Fp 5ibji5hotc5t BecoBbiMH BeKTopaMH U q Q-MOj\yj\5{ U q g c Beca- 

MH, paBHblMH HX KJiaCCHMeCKHM 3HaMeHH5IM, a BCe BeKTOpbl Vi HMeiOT OflHy H 

Ty >Ke CTeneHb oflHopoflHOCTH. 

H3 npefljio^KeHHii 3.3.1, 3.1.30 BbiTexaeT 

IlPEflJlOKEHHE 3.3.3 Odnopodnue KOMnonenmu zpadyupoeannozo eenmop- 
H020 npocmpancmea N(q + , A) MOAMwrncM KoneunoMepnuMU eecoeuMU U q l- 
ModyAMMU. Kpamnocmu eecoe u pa3Mepnocmu smux U q [-ModyAeu paenu ux 
KAaccuuecKUM 3HaueHUHM, mo ecmt 3nauenuMM npu q = 1. 

OTMeTHM, MTO iV(q + ,A) 5IBJI5ieTC5I JIOKajIbHO [7 (? b + -KOHe x IHOMepHbIM mo- 

flyjieM, rfle b + C g - CTaHflapTHa^ 6opejieBCKa5i noflajire6pa. Tax me, Kax 
npefljio>KeHHe 3.3.1, flOKa3biBaeTC5i 

JlEMMA 3.3.4 Odnopodnue KOMnonenmu U q l-6uModyAeu U q c\ ± MeAMtomcM nan 
c6o6o8humu AeeuMU, man u ceo6odnuMU npaeuMU U q l-ModyAMMU Koneunozo 
pama. 



227 



CjiejjyioiHee cbohctbo yHHBepcajibHOCTH o6o6ineHHoro MOJxyjin BepMa 
iV(q + , A) BbiTexaeT H3 ero onpeflejieHHH h Hcnojib3yeT ecTecTBeHHoe Bjicc-Ke- 
HHe [/ (7 q + -MOflyjiefi 

L(q+, A) ^ U q g ® Uqq+ L(q+, A), v^l®v. (3.3.4) 

JlEMMA 3.3.5 PaccMompuM U q Q-ModyAb V . Kaatcduu MopcfiusM U q q + - 
ModyAeu f : £(q + , A) — > V eduncmeeHHUM o6pa,30M npodoAQtcaemcM, do Mop- 
cf)U3Ma U q Q-Modyjieu 

iV(q + ,A)^y, t;®v^U(v). 

IlycTb v (q + , A) = 1 <g> v(i. A) - CTapniHft BeKTop Af(q + , A). Tax me, xax b 
cjiy^ae q = 1 [247], jj,OKa3biBaeTC5i 

IlPEflJlOKEHHE 3.3.6 PaccMompuM ModyAb BepMa M(A) co cmapmuM ee- 
com A G P+ u cmandapmnuu 3nuMopg?u3M U q Q-ModyAeu 

px : M(A) - iV(q + , A), p A : v(X) h-> ?;(q + , A). (3.3.5) 

J7cfy?o Kerj9\ MeAMemcM HauMeubiuuM nodModyAeM U q g-ModyAM M{X), codep- 
otcamuM nodMHOQtcecmeo I F^ i+1 v(X) > 

3AMEHAHHE 3.3.7 IlycTb L C M(A) - noflMOflyjib, nopo>KfleHHbiH MHOJKe- 
ctbom \ F^ i+1 v(X) \ . B [247] paBeHCTBO L = Kerp\ BbiBOflHTca H3 pacm,e- 
nnMOCTH tohhoh nocjieflOBaTejibHOCTH U 0-MO,o,yjieft 

-> Kerp A /L -> M(A)/L -> M(A)/Kerj9 A -> (3.3.6) 

h H3 Toro, hto f/g-MOflyjib M(X)/L nopcc-KflaeTCfl cbohm CTapniHM BeKTopoM. B 
cbok) onepejxb, pacm,enHMOCTb nocjieflOBaTejibHOCTH (3.3.6) cjiejjyeT H3 jieMMbi 
3.3.5 06 yHHBepcajibHOCTH A r (q + ,A) = M(A)/Ker£> A h h3 KOMMyTaTHBHOCTH 
flnarpaMMbi 

Uq+ -v{X)^Uq+ -v{q+,X) 



M(A) ^iV(q+,A) 

b KaTeropHH [7q + -MOjj,yjieH. 
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CJlEflCTBHE 3.3.8 06o6m j eHHuu ModyAt BepMa N(q + , A) KanoHuuecKu U30- 
Mopcfien U q Q-ModyAK) c o6pa3yK>w ) eu t>(q + ,A) u onpedeAHiou^uMU coomHome- 

HUHMU 



E j v(q + , A) = 0, Kf v (q+, A) = qf> v(q + , A), j = 1, 2, . . . , /; 



lj "VI 7 • V ' ^ - - - ? 5 

' ' r(q .A) -0. je§. 



3AMEHAHHE 3.3.9 Pfe onpeflejieHHft cneflyeT cyinecTBOBaHiie HaH6ojibine- 
ro co6cTBeHHoro noflMOflyjiH i^(q + , A) ^ iV(q + ,A). Ecjih A G P+, to 
dim(iV(q + , X)/K(q + , A)) < oo h dim(A r (q + , X)/K) = oo ajih jiio6oro co6- 
CTBeHHoro noflMOflyjifl ^ A"(q + , A). IlocjieflHee yTBep^KfleHne flOKa3biBaeTC5i 
Tax tkb, Kax aHajiornMHoe yTBep^Kflemie b nyHKTe 3.1.5. 

B aaKjiiOMeHHe otmcthm, mto 6e3 cyinecTBeHHbix H3MeHeHHii b flOKa3aTejib- 
CTBax mo>kho nojiy^HTb aHajiornMHbie pe3yjibTaTbi fljra U q g-MOffyjieR 

N(q-, A) = U q Q ® Uqq - L(q-, iu 0)S A), A G -i* 

- o6o6m,eHHbix MOflyjieii BepMa c MjiafliiiHM BecoM A. 3flecb, Kax h npe^Kfle, 
w o,s ~ 9JieMeHT MaKCHMajibHoii fljiHHbi noflrpynnbi W§ rpynnbi Beiijra W. 

3.3.2 KBaHTOBoe BeicropHoe npocTpaHCTBO u . riepeftfleM k no- 
CTpoeHHio U q Q-MopjjibRom ajire6pbi C[u _ ] g . Hcnojib3yeMbift MeTOfl bocxoaht k 
^pHHCpejibfly [45] h coctoht b npeflBapHTejibHOM nocTpoeHHH flBoftcTBeHHoft 
Koajire6pbi. B ocHOBe stoto MeTOfla jie>KHT cjieflyroiHHft (paKT, BbiTeKaroiHHft H3 
onpeflejieHHft. 

IlPEflJlOKEHHE 3.3.10 PaccMompuM aAze6py Xoncfia A cop , omAunawu^y'iocsi 
om CLA2e6pu Xontfia A saMenou KoyMHODtcemiM na npomueonoAootcHoe. Ecau 
C MGAMemcM A cop -ModyAtHou KoaA2e6pou, mo conpMDfceHHoe eenmopHoe npo- 
cmpaHcmeo C* MGAMemcM A-ModyAtnou aAze6pou. 

3AMEHAHHE 3.3.11 CjieflyeT noacHHTb npn^HHy 3aMeHbi KoyMHO»:eHH5i Ha 
npoTHBonojio>KHoe. OneBHflHO, BeKTopHoe npocTpaHCTBO, conpHJKeHHoe k ko- 
ajire6pe, 5iBji5ieTC5i ajire6poft, npnneM TeH3opHbie coMHO)KHTejiH npn nepexofle 
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k conpHJKeHHbiM npocTp&HCTB&M He nepecTaBji5iiOTC5i. HanpoTHB, b KaTeropHH 
U q Q-MopyjiefL V{ <S> (V2 ®Vi)*, to ecTb TeH3opHbie coMHCc-KHTejiH nepe- 

CTaBJI5IK)TC5I. BBOflfl npOTHBOnOJIO^KHOe KOyMHO>KeHHe, Mbl 06x0flHM 9TO Heco- 
OTBeTCTBHe. 

IlpHBefleM npnivtep U q g cop -MOffyjibROR Koajire6pbi. 

ElPEflJIOKEHHE 3.3.12 Omo6paDtceHUM 

A+ : v(q + , 0) i-> v(q + , 0) <g> v (q + , 0), £ + : v(q + , 0) i-> 1 

eduHcmeeHHUM o6pa,30M npodoADtcawmcsi do Mopcfiusjuoe U q Q cop -Modyjieu 

A+ : 7V(q+, 0) -> JV(q + , 0) <g> iV(q + , 0), : iV(q + , 0) -> C. 

3mu Moptfiu3MU HadeAMwm iV(q + ,0) cmpyKinypou U q Q cop -ModyAbnou kocia- 
2e6pu. 

,Z^OKa3aTejTbCTBO. EflHHCTBeHHOCTb MOp(|)H3Ma A + CJieflyeT H3 Toro, HTO 

-u(q + ,0) nopo»:flaeT U q Q-Moj\yjvb 7V(q + ,0). Ero cymecTBOBaHne BbiTexaeT H3 
paBeHCTB 

^■(v(q + , 0) ® i;(q + , 0)) = (iff - l)(^(q + , 0) ® v{q + , 0)) = 0, j = 1, 2, . . . , I, 

F i Kq + ,O)0i;(q + ,O)) = O, jG§, 

KOTopbie cjieflyiOT H3 (3.1.6) h (3.3.7). CymecTBOBaHne h eflHHCTBeHHOCTb Mop- 
(pH3Ma e OMeBHflHbi. Bee Hy>KHbie CBoiicTBa Mop(pH3Ma A + , KpoMe KoaccouHa- 
thbhocth, BbiTexaiOT H3 onpeflejieHHii, a Koaccou,HaTHBHOCTb flocTaTOMHO npo- 
BepHTb Ha o6pa3yK)in,eH -u(q + ,0): 

(v(q + , 0) <g> v(q + , 0)) <g> i;(q + , 0) = v(q + , 0) <g> (v(q + , 0) <g> t>(q + , 0)). □ 

Kax cjieflyeT H3 npefljicoKeHHsr 3.3.10, ajire6pa C[[u~]] 9 Bcex jiHHeiiHbix 
(pyHKUHOHajic-B Ha iV(q + ,0) aBjiaeTCH L^fl-MOflyjibHoft. 3to g-aHajior Uq- 
MOflyjibHoii ajire6pbi C[[u~]] (popMajibHbix paflOB Ha KOMnjieKCHOM BeKTopHOM 
npocTpaHCTBe u~ = £j/q + . A- 1151 nepexofla ot (popMajibHbix pflflOB k nojiHHO- 
MaM flocTaTOHHO 3aMeHHTb b npeflbiflyiinix nocTpoeHHHx TeH3opHyio KaTeropnio 
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BeKTopHbix npocTpaHCTB TeH3opHOH KaTeropnen rpaflyHpoBaHHbix BeKTopHbix 
npocTpaHCTB: npHMan cyMMa h TeH3opHoe npoH3BefleHHe rpaflynpoBaHHbix bck- 
TopHbix npocTpaHCTB HaflejiniOTCH CTaHflapTHbiMH rpaflynpoBKaMH: 

(V e v") r = v' r e v", (y'®v") r = © W®vfi). 

Otmcthm, hto Ka>KflOMy rpaflynpoBaHHOMy BeKTopHOMy npocTpaHCTBy 

y = 0K, V r = {veV\ degv = r} (3.3.8) 

r 

OTBe^aeT rpaflynpoBaHHoe BeKTopHoe npocTpaHCTBO V* = 0VJ,*. Oho coBna- 

r 

flaeT c npocTpaHCTBOM Bcex jiHHeftHbix (pyHKUHOHajiOB Ha V, ecjin h TOJibKO 
ecjiH hhcjio HeHyjieBbix cjiaraeMbix b (3.3.8) kohchho. 

Bnajire6pa A Ha3biBaeTC5i rpaflynpoBaHHoii, ecjin OHa HBjineTca rpaflyn- 

pOBaHHblM BeKTOpHbIM npOCTpaHCTBOM, npHHCM yMHO^KCHHe m : A (g) A — > A, 

h KoyMHO^KeHne A : A ^ A ® A yBa^KaiOT rpaflynpoBKH, to ecTb hbjihiotch 
jiHHeiiHbiMH onepaTopaMH HyjieBoii CTeneHH. AHajiornnHO bboahtch itohhthh 
rpaflynpoBaHHoii ajire6pbi h rpaflynpoBaHHoro MOflyjin, rpaflynpoBaHHOH ko- 
ajire6pbi h rpaflynpoBaHHoro KOMOflyjin, a TaioKe noHaTHe rpaflynpoBaHHoft 
ajire6pbi Xoncpa. 

B npeflbiflym,eM nyHKTe Ka^Kflbift BecoBoft U q g-MOffyjib 6biji HaflejieH rpa- 
flynpoBKOH c noMom,bio sjieivieHTa H$. 

ByzjeM o6o6m,eHHbie MOflyjiH BepMa iV(q + ,A) CHHTaTb o6T>eKTaMH tch- 
3opHoft KaTeropHH t/ 9 cop -MOflyjieft, a flBoftcTBeHHbie hm rpaflynpoBaHHbie U q Q- 
MOflyjin - o6T>eKTaMH TeH3opHoii KaTeropHH U q Q-Mopy "jieit. 

Otmcthm, hto U q Q, U q Q cop - rpaflynpoBaHHbie ajire6pbi Xoncpa 

fi, ieS, f-i, jg§, 

deg(tff) = 0, deg(E j ) = { ', deg(F i ) = <^ 

(0, j£S [0, j£S, 

a iV(q + ,0) - rpaflynpoBaHHan U q Q cop -MO,nyjibH&si Koajirc6pa. ^BoftcTBeHHyio 
rpaflynpoBaHHyio L^g-MOflyjibHyio ajire6py 

C[u"] g = C[u-] ffJ , C[u"] w - = iV(q + , 0)V 

i>o 
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Ha30BeM ajire6poft hojihhomob Ha KBaHTOBOM KOMnjieKCHOM BeKTopHOM npo- 
CTpaHCTBe u~ . CTpyKTypa U q Q-MOffyjibnom ajire6pbi bboahtch no flBoftcTBeH- 
hocth: 

= f(S-\Z)v), £ € U q g, f E C[u"]„ v e iV(q + ,0), (3.3.9) 

rfle S - aHTHnofl ajire6pbi Xoncpa U q Q. Taxne U q Q-MopjjibRbie ajire6pbi pac- 
CMaTpHBaji Ke6s [205, 206]. 

riPEflJIOKEHHE 3.3.13 AA2e6pa C[u~] 9 MGAMemcM o6AacmbK> v^eAocmnocmu. 

^OKa3aTejlbCTBO. PaCCMOTpHM eCTeCTBeHHblft CK)p r b6KTHBHbIH TOMOMOp- 

(pH3M Koajire6p 

(U q b-) c °v -> 7V(q+, 0) - 0, v(q + , 0). (3.3.10) 

H3 npeflJio»:eHHH 3.1.7, 3.1.8 cjieflyeT, hto conpHJKeHHbift (b KaTeropnn rpafly- 

HpOBaHHblX BeKTOpHblX IipOCTpaHCTB) JIHHeftHblft OnepaTOp 5IBJI5ieTC5I BJIOJKe- 

hhgm ajire6p C[u _ ] g t/ g b + . OcTaeTCH Bocnojib30BaTbC5i cjieflCTBHeM 3.1.5, 
corjiacHO KOTopoMy ajire6pa U q g aBjiaeTca o6jiacTbio nejiocTHOCTH. □ 

H3 npefljio>KeHH5i 3.3.3 cjie^yeT, hto oflHopoflHbie KOMnoHeHTbi C[u _ ] g j 
rpaflynpoBaHHoro BeKTopHoro npocTpaHCTBa C[u~]g 5tbjihiotc5i U q l-Mop,yjisiMK 
toh >Ke pa3MepHOCTH, hto b KjiaccHHecKOM cjiynae q = 1: 

^^M'^VH+T -1 )- (3 - 3 - n) 

PaccMOTpHM npocTeiiniHH npHMep = 5(2- B stom cjiynae iV(q + ,0) 
MOflyjib BepMa M(0) c HyjieBbiM CTapniHM BecoM, h mho^kcctbo {F J -y(0)} ?e ^ + 
aBjiaeTca 6a3HCOM BeKTopHoro npocTpaHCTBa M(0). 

OneBHflHo, M(0) = 0M(O)_j, M(0)_ J = CF^(0). EflHHHneft C^sl 2 - 

i>o 

MOflyjibHoii ajire6pbi C[u~] g aBjiaeTca jiHHeHHbiii (pyHKHHOHaji, paBHbiii eflHHH- 

ne Ha v(0) h Hyjiio Ha (J) M(0)j. PaccMOTpHM sjieMeHT z G M(0)*, onpeflejia- 

.//«) 

eMbiii paBeHCTBOM 

f a 1/2 7 = 1 

[ 0, j ^ 1, 
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rfle S - aHTHnofl ajire6pbi Xon(|)a U q sl2- HHflyKUHeft no j HeTpyznio flOKa3aTb, 
mto z J (F J v (0)) 7^ 0. SiiaMHT, z J - HeHyjieBoft sjieMeHT oflHOMepHoro npocTpaH- 
CTBa M(0)*_j C M(0)*, h ajire6pa C[u~] g H30MopcpHa ajire6pe <C[z] iiojihhomob 
oflHoii nepeMeHHoii. CTpyKTypa C/gS^-MOflyjibHoft ajire6pt>i b C[u~] g nojiHOCTbio 
onpeflejiaeTca fleiicTBHeM o6pa3yioiii,Hx K ±l , E, F ajire6pbi U q s[2 Ha o6pa3y- 
lomyio z. Hcnojib3y5i (3.3.9) h hbhmh BHfl aHTHnofla S, HeTpyznio nojiyHHTb 
paBeHCTBa 

K ±l z = q ±2 z, Fz = q 1/2 , Ez = -q 1/2 z 2 (3.3.12) 

(MHOJKHTejib —q l l 2 b nocjieflHeM H3 hhx HaiifleH c noMombio cooTHOineHHH 
(EF-FE)z = ^z). 

PaccMOTpeHHbift Bbinie npocTeftniHft npHMep flonycKaeT o6o6meHHe b 
HecKOJibKHx HanpaBjieHHHx. Cjiy^aft MHHHMajibHoft napaGojiH^ecKoft noflajire6- 
pbi § = 0, q + = b + H3yMajiC5i A. ^^K03e(pOM h ero coTpyzniHKaMH [193]. B 
npoTHBonojio>KHOM cjiynae MaKCHMajibHoii napa6ojiHHecKOH no,n,ajire6pbi mho- 
^KecTBO § coflep^KHT Bee sjieMeHTbi 1,2,...,/, xpoivte oflHoro, o6o3HaHaeMoro 
b flajibHeiinieM Iq. IlycTb 0:1,0:2, . . . ,o; - npocTbie kophh ajire6pbi J1h g (cm. 

pa3fleji 3.1.1) h 5 = ^ n j a j ~ ee CTapiiiHH KopeHb. Han6ojiee HHTepecHbi cjiy- 

.7=1 

Man ni = 1 h ni = 2. IlepBbiH H3 hhx npHBOflHT k g-aHajioraM npe-flOflHO- 
poflHbix BeKTopHbix npocTpaHCTB KOMMyTaTHBHoro napa6ojiHHecKoro Tnna (cm. 
nyHKT 3.3.8), a BTopoii cjiynaii CBH3aH c flHCKpe-THoii cepneii Bopejia-SnGeHTajia 
[155, 160] npe-flCTaBjieHHH BemecTBeHHbix pe-flyKTHBHbix rpynn. 

3AMEHAHHE 3.3.14 06o6iH,eHHbift MOflyjib BepMa JV(q~,0) = ©iV(q~,0)j 

Hafleji5ieTC5i CTpyKTypoft rpaflynpoBaHHoft L^g-MOflyjibHoft Koajire6pbi tomho 
Tax me, Kax 7V(q~,0): Ai>(q _ ,0) = -u(q _ ,0) (g)i>(q~,0). ^BoftcTBeHHoe rpafly- 
npoBaHHoe BeKTopHoe npocTpaHCTBO 

C[u + ] q = C[u+]^, C[uX-j = N(q~, 0)* 

5TBJI5ieTC5I ?7 g 0-MOflyjIbHOH ajire6pOH "nOJIHHOMOB Ha KBaHTOBOM KOMnjieKCHOM 
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BeKTopHOM npocTpaHCTBe" u + . KaK 6ya,eT noKa3aHO b nyHKTe 3.3.3, ajire6pbi 

C[u + ] g H C[u~] g aHTHH30MOp(J)HbI. 3HaHHT, C[ll + ] g - o6jiaCTb HejIOCTHOCTH. 

3.3.3 (U q Q, *)-MO/i,yjTbHa5i *-ajire6pa Pol(u~) g . B nyHKTe 2.3.5 
Hcnojib30BaHHe yHHBepcajibHoft .R-MaTpnnbi no3BOJiHjio nojiy^HTb U q SUi^- 
MOflyjibHyio ajire6py Pol(C) 9 . UoKameM, hto Te me nocTpoeHHH no3BOJi5iiOT 
nojiy^HTb cym,ecTBeHHO 6ojiee o6ihhh pe3yjibTaT. 

PaccMOTpHM KOMnjieKCHoe BeKTopHoe npocTpaHCTBO u~ © u + h ajire6py 
C[u~©u + ] nojiHHOMOB Ha u~©u + . riojiyHHM ee g-aHajior, HaflejiHB CTpyKTypoii 
U q Q-MOffyjibROR ajire6pbi U q Q-Mop,yjib 

C[u-0u + ]/=C[u-]^C[u + ], 

Bocnojib3yeMC5i TeM, hto U q Q-MORyjm Cfir^g hbjihiotch BecoBbiMH h U q Q- 
MOflyjib C[u~] g jioKajibHO f/gb -KOHeHHOMepeH, a U q Q-MOffyjib C[u + ] g — jioKajib- 
ho ?7 (? b + -KOHe x iHOMepeH. KaK o6T>5icH5ieTC5i b nyHKTe 3.1.4, sto no3BOJiHeT Kop- 
peKTHO onpeflejiHTb Mop(pH3M U q Q-MOffyjiem 

R = Rc[u + ] q c[u-] q ■ C[u + ] q © C[u~] q -> C[u~] q © C[u + ] q . 

HaflejiHM C[u" © u+ ]q CTpyKTypoii ajire6pbi, 3aflaB yMHO>KeHHe 

rn : C[u~ © u + ] q © C[iT © u + ] q -> C[u~ © u + ] q 

C IIOMOIHbK) yMHO^KCHHH 

m ± : C[u% © -> C^, m ± : A © / 2 h-> J^. 

b ajire6pax C[u ] g . Hmchho, nojio^KHM 

m = (m~ © m + )(id C [ u -] 9 © R © idqu+] g ), (3.3.13) 

cm. aHajiorHHHoe onpeflejieHHe b nyHKTe 2.3.5. 

H3 npefljiojKeHHH 3.1.9 BbiTeKaiOT cjieflyioiHHe paBeHCTBa Mop(pH3MOB 
U q Q-MORyjiew. 

{m~ © id) J R c[u + ]g)C [u-] g ®c[u-] (! = #c[u+] 9 c[u-] 9 (id © m"), 
(id © m + ) J R C [ u+ ]^ c[u+ ] 9i c[u-] 9 = ^c[u+] 9 c[u-] 9 (^ + <8> id), 
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a H3 npefljio»:eHH5i 3.1.10 - paBeHCTBa 

^C[u+] 9 ,C[u-] g ®C[u-] 9 = (idc[u-], ® ^C[u+] 9 C[u-]J • (^C[u+] 9 C[u-] 9 ® id c[u-] 9 ), 

Rc[u+] q ®c[u+} q ,c{u-} q = (Rc[u+] q c[u-] q ® id C [ u +] J • (idc[u+] 9 <8> #c[ u +],c[u-]J- 
C hx noMom,bK), Hcnojib3y5i acconnaTHBHOCTb yMHO>KeHHH m ± b ajire6pax 

C^jg, HeTpyflHO flOKa3aTb aCCOUHaTHBHOCTb yMHO>KeHH5I m b C[u~ © u+ ]q- 

OcTajibHbie yTBep^KfleHHs cjieflyroinero npefljicmeHira BbiTexaiOT H3 npefljio- 
}KeHH5T 3.1.9. 

riPEflJlOKEHHE 3.3.15 YMHOofceHue m nadeAMem U q Q-Modyjib C[u~ © u + ] q 
cmpyKmypou U q Q-ModyjibHou aAse6pu c edunuyeu 1(8)1. 

3AMEHAHHE 3.3.16 Kax cjieflyeT H3 npefljio>KeHH5i 3.1.10, Bjio>KeHH5i BeKTop- 
HblX npocTpaHCTB 

C[iT] ? ^C[u-©u + ] g , /^/<8>1, 

C[u+] (J ^C[ir©u + ] (? , 1(8)/, 
flBJiflK)TC5i roMOMop(pH3MaMH [/gg-MOflyjibHbix ajire6p. 

PaccMOTpHM rpaflyHpoBaHHHyio ajire6py J1h q = BBefleHHyio b 

nyHKTe 3.3.1, h ee HHBOjnoTHBHbift aBTOMop(pH3M 6: 

1, z G 2Z 
-1, ZG2Z + 1. 



PaCCMOTpHM npOflOJI>KeHHe STOrO aBTOMOp(pH3Ma flO aBTOMOp(J)H3Ma yHHBep- 

cajibHoft o6epTbiBaioiii,eH ajire6pbi Ug. Ero g-aHajioroM cjiy^KHT aBTOMopcpH3M 
9 q ajire6pbi Xoncpa U q g, onpeflejraeMbiii paBeHCTBaMH 

B naparpacpe 3.2 npn H3yneHHH KOMnaKTHbix KBaHTOBbix rpynn cyme- 
CTBeHHO Hcnojib30Bajiacb *-ajire6pa Xoncpa (U q Q,*), rzje * - HHBOjnoTHBHbin 
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aHTHJIHHeHHblH aHTHaBT0M0p(|)H3M (3.1.35). TaKyK) 5Ke pOJIb B TeOpHH HeKOM- 

naKTHbix KBaHTOBbix rpynn nrpaeT *-ajire6pa Xoncpa (U q Q, *), r^e 

* = q .* = *.0 q . (3.3.14) 

To ecTB, 

(KfY = Kf\ j = 1,2,..., /, 

E , = f i e S F , = f EjK-\ j e s, 

? \ j g S ' J \ -EjK-\ j i S. 

Otmcthm, mto hhbojik)li,hh Taxoro THna BnepBbie paccMaTpHBajincb b [70, 
CTp. 188]. 

HaflejiHM C[u~ ©u + ] (? CTpyKTypoft (U q g, *)-MOflyjibHoft ajire6pbi, ncnojib- 
3ya ecTecTBeHHbie Bjio»:eHH5i 

€[11% C[u"]g (8) C[u + ]„ /_ h- /_ ® 1, /+ ^ 1 ® /+. 

IlPEflJIOKEHHE 3.3.17 Cymecmeyem eduHcmeeuHuu maKoil UHeoAwmue- 
huu anmuAUHeuHuu aHmuaemoMopcjjmM * ajiee6pu C[u~ u + ] q , umo, eo- 
nepeux, * : C[u ] g — > C[u T ] g u, eo-emopux, 

(£/)* = (5(0)7*, £ G ^0, / G C[u" u + ] g . (3.3.15) 

,Z^OKa3aTejibCTBO. Ha^HeM c gahhctbghhocth. PaccMOTpHM HHBOjnonHio 
c onHcaHHbiMH b (popMyjinpoBKe npefljio>KeHH5i CBoficTBaMH h ee cy>KeHH5i Ha 
noflajire6pbi C[u ] q . H3 (3.3.15) h H3 onpeflejieHM rpaflynpoBOK b C[u \ q j 
cjieflyeT, mto 

* : C[u%j - C[u^_ r 

3to no3BOji5ieT bbccth b paccMOTpeHne conpa^KeHHbie aHTHjiHHeiiHbie onepa- 
Topbi * : N(q ± ,0) — > 7V(q T ,0), onpeflejiaeMbie paBeHCTBOM 

/» = TP), / G C[u%, v E iV(q ± , 0). (3.3.16) 
Otmcthm, hto * : N(q ± , 0)j -> iV(q T , 0)_j. Tax xax 1 =1b C[ir u + ] g , to 

* : v(q ± ,0) i-> ^(q T ,0). (3.3.17) 
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Hcnojib3y5i (3.3.15)— (3.3.17) h S * 5* = id, nojiynaeM nenoHKy paBeHCTB 

(^)*(^(q ± ,0)) = ((5(0)T)(^(q ± ,0)), 

M« = r (5((5(0)>(q ± , 0)), 
(ITMq^0» = r«Mq ± ,0)), 
/(5(0^(q :F ,0)) = /((ev(q ± ,0))*), 
/((5- 1 (0)*«(q =F ,0)) = /((^(q ± ))*). 

CjieflOBaTejibHO, 

* : ev(q ± , 0) i ► (5- 1 (0)*v(q =F , 0), £ e (3.3.18) 

Hhbojuouhh * : C^jg — > C[u T ] g , * : A^(q ± , 0) — > N(q T , 0), o,n,H03HaHHO onpe- 
flejiaiOTCii paBeHCTBaMH (3.3.16), (3.3.18). 3HanHT, hhbojiiouhh c npeixriHcaH- 

HblMH CBOHCTBaMH B C[ll~ U + ] q eflHHCTBeHHa. 

Ee nocTpoeHHe 6yfleT ocymecTBJieHO c noMombio Tex me paccyjKfleHHH, 
npoBefleHHbix b o6paTHOM nop^flKe. PaBeHCTBO (3.3.18) no3BOJi5ieT onpeflejiHTb 
aHTHjiHHeiiHbie onepaTopbi * : N(q ± , 0) — > N(q T , 0) (xoppeKTHOCTb cjieixyeT H3 
onpeflejieHHH U q Q-MOR~yjie& N(q ,0)). PaBeHCTBO (3.3.16) onpeiJ,eji5ieT aHTHjiH- 
HeiiHbie onepaTopbi * : Cftr^jg — >• Cfu^jq. OcTaeTca bbccth aHTHjiHHeftHbiii 
onepaTop b C[u" ® u + ] q = C[u~] q ® C[u + ] q , nojiaran 

h flOKa3aTb, hto oh HaflejiaeT C[u~ © u + ] g CTpyKTypoii (t/ g g, *)-MOflyjibHoft 
ajire6pbi. 

Bo-nepBbix, aHTHjiHHeiiHbie onepaTopbi * : N(q ± ,0) — > N(q T ,0) hbjihiot- 
ch aHTHroMOMopcpH3MaMH Koajire6p noTOMy, hto OTo6pa>KeHHe £ i— > (£ _1 (£))* 
- aHTHaBTOMopcpH3M Koajire6pbi U q Q. Bo-BTopbix, 9th aHTHjiHHeiiHbie onepa- 
Topbi HBJI5HOTCH B3aHMHO o6paTHbIMH nOTOMy, HTO * S" 1 = id. 3HaHHT, 

aHTHjiHHeiiHbie onepaTopbi * : C^]^ — > C[u T ] g hbjihiotch B3anMHO o6paTHbi- 
mh aHTHjiHHeiiHbiMH aHTHroMOMop(pH3MaMH ajire6p. B-TpeTbHx, Kax cjieflyeT 
H3 (3.1.32), 

S®S(R) = R, R*®* = R 2 \ (3.3.19) 
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rzje R OTjiH^aeTCfl ot R jiniHb nepecTaHOBKoft TCH3opHbix coMHCG-KHTejieft. 
Hcnojib3y5i (3.3.19), He-Tpyznro flOKa3aTb, hto 

(/1/2)* = Kfl /i,/2eC[u-®u + ], 

cm. pa3fleji 16 CTaTbH [318]. 3HaHHT, * HBjineTCH HHBOjnoHHeH L^fl-MOflyjibHoft 
ajire6pbi C[u _ 0u + ] g . OcTaercH noxasaTb, hto hhbojiiohhh b U q Q h b C[u~0u + ] g 
corjiacoBaHbi 

«/)* = (5(0)7*, £ e ^fl, / e c[u- e u + ] ? . 

Ha^HeM c ^acTHoro cjiynan / G Cfir^g. Hcnojib3yH paBe-HCTBa (3.3.16), (3.3.18) 
h £ * S = *, npoiifleM npeflbiflymyio nenoHKy paBeHCTB b o6paTHOM HanpaBjie- 
hhh: 

/(««)*) = /((5- 1 (0) V), 7(5(1^0 = /(KM*), 

MM = r (r«), MM = r(5((5(0)*) V ), 

= ((5(0)T)M, 

rfle t> G A^(q ± ,0), / G A^(q ± ,0)*. 06ihhh cjiy^aii cboahtch k paccMOTpeHHOMy 
nacTHOMy cjiynaK). /JeiicTBHTejibHO, nycTb / = /-/+, r,a,e /± G C[u ] g . Tor^a 
(«/-/+))* = E*(£7 + )*(£/-)*, r fl e A(0 = EiS ® h 

(5(0)*(/_/ + )* = (£(£))*(/;/-) = £((s(0)7;)(s($7-)- □ 

Hajinnne aHTHjiHHeiiHoro aHTHH30MopcpH3Ma * : C[u~] g — > C[u + ] g no3- 
BOjiaeT CMHTaTb t/gg-MOflyjibHyio ajire6py C[u + ] g KBaHTOBbiM aHajioroM (q- 
aHajioroM) ajire6pbi aHTHrojic-MopcpHbix nojiHHOMOB Ha u . 

BBefleM o6o3HaHeHHe Po\(u~) q = (C[u~ © u + ] g , *) ajih nojiyneHHOH 
(U q Q, *)-MOflyjibHoft ajire6pbi. IIpHMep KBaHTOBoro Kpyra g = 5I2 noKa3biBaeT, 
hto Pol(u _ ) q HBjineTCH g-aHajiorc-M ajire6pbi nojiHHOMOB Ha OBeinecTBjieHHOM 
BeKTopHOM npocTpaHCTBe u . 

BeKTopHoe npocTpaHCTBO Pol(u~) g flonycKaeT pa3jio^KeHHe 

00 

Pol(u") g = C[u-] g>i • C[u + ],,_ i5 (3.3.20) 
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npn^eM C[u ] q fi ■ C[u + ] q fi = C • 1. /JpyrnMH cjiOBaMH, ajih jno6oro sjieMeHTa 
/ G Pol(u~) 9 cymecTByeT h eflHHCTBeHHO pa3jio>KeHHe 

/ = (/>•!+ E A* A* G c [ u "lw • C [ U "V;> ( 3 - 3 - 21 ) 

{(i,j)ez 2 + |(i,i)^(o,o)} 

rfle (•) - onpeflejiaeMbiii nocjieflHHM paBeHCTBOM jiHHeiiHbiH (pyHKunoHaji Ha 
Pol(u") g . 

riPEflJ10>KEHHE 3.3.18 noAymopaAuneuHafi tfiopMa (/i,/^) = (/2/1) 6 
C[u~] g Heeupoofcdena u 

(/i,/ 2 ) = (M), /i,/2 6C[u-|, (3.3.22) 
^OKa3aTejibCTBO. IlpejKfle Bcero, flOKajKeM paBeHCTBO 
</ 2 7i> = / 2 * ® /i(%(q", 0) ® i;(q+ 0))), / b / 2 G C[iT] ff , (3.3.23) 

rfle - yHHBepcajibHafl i^-MaTpnna (3.1.23). HanoMHHM, hto 

00 

iV(q-,0)®iV(q + ,0)= W(q- 0), ® 7V(q+, 0)_ r 

HaflejiHM KOHeHHOMepHbie BeKTopHbie npocTpaHCTBa N(q~,0)i (g) A^(q + ,0)_j 
oGbimhoh TonojiorHeft, a iV(q~, 0) <g> iV(q + , 0) - cjiaGeftnieft H3 TOnOJIOrHH, b ko- 
Topbix HenpepbiBHbi Bee "npoeKTopbi" Ha Af(q~, 0)j (8) ^V(q + , 0)_j napajuiejit-HO 
A/"(q~, 0)j/ (g ^V(q + , 0)_j/. ripocTpaHCTBO (popMajibHbix pnflOB BHfla 

Y^fij, fij G N(q~, 0)i eg ./V(q + , 0)_j 

HBjineTCH nonojiHeHneM BBefleHHoro Bbiuie TonojiorHnecKoro BeKTopHoro npo- 
CTpaHCTBa iV(q~, 0) (g A^(q + , 0) h o6o3HaHaeTCH iV(q~, 0)<8>iV(q + , 0). CnapnBa- 
Hne (C[u + ] g (g C[u~] g ) x (iV(q~, 0) (g iV(q + , 0)) — > C npo,i],oji:>KaeTC5i no Henpe- 
pbiBHOCTH flo cnapHBaHHH (C[u + ] g (gC[u~] g ) x (iV(q~, 0)cgiV(q + , 0)) — > C. Ecjih 

TO (^0 = ( / ? (' y ( C l + 5 0)), ^0 = ^{yiPT ■> 0))- 3HaHHT, H3 OnpefleJieHHH yMHO)KeHH5I B 

ajire6pe C[u~ © u + ] q h h3 paBeHCTBa S Cg S(R) = R BbiTexaeT (3.3.23). 
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3aBepniHM flOKa3aTejibCTBO npe,i],jio:>KeHH5i. ^eftcTBHe U q g <g> U q Q b 
7V(q~,0) <S> iV(q + ,0) h aHTHjiHHeftHbift onepaTop v\ <S> V2 > v\ ® v\ 
b 9tom npocTpaHCTBe flonycKaiOT npoflOJi>KeHHe no HenpepbiBHOCTH Ha 
7V(q-,0)§iV(q + ,0). 

Kax cjieflyeT H3 (3.3.23), paBeHCTBO (3.3.22) BbiTexaeT H3 

R 21 (v(q\ 0) ® v(q-, 0)) = (R (v(q~, 0) ® v(q + , O)))* * . 

B cbok) o^epeflb, nocjieflHee paBeHCTBO cjieflyeT H3 (3.3.16), (3.3.18) h (3.3.19). 

HeBbipo^KfleHHOCTb nojiyTopajiHHeiiHOH cpopMbi (•, •) b C[u~] g BbiTexaeT 
H3 paBeHCTBa (3.3.23), MyjibTHnjiHKaTHBHOH cpopMyjibi ajih HHBapnaHTHOH R- 
MaTpHu,bi (3.1.23) h H3 HBHoro BHfla 6a3HCOB b N(q , 0), nojiyneHHbix b nyHKTe 
3.3.1. □ 

3.3.4 KaTeropna C(g, l) q h 3pMHTOBO-CHMMeTpHHecKHe napbi. 

PaccMOTpHM nojiHyio noflKaTeropHK) C(g, V) q KaTeropHH U q Q-Mopjjiem, o6pa30- 

BaHHyiO P-BeCOBbIMH JIOKajIbHO U q [-KOHeMHOMepHblMH MOflyjMMH. OHa 3aMKHy- 

Ta OTHOCHTejibHO onepanHH ©, ®, nepexo^a k noflMOflyjiHM h (paKTop-MOflyjiHM. 

OneBHflHO, Pol(ll~) g G C(Q, i) q . 

B nyHKTe 3.3.1 Ka^Kflbiii BecoBoii U q Q-uoffyjib 6bui HaflejieH rpaflynpoBKon 
c noMOinbio sjieMeHTa H§ G f). H3 onpeflejieHHH stoh rpaflynpoBKH cjie^yeT, 
hto ajire6pbi Xoncpa U q q ± hbjihiotch rpaflynpoBaHHbiMH: 

oo oo 

U q q + = ®(U q q + )j, U q q- = 0(CVf 

]=0 3=0 

npnneM (U q q + ) = (U q q~)o = U q l 

ElPEflJlOKEHHE 3.3.19 Kaoicduu U q g-Modyjib V o6jiadaem Hau6oAbmuM 
nodjwodyAeM V\ Kamesopuu C(g,[) q . 

^OKa3aTejibCTBO. OneBHflHO, K&mRbm U q g-Mopjjib V o6jia,a,aeT Han- 
6ojibniHM P-BecoBbiM noflMOflyjieM Vf>. OcTaeTca flOKa3aTb, hto noflnpocTpaH- 
ctbo V = {v E Vf,| &\m.(U q lv) < oo} HBJiaeTCH noflMOflyjieM U q Q-Mopyjisi 
Vf,. Kax cjieflyeT H3 jieMMbi 3.3.4, ^jih jiK)6oro j cyinecTByeT Taxoe KOHenHoe 



240 



N(j) 

noflMHo;>KecTBO {rii, 77^, • • • }, hto (?7 g q ± )j = ^ VkUqL 3HanHT, 

k=l 

/N(j) \ 

dim(C/gI £v) < dim (([/ (? q ± ) J u) = dim ^ lk U q^ v < 00 

W / 

npn Bcex £ G (t/^q )j, i> G V; to ecTb £i> G V'. □ 

ilojiynaeM (pyHKTop T H3 KaTeropHH Bcex t/gg-MOflyjieft b KaTeropnio 
C(g, i)q, conocTaBjiaiomHii Ka^KflOMy U q g-Mopy jiio V ero noflMOflyjib V[, a xa>K- 
flOMy MopcpH3My V — > £7 — ero cynteHHe Ha V[. B Teopnn npeflCTaBjieHHii 
Bem,ecTBeHHbix peflyKTHBHbix rpynn (pyHKTopt>i Taxoro THna Ha3biBaK)T cpyHK- 
TopaMH L^aKepMaHa [216]. 

IlycTb V G C(g, BeKTopHoe npocTpaHCTBO Bcex jiHHeifflbix (pyHKHHO- 
HajiOB Ha V HBjineTCH U q Q-MOR~yjieM. IIpHMeHHH k HeMy (pyHKTop r, nojiynaeM 
L^j-MOflyjib V c G C(g, KOTopbiii 6yfleM Ha3biBaTb flBoiicTBeHHbiM oG^eKTOM 
KaTeropHH C(g, Q g . Ka>KflOMy MopcpH3My / : Vi — »■ V2 b KaTeropHH C(fl, Q g 
oneBHflHbiM o6pa30M conocTaBjiaeTCfl flBoftcTBeHHbift MopcpH3M /* : V£ — >■ 14°. 
Otmcthm, hto b ^acTHOM cjiynae § = KaTeropHH C(g, [) g coBnaflaeT c Ka- 
Teropneft P-BecoBbix U q g-MOffyjiem } h BBefleHHoe noHHTne flBoftcTBeHHOCTH co- 
rjiacyeTCH c onncaHHbiM paHee b nyHKTe 3.1.2. 

IlojiyHHM pa3Jio»:eHHe U q Q-Mopyjin KaTeropHH C(g, l) q b cyMMy ero 
U q [-H30THnHHecKHx KOMnoHeHT. Cjieflyroinee yTBep^KfleHne flOKa3biBaeTCH TaK 
me, KaK npefljio>KeHHe 3.1.34. 

ilPEflJlOKEHHE 3.3.20 Ilycmb V G C(g, Q g . Tozda e Kamezopuu U q i- 
ModyAeu V = (J) ^(^)? 2 ^ e U q i-ModyAU V(X) npamnu L([, A). 

Cjieflyn [170], [203], kohchho nopo^Kflemrbiii MOflyjib V G C(g, l) g 6yfleM 

Ha3bIBaTb MOflyjieM XapHHI-MaHflpbl, eCJIH KpaTHOCTH BXO^KfleHHH b V npocTbix 

t/ g [-MOflyjieii L(l, A) KOHenHbi: 

dim^(L(l,A),F)<oo, AGP^, 
(flpyrHMH cjiOBaMH, ecjin dim V(X) < 00 npn Bcex A G P+). 
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3AMEHAHHE 3.3.21 HsyneHne MOflyjieft XapniH-HaHflpbi HBjineTcn Ba^KHbiM 
HanpaBjieHHeM HccjieflOBaHHft b Teopnn npeflCTaBjieHHft. IIpH q = 1 hmciotch 
OTflejibHbie pa6oTbi, nocBnmeHHbie HacraoMy cjiynaK) § = 0. HanpnMep, Kjiac- 
CH(pHKaii,H5i npocTbix MOflyjieii Xapnni-MaHflpbi b stom cjiynae nojryneHa MaTbe 
[265]. OGinnpHan jiHTepaTypa nocBnmeHa MOflyjiHM Xapnni-MaHflpbi, CB5T3aH- 
hmm c npeflCTaBjieHH5iMH Bem,ecTBeHHbix peflyKTHBHbix rpynn [301]. Kjiaccn- 
(pHKannn npocTbix MOflyjieii Xapnni-MaHflpbi b stom cjiynae 5iBji5ieTC5i oahhm 
H3 Han6ojiee H3BecTHbix ,o,ocTH5KeHHH TeopnH [216, CTp. 741, 747]. Sa^ana o 
KjiaccHcpHKaipiH npocTbix MOflyjieft Xapnin-MaHflpbi b o6ineM cjiynae o6cy>K- 
flaeTCH b CTaTbHx IleHKOBa, IJaKepMaHa h CepraHOBoft [281, 280, 279]. 

Ba^Kiio OTMeTHTb, hto flajiexo He Bee nocTpoemifl TeopnH BemecTBeHHbix 
peflyKTHBHbix rpynn nepeHOcnTcn Ha KBaHTOBbift cjiynaft. OflHa H3 npHHHH b 
tom, hto noflajire6pa JIh go coBnaflaeT c noflajire6poii HenoflBH^KHbix ajieMeii- 

TOB HHBOJHOU,HH 9, BBefleHHOH B nyHKTe 3.3.3, eCJIH H TOJIbKO ecjiH 

= 0-10 00 01. (3.3.24) 

B flajibHefinieM, jKejian o6ecneHHTb TaKoft o6pbm rpaflynpoBKH, 6yfleM 
npeflnojiaraTb, hto Bbi6paH npocToii KopeHb ai , BxoflninHii b pa3jio»:eHHe CTap- 
niero KopHH S ajire6pbi JIh c KoacpcpHnneHTOM 1, h hto 

S = {l,2,...,Z}\Oo}. 

Hcnojib3yH Ta6jiHUbi, npHBeflemibie b [14], jierxo HaiiTH Bee Taxne npocTbie 
KOpHH, cm. nyHKT 3.3.8. 

Ilo TpaflHUHH b 9tom Ba>KHOM nacTHOM cjiynae Hcnojib3yiOTC5i o6o3Hane- 

HH5I 

£ = 0o, P ± = 0±i, q ± = ^0p ± , 
h napa (0, £) Ha3biBaeTC5i spmhtoboh CHMMeTpimecKOH [85]. 

3AMEHAHHE 3.3.22 1. Mbi 3aMeHHjiH BemecTBeHHbie noflajire6pbi JIh, pac- 
CMaTpHBaeMbie b TeopnH spmhtobmx CHMMeTpHnecKHx npocTpaHCTB [85], hx 

KOMnjieKCH(pHKaD,H3MH . 
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2. Xoth ajire6pa t He HBjineTCH npocToft, rjisi U q t HMeiOT MecTO pe3yjibTaTbi 
TeopHH KBaHTOBbix yHHBepcajibHbix o6epTbiBaioiii,Hx ajire6p, npnBefleHHbie b 
naparpacpe 3.1. 

3. CKajinpHoe npoH3BefleHne b F)r Bbi6paHO b nyHKTe 3.1.3 Tax, hto KBafl- 
paTbi fljiHH kopotkhx KopHeii paBHbi 2, a, Kax HeTpyflHO noxaaaTb, ai HBjineTCfl 
fljiHHHbiM KopHeM. 3HannT, CKajinpHoe npoH3BefleHne b Bbi6paHHoe fljia g, 

nOflXOflHT H flJIH 



B nyHKTe 3.3.3 6buia BBefleHa spMHTOBa cpopMa (/i, $2) = (/2/1) B ^--[P ]g- 

riPEflJlOKEHHE 3.3.23 Ecjiu (fl, - spMumoeo-cuMMempunecKaM napa, mo 
(/? /) > d/u ecerr nenyjieeux SAeMenmoe f G C[p~] g . 

,Z^OKa3aTejTbCTBO. H3 [/gfj-HHBapHaHTHOCTH cpopMbi (•,•) cjieflyeT, HTO 
OflHopoflHbie KOMnoHeHTbi C[p _ ] g j nonapHO opToroHajibHbi. OcTaeTCH flOKa3aTb 
nojio^HTejibHOCTb cy^Kemift paccMaTpnBaeMoii spmhtoboh cpopMbi Ha noflnpo- 
CTpaHCTBa Cfp - ]^-. 

PaccMOTpHM 6a3HC BeKTopHoro npocTpaHCTBa N(q + ,0)-j 

M 

BBefleHHbift b nyHKTe 3.3.1, n 6nopToroHajibHbin 6a3nc b C[p _ ] g j. H3 npefl- 
jio>KeHH5i 3.3.18 h pe3yjibTaTOB nyHKTa 3.1.3 cjie^yeT, hto MaTpnna spmhto- 
boh cpopMbi (q^ 1 — q)~-i(-, •) b stom 6a3nce HeBbipo^KfleHa n HenpepbiBHa no 
nepeMeHHoii q b HHTepBajie (0,1). Hcnojib3yn paBeHCTBa (3.3.23), (3.1.23) n 
npefljio>KeHHe 3.3.18, HeTpyorio flOKa3aTb, hto npn / G C[p _ ] gj - n q — ► 1: 




to- 1 


-9) 










9- 1 


-0 



r ® / n ex p^ i_ ^ ® ^ Mi~ °) ® °)) 



3HannT, MaTpnna spmhtoboh cpopMbi HMeeT npefleji npn g — > 1. OeraeT- 
ch flOKa3aTb nojio>KHTejibHOCTb npeflejibHofi MaTpnnbi. Ho fljra spmhtobo- 
CHMMeTpnnecKOH napbi (g, £) b npe^ejie g = 1 hm6K)t mccto cooTHonieHHH 
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(3.3.16), (3.3.18), a npn k > M' — paBeHCTBO El = —Fp k . 3HaHHT, npe- 
flejibHaH spMHTOBa (popMa HecymecTBeHHbiMH nojio>KHTejibHbiMH MHO^KHTejia- 
mh OTjiH^aeTCH ot cyMMbi KBaflpaTOB MOflyjieft K09(p(pHnHeHTOB pajj,a Teftjiopa 
<pyHKTi,HH / b Hyjie. □ 

Oco6oro BHHMaHHa 3acjiy>KHBaeT H3yHeHiie MOflyjieft Xapnni-MaHflpbi, ot- 
BenaioiHirx spMHTOBbiM CHMMeTpH^ecKHM napaM (9, t), h nocTpoeHne reoMeTpn- 
MecKHx peajiH3au,HH Taxnx MOflyjieft Xapnni-MaHflpbi. Ha stom nyTH 6yijyT no- 
jiyneHbi coflep>KaTejibHbie pe3yjibTaTbi HeKOMMyTaTHBHoro KOMiuieKCHoro aiia- 

JIH3a B KBaHTOBblX OrpaHHHeHHblX CHMMeTpHMeCKHX o6jiacT5ix. 

3.3.5 KBaHTOBbie aHajiora no^ajire6p C/u ± C Uq. Pe3yjibTaTbi 
9Toro h cjieixyioiHero nyHKTOB nojiyneHbi IIlKjrapoBbiM, cp. [305]. B nyHKTe 
3.3.1 paccMaTpHBajiacb rpa/xyiipoBaHHaH ajire6pa JIh Q. Q = u"0[0u + . B 
HacTOflmeM nyHKTe 6yixyT BBefleHbi g-aHajiorH yHHBepcajibHbix oGepTbmaioiHHx 
ajire6p Uu . Tc-HHee, mm paccMOTpHM U q Q c npHcoejxHHeHHbiM fleftcTBHeM no- 
jj,ajire6pbi U q { h nocTpoHM bjicokchhh [/^[-MOjjyjibHbix ajire6p V s1 : <C[u T ] q 
U q Q. IloCJie STOrO nOJICOKHM U q u± a ^ rt[u^. 

IlpHBefleM flOBOflbi b nojib3y Toro, hto nocTpoeHHbie TaKHM o6pa30M no- 
jj,ajire6pbi UqV^ mcokho CHHTaTb g-aHajioraMH yHHBepcajibHbix o6epTbiBaioiHHx 
ajire6p Uu^. Bo-nepBbix, sth nojjajire6pbi hbjihiotch cV^-MOjjyjibHbiMH. Bo- 
BTopbix, UqV^ C U q b ± . B-TpeTbHx, o6pa3yioiiriie UqV^ b (popMajibHOM npeflejie 
q — ► 1 nepexojj,5iT b o6pa3yioiiriie nojiajire6p C/u ± , cm. npejjjicoKeHne 3.3.28. 
HaKOHeu,, KaK 6yjj,eT noKa3aHO b cjiejjyioiHeM nyHKTe, c noMOinbio nojjajire6p 
U q u mojkho nojTynnTb g-aHajior pa3Jio»:eHHH Uq = Uu • Ul • Uu + . 

Bocnojib3yeMCH coKpameHHbiMH o6o3HaHeHHHMH CBHjjjiepa jijih KoyMHO- 
>KeHH5i: A(£) = ^1 ® ^2, cp. [48, CTp. 55]. /jBoimbie HHfleKCbi 03HaHaiOT noBTop- 
Hoe npHMeHeHne KoyMHCOKeHHH, HanpHMep: (1 (g) A)A(£) = £1 (g) £21 ® £22- B 

9THX 0603HaHeHHHX KOaCCOHHaTHBHOCTb KOyMHCOKeHHH 3anHCbIBaeTC5I cjiejjyio- 

ihtim o6pa30M: ^1 <g> £21 ® £22 = £11 ® 62 <8> £2- 

HanHeM c nocTpoeHHH BjicoKeHiM i + . PaccMOTpHM o6o6m,eHHbiH MOjjyjib 
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oo 

BepMa iV(q + ,0) = (J) iV(q + ,0)_j co CTaHflapTHoft rpaflynpoBKOH h BeKTopHoe 

I <> 

npocTpaHCTBO U q Q(§iN(q + , 0) cpopMajibHbix p^flOB 

oo 

5^c i? Cj G tf g 0®W(q+ ())_,■. 
OMeBHflHO, C/gfl <8) 7V(q+, 0) ^ U q g®N(q + , 0). nycTb 

oo 

% = ^ cij <8> 6j-v(q + , 0) G £/ g fl®iV(q + , 0), 

oo 

rfle ^ aj (g) 6j - yHHBepcajibHafl R-MaTpima. IlpeflnojiaraeTCH, mto nocjieflHee 

pa3jio^KeHHe nojiyneHO H3 MyjibTHnjiHKaTHBHoii cpopMyjibi (3.1.23) yMHOJKeHH- 
cm p^flOB fljia ^-SKcnoHeHT, a npHBefleHHoe pa3jio^KeHHe sjieMeHTa wq, Bbi6pa- 
ho Tax, Kax b nyHKTe 3.3.1. CoMHCOKHTejib q~ to mcokho onycTHTb, nocKOjibKy 
v (q + , 0) - BecoBoft BeKTop HyjieBoro Beca. 

riPEflJlOKEHHE 3.3.24 JIuneuHuu onepamop 

i + : C[u"] g - U qQ , i+ : / - (id<8»/)(3C) 

mAHemcM, eAoatcenueM U q l-Mody.AtHux a.Age6p. 

,ZJoKa3aTejTbCTBO. ^OKajKeM hhtdGrthbhoctb i + . Bocnojib3yeMC5i TeM, 
mto o6pa3yioiii,a5i -u(q + ,0) HBji5ieTC5i U g [-HHBapiiaHTOM : 

^(q + ,0) = £(0-^(q + ,0), £etf g I. (3.3.25) 

Tax Kax fljia Bbi6paHHoro b nyHKTe 3.3.1 npnBefleHHoro pa3jic»KeHH5T sjieMeHTa 
wo sjieMeHTbi Ffc, Fp 2 , . . . Fp M , npnHafljie>KaT U q l, to 

^ = C 3M,jM-l,-,j M '+l' 

■ Ei M E-jf" 1 . . . E' M ' +1 <8) F{ m F{ m ~ x . . . F;J M ' + y q+, 0), (3.3.26) 

PM PM-1 PM' + l PM PM-1 PM' + l V " ' V 7 

npnneM Bee KoacpcpHirHeHTbi 

( • • ■ \ r- HjM-M 1 

C 3M,jM-i,...,j M >+V UM,jM-l, • • • , jM'+i; G ^ + , 
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OTJIHMHbl O HyjI5I, CM. (3.1.23). OcTaeTC5T BOCnOJIb30BaTbC5I TeM, MTO SJieMeHTbl 

Ei M El™' 1 . . . Ei M ' +1 jiHHeftHO He3aBHCHMbi, a sjieivieHTbi 

PM PM-1 PM'+l ' 

F 1 M m F Tm-i • • ■ F /V+M q+ ' °) o6 P a3 Y™ T 6a3HC B N(q + , °)» CM - cjie fl CTBHe 3.1.6 h 
npefljio>KeHHe 3.3.1. 

rioKa>KeM, mto z + - roMOMop(J)H3M ajire6p. IlycTb /i, /2 6 Cfur]^ Tor^a 

* + (/i/ 2 ) = (id®/i/ 2 ) ^a^ft^q+O)^ = 

= (id® A ® / 2 ) (j>, (8) A + (V(q + ,0))j , 

rfle A + — KoyMHOJKeHHe, BBe-fleHHoe b nyHKTe 3.3.2. H3 ero onpe,a,ejieHH5i BbiTe- 
KaeT paBeHCTBO 

(id®/i®/ 2 ) ^a i ®A + (V(q + ,0))j = 



00 



= (id ®h ® / 2 ) J] a ^ ^ COP (^)(^(q + , 0) ® ^(q + , 0)) 
\i=o 

Kax cjieflyeT H3 CBoiicTBa (3.1.31) yHHBepcajibHoii R-MaTpHu,bi, 

00 00 

aj ® A op (6j) = X a»aj ® h ® fy. 
i=o ij=0 

OcTaeTca 3aMeTHTb, mto 

(id®/i®/ 2 ) ( ^a,a J ®M(q + ,0)®6^(q + ,0) J = z + (/0 z + (/ 2 ). 

\i,j=0 I 

J\rr Toro, MTo6bi 3aBepniHTb flOKa3aTejibCTBO npe-fljicoKeHHH, noKa:>KeM, 

MTO i + 3BJI5ieTC5I MOp(|)H3MOM [/gt-MOflyjieft. OTO>KfleCTBHM IipOCTpaHCTBO 

U q Q®N(q + , 0) c Hom(C[u~]g, conocTaBjiaa sjieMeHTy X^^i ® v j £ 



TV (q + , 0) jiHHeiiHbiH onepaTop / 1— > (id®/) ^X^^j ® J • CHa6flHM Te-H- 
3opHoe npoH3BefleHHe U q g<giN(q + , 0) CTpyKTypoft [/^[-MOflyjifl, Hcnojib3y5i npo- 
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THBonojicc-KHoe KoyMHO)KeHHe A op : U q l —> U q l<S) U q l: 

'■iVj. 



i i ~j 



J / 3 

JlEMM A 3.3.25 Ecau sAeMenm U q i-ModyAH U q g<giN(q + , 0) sieAShemcH U q l- 
UHeapuawmHUM, mo omeenatomxiu ejuy AuneuHuu onepamop U3 C[u~] g e U q Q 
Mop<fou3M U q l-ModyAeu. 

,HoKa3aTeji£>CTBO jieMMH. IlycTb A - ajire6pa Xon(pa, a Vi, V 2 - HeKO- 
Topbie A-MOffyjim. KaHOHH^ecKoe OTo6pa>KeHHe 

V{ <g> Vi <g> V 2 -> V 2 , h®vi®V2^h{yi)v 2 

ABji5ieTC5i MopcpH3MOM yl-MOflyjieft. IlojiyMaeM OTo6pa»:eHHe H3 npocTpaHCTBa 
A-HHBapHaHTOB (Vi <g> V 2 ) b Hom^ (Vi* , V 2 ) ■ OcTaeTCH npHMemiTb 9th coo6pa- 
»ceHH5i, nojiaraa ^4 = U q i, V\ = iV(q + ,0), V 2 = U q g. □ 

TaKHM o6pa30M, fljiH 3aBepnieHH5i flOKa3aTejibCTBa npefljico-KeHiM 3.3.24 
flocTaTOHHO noKa3aTb, mto sjieivieHT % 5iBji5ieTC5i U q [-HHBapiiaHTOM . IlycTb 
£eU q l Torfla 

£W = S ( X a * ® °) ) = E ad ^H ® £iMq + , °) = 

V 3 J 3 

= J2^ a J S (&) ® 6M(q + , 0). 

i 

B CHJiy KOaCCOU,HaTHBHOCTH 

XI 61^^(62) ® 6 V(q + >°) = X 62^^(6) ® 6iMq + ,o). 

i i 
CorjiacHO CBoftcTBy (3.1.29) yHHBepcajibHoft R-MaTpHu,bi, 

3 H aMHT, ECi2fljS , (6)®6iMfl + .°) = £ «j ® ^i2^(q + ,0). Hs 

HHBapnaHTHOCTH o6pa3yioiii,eH t>(q + ,0) (cm. (3.3.25)) BbiTexaeT paBeHCTBO 

^aguSfa) ® ^(q + ,0) = J^n-Ste) ® MfoMq* 0). 
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Ilo onpeflejieHHK) KoeflHHimbi h aHTHnofla b ajire6pe Xoncpa 

3 3 

= Y^a&Sfa) ® Wq + ,0) = effl^flj ® W<l + >0). 
3 3 
CjieflOBaTejibHO, sjieMeHT % 5iBji5ieTC5i Uq [-HHBapHaHTHbiM , h npefljicc-KeHHe 

3.3.24 nojiHOCTbio flOKa3aHO. □ 

BBefleM o6o3HaMeHHe U q u + fljia o6pa3a jiHHeimoro onepaTopa i + . 

CJlEflCTBHE 3.3.26 U q u + siGAShemcH U q l-ModyAt>Hou TiodaA2e6pou e U q g. 
H3 (popMyjibi (3.3.26) h cjieflyromnx 3a Heft paccy^Kflemift BbiTexaeT 

IlPEflJlOKEHHE 3.3.27 djieMenmu 

E Tm E Tm~-i ■ ■ • E Pm^i ' jM '+ h • • • ' Jm-iJm e Z+, (3.3.27) 
o6pa3yTom 6a3uc eeKmopnoso npocmpancmea U q u + . 

OTCiofla h H3 npefljio^KeHHa 3.1.4 nojiynaeM 

IlPEflJlOKEHHE 3.3.28 U q u + - nodaAse6pa c edunuyeu e U q g, nopoatcdeHHaM 
9AeMenmaMU Ep M , +v Ep M _„ Ep M . 

IlocjieflHee yTBep^KfleHne h pe3yjibTaTbi nyHKTa 3.1.3 no3BOji5iK)T nepecTa- 

BHTb COMHOJKHTejIH B (3.3.27). 

CJlEflCTBHE 3.3.29 SAtMeumu 

E Pm^i • • • E Tm~-i E Tm ' 3M'+h ■ ■ ■ , hi- 1 , 3m e Z + , (3.3.28) 
o6pa,3ywm 6a,3uc eeKmopnozo npocmpaHcmea U q u + . 

06paTHMC5i k nocTpoeHHio g-aHajiora yHHBepcajibHoii oGepTbiBaiomeH aji- 
re6pbi Uu . 

HanoMHHM, mto U q Q 5iBji5ieTC5T U q Q-MOffyjibROR ajire6poii no OTHOineHHio k 
npHcoeflHHeHHOMy fleftcTBHK), h hhbojhod,h5i (3.3.14) Hafleji5ieT U q g CTpyKTypoft 
*-ajire6pbi Xon(pa. Cjieflyiomee yTBep>KfleHHe xoponio H3BecTHO. 
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riPEflJlOKEHHE 3.3.30 *-AAse6pa (U q Q,*) M,6AM,emcH (U q Q^)-ModyA , bHou 
aAse6pou 

(ad(^)* = ad((S(£))V, Z,veU q g. 

,Z^OKa3aTejTbCTBO. OneBHflHO 

(ad(0r/)* = (6^(6))* = (S(&))VS- (3.3.29) 

C flpyrOH CTOpOHbl, * HBJIHeTCH aBTOMOp(pH3MOM, a S — aHTHaBTOMOp- 

(J)H3mom Koajire6pbi U q Q. CjieflOBaTejibHO, A((5(£))*) = (£(£2))* ® (£(£1))*- 

3HaMHT, 

ad((S(fl)>* = (5(6))*T/*£((£(6))*)- (3.3.30) 

Tax Kax S((S (£))*) = ajih jno6oro £ G L^g, to npaBan nacTb (3.3.29) 
coBnaflaeT c npaBoft nacTbio (3.3.30). □ 

H3 nocjieflHero npefljio>KeHH5i HeMeflJieHHO cjieflyeT, hto no,i],ajire6pa 

U q u- = {C\teU q u + } (3.3.31) 

ajire6pbi HBjineTCH t/gt-MOflyjibHoft. 

3AMEMAHHE 3.3.31 PaccMOTpHM jnmeifflbiH onepaTop 

C : C[u + ], - r : / -> (i + (f ))*- 15 

Oh HBJineTCH Bjio»:eHHeM ?7 g [-MOflyjibHbix ajire6p, KaK cjieflyeT H3 npeflJio>Ke- 
hhh 3.3.30, 3.3.24, h r<C[u + ] g = J7 g u~. 

OnepaTopbi z no3BOjiHiOT nocTpoHTb Bjio^KeHne t/gl-MOflyjieft 
z : C[u"]g C[u + ] q - z : /1 ® / 2 h- z+(/i) • r(/ 2 ). 

3to Bjio^KeHne z yBa>KaeT hhbojhouhh b Pol(u~) g = C[u~] g (g) C[u + ] g h b U q g: 

(i(f)Y = i(f*), fePo\(u-) q , (3.3.32) 
ho He HBjineTCH roMOMopcpH3MOM ajire6p. 

15 3,a;ecb hhbojiioiihh BHyTpn cko6ok - sto onpeflejieHHas b npe^jiccKeHira 3.3.17 hhbojiioiihh b ajire6pe 

C[U~ © a HHBOJHOU;Hfl BHG CK060K - 9TO HHBOJIIOipifl (3.3.14) B U q Q. 
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B ocTaBineiica nacTH nyHKTa mm 6yfleM npeflnojiaraTb, mto (g, t) 
apMHTOBO-CHMMeTpHMecKafl napa h Hcnojib30BaTb oGosHaneHHH t, p bmccto [, 
u^, cjiefly5i nyHKTy 3.3.4. HanoMHHM, mto b stom cjiynae § = {1, 2, . . . , /}\{/o}, 

£ = 0o, P ± = 0±i, q ± = 0o®0±i- 

riPEflJlOKEHHE 3.3.32 Ecau - spMumoeo-cuMMempunecKaM napa, mo 

nodnpocmpancmeo C[p~] q ,i nopoatcdaem nodaAse6py C[p~] q , a nodnpocmpan- 
cmeo C[p + ] ?) _i - nodaAse6py C[p + ] q . 

/]^OKa3aTejibCTBO. ^ocTaTOMHO noKa3aTb, mto C[p~] g) i nopo>KflaeT 
Cfp - ]^. 3to no^,npocTpaHCTBO h 9Ty ajire6py mo^kho 3aMeHHTb hx o6pa3a- 

MH npH BJIO>KeHHH i + B U q Q. OcTaeTC5T BOCnOJIb30BaTbC5I TeM, MTO SJieMeHTbl 

(3.3.27) o6pa3yK)T 6a3nc b i + C[p _ ] g , a noflnpocTpaHCTBO 2 + C[p~] gj i coflep^KHT 
Bee "KopHeBbie BeKTopbi" 

E Pm>+v E Pm>+21 • • • ' e Pm-v E Pmi (3.3.33) 

nocKOjibKy napa (g, fc) aBjiaeTca spMHTOBO-CHMMeTpHnecKOH, a b stom cjiynae 
BeKTopbi (3.3.33) HMeiOT CTeneHb oflHopoflHOCTH 1. □ 

IloflnepKHeM, mto b apMHTOBO-CHMMeTpHnecKOM cjiynae Hcnojib3yeTC5i 
o6o3HaneHne U q p ± BMecTO UqU^. 

IlPEflJlOKEHHE 3.3.33 AA2e6pa U q p + AeAsiemcH Haujuewbiueu U q t-ModyAt>- 
hou ynumaAtHou nodaAse6pou e U q Q, codepatcameu dAeMenm Ei . 

,Z^OKa3aTejibCTBO. IlycTb U + - HaHMeHbniaa U q t-MOffyjibH&si noflajire6- 
pa c eflHHHueft ajire6pbi U q Q, coflep>Kaiii,a5i Ei . Tpe6yeTC5i flOKa3aTb, hto 
U + = U q p + . 

JJpK&yKeM BKjiioneHHe U + C U q p + . J^jisi SToro flocTaTOMHO noxasaTb, hto 
Ei G U q p + . Ho cpeflH KopHeii Pm'+u ■ ■ ■ > Pm-i, Pm ecTb BbiflejieHHbiii npo- 
CToii KopeHb ai . IlycTb, fljia onpe-flejieHHOCTH, (5n = ai , M' + 1 < N < M. 
3jieMeHTbi Ep N h Ei OTjinnaiOTca jinnib (HeHyjieBbiM) MHO^KHTejieM, nocKOjib- 
xy o6a ohh npHHaflJiexcaT nepeceneHHio BecoBoro noflnpocTpaHCTBa (U q Q) ai c 
no,n,ajire6poH U q n + , a sto nepeceneHne oflHOMepHO (cm. npefljio>KeHHe 3.1.3). 
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OcTaeTca BOcnojib30BaTbC5i TeM, hto Ep N 6 U q p + , k&k cjieflyeT H3 npe,o,ji05Ke- 
hhh 3.3.27. 

riepeftfleM k flOKa3aTejibCTBy BKjnoHeHHH U + D U q p + . HanoMHHM, hto 
b nyHKTe 3.3.1 6bijiH HaflejieHbi rpaflynpoBKoft Bee BecoBbie U q Q-MOffyjm h, 
B MaCTHOCTH, UqQ C npHCOeflHHeHHbIM fleHCTBHeM. IloflnpocTpaHCTBa U + , 
U q p + HacjieflyiOT rpaflynpoBKy, h hx oflHopoflHbie KOMnoHeHTBi hbjihiotch U q %- 
no,a,MOflyji5iMH. Tax Kax U + C U q p + , to (lA + )\ C OcTae-TCH ,n,OKa3aTb, 

HepaBeHCTBO 

dim(W + )i > dim(^p + )i. 

/^eiicTBHTejibHO, H3 Hero 6yfleT cjie-flOBaTb BKjnoneHHe (U + )\ D (U q p + )i h Tpe- 
6yeMoe yTBep>KfleHHe U + D U q p + , nocKOjibKy ?7 g f-noflMOflyjib (£/qp + )i nopo>K- 
flaeT ajire6py U q p + . 

Ilpe>Kfle Bcero, otmcthm, hto pa3MepHOCTb (U q p + )i paBHa ee 3Hane- 
hhio b npeflejibHOM cjiynae q = 1 h paBHa M — M', nocKOjibKy sjieMeHTbi 
Ep M , +i , . . . , Ep M _ x , E^ M HMeiOT CTeneHb oflHopoflHOCTH 1 h o6pa3yK)T 6a3nc b 
(cm. npefljiojKe-HHe 3.3.28). 

C flpyrOft CTOpOHbl, E\ Q HBJIHeTCH OflHOpOflHbIM SJieMeHTOM CTeneHH 1, H, 

cjieflOBaTejibHO, {U + )\ D a,d(U q t)Ei . KpoMe Toro, Ei - oco6bift BeKTop U q t- 
MOflyjiH ad(U q t)Ei 07 to ecTb 

ad(Fj) E lo = FjEi Kj - E h F 3 K 3 = 0, j ? l , 

h BecoBoii BeKTop Beca ai . H3 npefljio>KeHH5i 3.1.30 cjie^yeT, hto pa3MepHO- 
cth npocTbix BecoBbix MOflyjieft He mchhiotch npn nepexo^e ot KJiaccHnecKHx 
yHHBepcajibHbix oGepTbmaioiHHx ajire6p k KBaHTOBbiM. 
3HaHHT, Kax h npn q = 1, 

dim(ad(^)£J > dim(([/ (Z p + ) 1 ). 

CjieflOBaTejibHO, 

dim(W + )i > dim(&d(U q t)E lo ) > dim(£fgp + )i. □ 

OnncaHHe ajire6pbi U q p + } npHBe-fleHHoe b npefljio»:eHHH 3.3.33, 3aHMCTso- 
BaHO H3 pa6oTbi 5lKo6ceHa [183], rzje oho Hcnojib30Bajiocb b KanecTBe onpe- 
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flejieHHa KBaHTOBoro aHajiora yHHBepcajibHoii o6epTbiBaioineH ajire6pbi Up + b 
spMHTOBO CHMMeTpH^ecKOM cjrynae. OflHoii H3 ocHOBHbix nejieii pa6oTbi [183] 
6bijio nocTpoeHHe aHajiora ajire6pbi C[p~] hojihhomob Ha BeKTopHOM npocTpaH- 
CTBe p~, h 9tot aHajior onpedeAMemcM b [183] paBeHCTBOM Cfp - ]^ = U q p + . B 
apMHTOBO-CHMMeTpHHecKOM cjiynae Taxoe onpeflejieHHe mo^kst 6biTb mothbh- 
poBaHO cjieixyioinHM o6pa30M: npn q = 1 (popMa KnjuiHHra Ha q ycTaHaBjra- 

BaeT H30MOp(|)H3M Ut-MOffyjieW. p = + H, CJieflOBaTejIbHO, H30MOp(|)H3M 

[/f-MOflyjibHbix ajire6p C[p~] = Bjih3khh noflxofl k nocTpoeHHio KBaH- 

TOBoro aHajiora ajire6pbi C[p~] ncnojib3yeTC5i b [201, 108]. 

ripejj,jio>KeHHe 3.3.33 h H30Mop(pH3M i + : C[p~] g — > U q p + , BBefleHHbiii b 
9tom nyHKTe, no cymecTBy, ycTaHaBjiHBaiOT SKBHBajieHTHoerb Haniero noflxo,o,a 
h nojj,xojj,a pa6oTbi [183] k nocTpoeHHio aHajiora ajire6pbi C[p~]. 

3.3.6 KBaHTOBbift aHajior pa3Jio»ceHH5i Uq = Uu~ •Ui-Uu + . H3 

paBeHCTBa q = u © [®u + h h3 TeopeMbi IIyaHKape-BHpKro(pa-BHTTa cjieixyeT, 
hto HMeeT MecTO pa3Jio>KeHHe 

Uq = Uu~ ■ U\ ■ Uu + . (3.3.34) 

ToHHee roBopn, jiHHeftHoe OTo6pa>KeHHe 

m : Uu <g> Ul <S> Uu + — > £/g, m : £ <g> 77 <g> ( \— > £r](, 

onpeflejiHeMoe c noMombio yMHO>KeHH5i b ajire6pe Uq, HBjineTCH 6neKTHBHbiM. 
Hmciiiio Tax TepMHH "pa3jio>KeHHe" 6ya,eT noHHMaTbCH b HacTOHineM nyHKTe. 
IlojiynHM KBaHTOBbiii aHajior (3.3.34). TonHee, noxa^KeM, hto HMeiOT Me- 

CTO HieCTb pa3JIO>KeHHH 

U q Q = U q u- ■ U q l ■ U q u + = U q u- ■ U q u + ■ U q { = U q { ■ U q u~ ■ U q u + 

= U q i ■ U q u + ■ U q u~ = U q u + ■ U q u~ ■ U q l = U q u + ■ U q \ ■ U q u~ . (3.3.35) 

ilPEflJIOKEHHE 3.3.34 MMewm Mecmo pasAoofceHUM 

U q q+ = U q i ■ U q u + , U q q + = U q u + ■ U q l (3.3.36) 
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,Z^OKa3aTejTbCTBO. YIojij^hm nepBoe H3 hhx. Hcnojib3y5i pa3Jio)KeHHe 
U q Q = U q n~ ' U q t) • U q n + (cm. nyHKT 3.1.3), nojiynaeM: 

U q q + = (U q q + n U q xT) ■ UJ) ■ U q n + , U q { = (U q l n U q xT) • U q \) ■ (U q l n U q n + ). 

Tax Kax U q u + C U q n + h U q q + fl U q n~ = U q i fl U q n~, to flocTaTOHHO nojiy^HTb 
pa3Jio>KeHHe ?7 (? n + = (U q lD U q n + ) ■ U q u + . OcTaeTCH Bocnojib30BaTbC5i TeM, mto 
ajieMeHTbi 

E*E»...Ej£, j 1 ,j 2 ,...,j M >€Z + , (3.3.37) 

o6pa3yK)T 6a3HC BeKTopHoro npocTpaHCTBa U q l Pi £/gti + , a TaioKe cjieflCTBneM 
3.3.29 h npefljio>KeHHeM 3.1.3. 

BTopoe pa3jio>KeHHe b (3.3.36) flOKa3biBaeTC5i aHajiornMHO, Hy^KHO jraiiib 
Ha^aTb c pa3jio>KeHH5i U q Q = U q n + • U q \) • U q n~ , a b KOHu,e BOcnojib30BaTbC5i 
npefljio>KeHHeM 3.3.27, cjieflCTBneM 3.1.6, h TeM, mto sjieMeHTbi 

^ . . . E»E*, Ji,j2, • • • , JM' € Z+, (3.3.38) 

o6pa3yK)T 6a3HC BeKTopHoro npocTpaHCTBa C/ g [ fl U q n + . □ 
ripHMeHaa hhbojiioli,hk) * k (3.3.36), nojiy^aeM 

CJlEflCTBHE 3.3.35 HMewm Mecmo pasjioDtcemisi 

U q q- = U q i ■ U q u~, U q q- = U q u~ ■ U q l (3.3.39) 
riPEflJlOKEHHE 3.3.36 HMewm Mecmo pa3A09tceHUM 

U q Q = U q q- ■ U q u + , UqQ = U q u + ■ U q q-. (3.3.40) 

,ZJoKa3aTejibCTBO SToro yTBep>KfleHH5i jierKO nojiy^HTb, aHajiH3Hpy5i flo- 
Ka3aTejibCTBO npefljio»:eHH5i 3.3.34. ^eftcTBHTejibHO, 

UqQ = U q n- ■ U q \) ■ U q n + = U q n ■ U q \) ■ (U q l n U q n + ) ■ U q u + = U q q~ ■ U q u + . 

AHajiornHHO, 

UqQ = U q n + ■ Uql) ■ U q rC = U q u + ■ (U q l H U q xx + ) ■ U q \) ■ U q rC = U q u + ■ U q q~. □ 
IlpHMeH5i5i hhbojik)li,hio * k (3.3.40), nojiynaeM 
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CJlEflCTBHE 3.3.37 MMewm Mecmo pa,3AootceHUM 

U q g = U q q + ■ U q u~, U q g = U q u~ ■ U q q + . (3.3.41) 

OGteflHHaa pa3jio^KeHH5i b (3.3.40) h (3.3.41) c pa3jic»KeHH5TMH b (3.3.36) 
h (3.3.39), Mbi npnxoflHM k pe3yjibTaTy, aHOHcnpoBaHHOMy b Ha^ajie nyHKTa. 

riPEflJlOKEHHE 3.3.38 HMetom Mecmo pa3AoatceHUM (3.3.35). 

3.3.7 KBaflpaTHHHaa ajire6pa C[p~] 9 . B nyHKTe 3.3.5 6bijio noica- 
3aHO, mto b apMHTOBO-CHMMeTpHHecKOM cjiynae noflnpocTpaHCTBO C[p _ ] 9) i no- 
po>KflaeT ajire6py Cfp - ]^. HaftfleM onpefleji5nom,He coothoiiighhse. 

PaccMOTpHM jiHHeftHoe OTo6pa>KeHHe 

m : C[p~]q <g> C[p~]q -> C[p~] q , m : fi® f 2 ^ fih- 

h yHHBepcajibHyio i?-MaTpHu,y ajire6pbi Xoncpa U q Q. Pfe onpeflejiemia yMHO^Ke- 
HH5T m cjieflyeT paBeHCTBO 

<pif> = mR c[p - ]qjC [p-} q (f <8> if>), f,^pe C[p"] g , (3.3.42) 
03HanaK)in,ee, hto Cfp - ]^ 5iBji5ieTC5i KOMMyTaTHBHoft ajire6poft b cnjieTeHHoft 

T6H30pHOH KaTeropnH C~ , CM. nyHKT 2.3.8. 

IlycTb C - flflpo jiHHeftHoro OTo6pa»:eHH5i 
C[p"] g ,i ® C[p"] g ,i -> C[p~] g , 2 , <p (g) ip ^ <pip - mRc[p-] q ,c[p-] q i}f ® ip)- 
B KjiaccH^ecKOM npe-flejibHOM cjiynae g = 1 sto noflnpocTpaHCTBO Bcex aHTH- 

CHMMeTpHMeCKHX TeH30pOB. 

PaccMOTpHM noflajire6py U q t ss , nopo^KfleHHyio mho^kcctbom 
{Kf 1 , Ej, Fj}j^i . 

Kax cjieflyeT H3 (3.3.42), mC = 0. /JpyrHMH cjiOBaMH, ajieMeHTbi noflnpo- 

CTpaHCTBa C 5IBJI5HOTC5I KBaflpaTHMHblMH COOTHOHieHH5TMH. OnHIIieM 9TO nOfl- 

npocTpaHCTBO b TepMHHax yHHBepcajibHoft i?-MaTpHu,bi ajire6pbi Xoncpa U q t ss 
h OTBenaiomero eft MopcpH3Ma (T^-MOflyjieft 

Rcb-unp-U ■ c iP~ki ® c tPl<z,i -> C[p-] g ,i (8) C[p-] ? ,i, 
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onpeflejiaeMoro fleftcTBHeM yHHBepcajibHoft i?-MaTpHirbi c nocjieflyroiHeft "h8ihb- 
hoh" nepecTaHOBKoii TeH3opHbix coMHO>KHTejieH. 

JlEMMA 3.3.39 C codepotcum ece co6cmeeHHue eenmopu c ompui^ameAtHUMU 
co6cmeeHHUMU 3H(ihchuhmu onepamopa Rc[p-] ql ,C[p-] ql - 

/JoKasaTejibCTBO. IlycTb £ - cneKTpajibHoe noflnpocTpaHCTBO jiHHeimo- 
ro onepaTopa Rc[p-] q i,C[p-] g u OTBenaioiHee OTpHnarejibHOH nojiyocn (— oo,0). 

OneBHflHO, jC H £ 5IBJI5nOTC5T [/ g f-nOflMOflyjI5IMH, H HaM flOCTaTOMHO flOKa3aTb, 

mto c d £. 

B KjiaccH^ecKOM cjiynae q = 1 KpaTHOCTH Bxo^KfleHna npocTbix BecoBbix 
Ut-Mopjjiem b (p - )* <S> (p )* ne npeBoexoflHT 1, nocKOJibKy BecoBbie noflnpo- 
CTpaHCTBa Ut-MOffyjm p~ oflHOMepHbi [47, CTp. 591-592]. SHanHT, corjiacHO 
npefljio>KeHHK) 3.1.30, sth KpaTHOCTH paBHbi 1 npn Bcex q G (0,1). Cjieflo- 
BaTejibHO, noflnpocTpaHCTBa C h £ , onpeflejiaiOTca cbohmh t/^-cneKTpaMH, to 
ecTb MHO»:ecTBaMH CTapniHx BecoB cbohx npocTbix t/g^-noflMOflyjieft. 

IlpH q = 1 9th MHO>KecTBa CTapinnx BecoB coBnaflaiOT. OcTaeTca npocjie- 
flHTb 3a hx 3aBHCHMOCTbio ot napaMeTpa q G (0, 1]. Kax cjie^yeT H3 (3.1.46), 
cneKTp onepaTopa Rc[p-] ql ,C[p-] ql Jie^KHT Ha BemecTBeHHOH och h He coflep^KHT 
0. 3HanHT, aHajiHTHnecKaa 3aBHCHMOCTb cneKTpajibHoro npoeKTopa, OTBenaio- 
mero OTpHnaTejibHoii nojiyocn, BbiTexaeT H3 aHajiHTHnecKoii 3aBHCHMOCTH one- 

paxopa Rcip-^cip-]^- 

IlpocjieflHM 3a 3aBHCHMOCTbio ot napaMeTpa q onepaTopoB 

EjiFji J 7^0, Hi, z = l,2,...,Z, 

noflnpocTpaHCTBa C h onepaTopa R<c[p-] ql ,<c[p-] ql - A- 1151 9Toro Bbi6epeM 6a3HC 
BecoBbix BeKTopoB b C[p~] g , 6HopToroHajibHbift onncaHHOMy b npefljio»:eHHH 
3.3.1. riojiynaeM 6a3HCbi b Cfp - ]^!, C[p _ ] 9j i (g) C[p~] q) i, Cfp - ]^- Tpe6yeMoe 
yTBep^KfleHne C D £ BbiTexaeT H3 Toro, hto MaTpnHHbie sjieMeHTbi onepaTopoB 
m h Rc[p-] ql ,C[p-] ql B paccMaTpHBaeMbix 6a3ncax aHajiHTHnecKH 3aBHC5iT ot 
qe(0,l}. □ 



255 



riPEflJlOKEHHE 3.3.40 C mjiaemcji co6cmeeHHUM nodnpocmpancmeoM au- 
Heunoso onepamopa Rc[p~] i,c[p~] u omeeuawunuM ezo eduHcmeeHHOMy om- 

4 

pui^ameAhHOMy co6cmeeHHOMy 3hq,h6hwh) — q^ H s< H s) . Kpamnocmt smozo co6- 

dimp~(dimp~-l) 

cmeeHH020 3hq,h6huji paena — 2 -. 

,Z^OKa3aTejTbCTBO. Pa3MepH0CTb npocTpaHCTBa C He npeBocxoflHT 

dimp-(dimp--l) ; n0CKQJIbKy dim C[p-] g>2 = dimp-(dimp-+l) _ 

OcTaeTca BOcnojib30BaTbC5i jieMMoii 3.3.39 h TeM, hto y onepaTopa 
Rc[p-] q i,C[p-] g i pa3MepHOCTb co6cTBeHHoro noflnpocTpaHCTBa, OTBenaioiHero 
co6cTBeHHOMy 3HaMeHHK) —q( H s< H s) , 6ojibnie hjih paBHa dimp ( d ™ p — il. ^oxa- 
^KeM nocjieflHee HepaBeHCTBO. 

PaCCMOTpHM Cy^KeHHe JIHHeifflOrO OnepaTOpa RN(q+,-a lo )*,N(q+-a lo )* Ha 

iV(q + , — ai )*_i <S> N(q + , —ai )*_i. HeTpyznro noxasaTb, hto 9to cy^Kemie ot- 
jiHHaeTCH ot HHTepecyroinero Hac jiHHeftHoro onepaTopa Rc[p~] i,C[p~] 1 Jinnib 

4 

HHCJiOBbiM MHOJKHTejieM q ( H s> H s) . (^jth cpaBHeHHH yHHBepcajibHbix i?-MaTpHU, 
ajire6p Xoncpa t/gg h £/gE ss Hcnojib3yeTCH npHBefleHHoe pa3Jio>KeHHe 9JieMeH- 
Ta wo, onncaHHoe b nyHKTe 3.3.1, paBeHCTBa (3.1.23), (3.1.26) h corjiacoBaH- 
HOCTb CKajiapHbix npoH3BefleHHii b KapTaHOBCKHx noflajire6pax, cm. 3aMenaHHe 
3.3.22.) 

/^OKa3aTejibCTBO npefljio>KeHH5i 3.3.40 3aBepinaeTCH ccbijiKoii Ha paBeHCTBO 

(^V(q+,A)*iV(q+, M )*) = (^7V(q+,A)iV(q+, M )) , 

cm. nyHKT 3.1.4, h Ha cjieflyroinne BcnoMoraTejibHbie pe3yjibTaTbi, KOTopbie 6y- 
flyT nojiyneHbi b nyHKTe 3.6.2. Bo-nepBbix, o6pa3bi MopcpH3MOB U q Q-Mopjjiem 

N(q + , wp- p) -> N(q + , -a h ) <g> N(q + , -a lo ), we W s &l(w) = 2 

nepeceKaiOTCH c N(q + , — ai/ )_i <8> N(q + , — Of/ )_i no noflnpocTpaHCTBaM, cyMMa 
KOTopbix HMeeT pa3MepHOCTb dim P ( d ™P — I) Bo-BToptix, Ha o6pa3e jno6oro 
Taxoro MopcpH3Ma jiHHeftHbiH onepaTop i?jv(q+,-a ;o ),iV(q+,-a: ;o ) paseH -1. □ 

3AMEHAHHE 3.3.41 PaccMOTpHM KBaflpaTHHHyio ajire6py, onpeflejineMyio 
npocTpaHCTBaMH o6pa3yiOHj,Hx Cfp - ]^^ h cooTHonieHHii C C C[p~] 9) i(g)C[p _ ] 9) i. 
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3to 4>aKTop-ajire6pa F = T(C[p _ ] (?j i) / J TeH3opHon ajire6pbi T(C[p~] 9) i) no ee 
flBycTopoHHeMy nfleajiy J, nopo5K,o,eHHOMy C C T(C[p~] g) i). riojiynnM moho- 
MHajibHbift 6a3HC BeKTopHoro npocTpaHCTBa F . KaK n b KjiaccnnecKOM cjiynae 
g = 1, Beca ?7 g B-MOflyjifl C[p~] g) i HMeiOT bha — ai/ — Yli^i n i a i H BCe Bec0Bbie 
noflnpocTpaHCTBa oflHOMepHbi. JlnHeftHO ynopaflonnM mhtokgctbo BecoB 9Toro 

t/gf-MOflyjIfl B COOTBeTCTBHH C JieKCHKOrpaCpHHeCKOH ynopHflOHeHHOCTbK) MHO- 

»:ecTBa CTpoK (— ni, — 712, ••• , — n/ _i, —1, — n/ 0+ i, ••• , — n/) H3 K09(p(pH- 

UHeHTOB pa3JIO>KeHH5I nO npOCTbIM KOpHHM. Bbl6epeM 6a3HC {^1, 22, • • • , ^dimp-} 

BecoBbix BeKTopoB npocTpaHCTBa Cfp - ]^! Tax, KaK npn flOKa3aTejibCTBe jieM- 
mm 3.3.39, n ynopnflonHM ero no B03pacTaHHK) BecoB. OneBHflHO, CBoGoflHan 
ajire6pa C(zi, 22, • • • , z^p-) H30MopcpHa TeH3opHon ajire6pe T(C[p~] q ^) n H3 
(3.1.23) cjieflyeT, hto TeH3opbi 

<8) Zj + ^ ^ m 2; fc <g> z ro , z > j 

o6pa3yiOT 6a3nc Tpe6Hepa nfleajia J (cm. nyHKT 3.3.9). 3HannT, mhojkcctbo 
{z^zf . . . z^Z I Ji < J2 < • • • < J dimp -} (3.3.43) 

aBjiaeTca 6a3ncoM BeKTopHoro npocTpaHCTBa F. /JencTBne o6pa3yroinnx Fj, 
b 9tom 6a3nce onncbmaeTCH MaTpnijaMH, sjieivieHTbi KOTopbix npnHaflJie- 
tk&t nojiio pau,HOHajibHbix (pyHKnnft Q(q) h He HMeiOT nojiiocoB npn q 6 (0, 1]. 
3to cjieflyeT H3 onpeflejieHnft h H3 npefljio>KeHH5i 3.1.4. 

KaK BbiTexaeT H3 cjieflyiomero yTBep>KfleHHH, Ta me (popMyjia (3.3.43) 
3aflaeT 6a3nc BeKTopHoro npocTpaHCTBa C[p~] g . 

IlPEflJlOKEHHE 3.3.42 AA2e6pa C[p~] g neAnemcsi Keadpamuunou c npo- 
cmpaHcmeoM o6pa3yK>w ) ux C[p~] gj i u npocmpaHcmeoM cooniHomeHuu C 

/]^OKa3aTejibCTBO. KaK n b 3aMenaHnn 3.3.41, paccMOTpnM KBaflpaTnn- 
Hyio ajire6py F c npocTpaHCTBOM o6pa3yioinHx C[p~] gj i n npocTpaHCTBOM coot- 
HonieHHH C. Tpe6yeTCH flOKa3aTb, hto ecTecTBeHHbin roMOMopcpH3M rpaflynpo- 
BaHHbix ajire6p F —> Cfp^j^ 6neKTHBeH. CiopT>eKTHBHOCTb BbiTexaeT H3 Toro, 
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mto noflnpocTpaHCTBO C[p nopo>KflaeT ajire6py C[p ] q , cm. npefljicoKeHHe 
3.3.32. OcTaeTca BOcnojib30BaTbC5i paBeHCTBaMH 

nocjieflHee H3 KOTopbix jierxo nojiy^HTb c noMOinbio 6a3nca (3.3.43). □ 

3AMEHAHHE 3.3.43 ripefljio»:eHHe 3.3.32 h yTOHiraioiH.ee ero npefljio»:eHHe 
3.3.42 npHHafljie>KaT TeKKeH6ep>Ke h Koji6y [171]. Hx flOKa3aTejibCTBa cyine- 

CTBeHHO OTJIHMaiOTCfl OT HaiHHX. 

3.3.8 ^onojiHeHne o npe/jo/jHopo/jHbix BeKTopHbix npocTpaH- 
CTBax. Cjie-flyioiHHe onpe-flejieHM h pe3yjibTaTbi noflpo6HO H3Jio>KeHbi b mo- 
HorpacpHH Py6eHTxajiepa [296]. 

riycTb V - npocTpaHCTBO KOHenHOMepHoro pannoHajibHoro npe-flCTaBjie- 
hm 7T cb5I3hoh KOMiuieKCHOH a(p(pHHHOH ajire6paHHecKoft rpynnbi. Ero Ha3biBa- 
tot npeflOflHopoflHbiM BeKTopHbiM npocTpaHCTBOM, ecjin cym,ecTByeT OTKpbiTaa 
op6nTa Q. OHa, oneBHflHO, eflHHCTBeHHa. Ecjih npeflCTaBjieHne tt HenpHBOflHMO, 
to h npeflOflHopoflHoe BeKTopHoe npocTpaHCTBO V Ha3biBaiOT HenpHBOflHMbiM. 
riojiHbiH cnncoK HenpHBOflHMbix npeflOflHopoflHbix BeKTopHbix npocTpaHCTB, 
paccMaTpHBaeMbix c tohhoctbio flo ecTecTBeHHoro H30Mop(pH3Ma, nojiy^eH Ca- 
to h KHMypoft [209, CTp. 228 - 229]. B flajibHeftmeM 6yfleM npeflnojiaraTb pac- 
CMaTpHBaeMyio rpynny peflyKTHBHoft. 

IIpeflOflHopoflHoe BeKTopHoe npocTpaHCTBO V Ha3biBaiOT peryjiapHbiM, ec- 
jih 3aMKHyToe no 3apnccKOMy MHO^KecTBO V\Q aBjiaeTca rnnepnoBepxHOCTbio. 

BBe-fleM nacTO Hcnojib3yeMbie Kjiaccbi HenpnBOflHMbix npeflOflHopoflHbix 
BeKTopHbix npocTpaHCTB. riycTb g - npocTaa KOMnjieKCHaa ajire6pa JIh, 
{ai, cx.2-, ■ ■ ■ , oli] - CHCTeMa ee npocTbix KopHeii, h§C {1, 2, . . . , /}. 

PaccMOTpHM 0flH0CB5i3HyK) KOMiuieKCHyio acpcpHHHyio ajireGpaHnecKyio 
rpynny G c ajire6poft Jin g. Ee KOopflHHaTHoe kojibhp HBJi5ieTC5i ajire6poft 
Xoncpa, nopo>KfleHHon MaTpHHHbiMH 9JieMeHTaMH (pyHflaMeHTajibHbix npefl- 
CTaBjieHHft. [27, CTp. 94], [28, CTp. 204]. 
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B nyHKTe 3.3.1 ajire6pa J1h 6buia HaflejieHa rpaijyiipoBKOH = ©^0^. 
IlycTb L - noflrpynna Bcex gjieMeHTOB, coxpaHfliomHx BBeflemiyio rpaflynpoB- 
Ky, L = {a 6 G\ Ad a Hs = ^s}, r fle Hcnojib30BaHO npHcoeflHHeHHoe fleftcTBHe 
L b [84, CTp. 114-116]. 3t& noflrpynna CB5i3Ha [28, CTp. 227-228], [180, CTp. 
33]. 

Kax cjieflyeT H3 TeopeMbi BniiGepra [296, CTp. 119], [25], seKTopHbie npo- 

CTpaHCTBa g±\ 5TBJI5TIOTC5I npeflOflHOpOflHblMH BeKTOpHblMH npocTpaHCTBaMH c 

rpynnoii chmmctphh L. 3th 0o-MOijyjiii npocTbi ecjra h TOjibKO ccjih noflMHO- 
^KecTBO {1, 2, • • • , /} \ § coctoht H3 oflHoro ajieMeiiTa [296, CTp. 126], [27, CTp. 
113]. 

Cjie/jyji Py6eHTxajiepy, BbiflejiHM Ba>KHbiii Kjiacc Taxnx npeflOflHopoflHbix 

BeKTOpHblX npocTpaHCTB. IlpeflnOJIO^KHM, MTO §={l,2,...,/}\{/o} H MTO 
npOCTOH KOpeHb ai BXOflHT B pa3JIO}KeHHe MaKCHMajIbHOrO KOpH5I 

* = EW (3-3-44) 

3 

c K09(p(pHLi,HeHTOM n/ , paBHbiM 1. B 9TOM cjiynae rpaflynpoBKa ajire6pbi JIh 
6biCTpo o6pbiBaeTC5i 

= 0-1 ©00® 0+1, 

h ee oflHopoflHbie KOMnoHeHTbi 0±i 5ibji5iiotc5i a6ejieBbiMH ajire6paMH JIh. Hx 

Ha3bIBaK)T npeflOflHOpOflHblMH BeKTOpHblMH npOCTpaHCTBaMH KOMMyTaTHBHOrO 

napa6ojiHHecKoro Tnna [296, CTp. 147]. IlojiHbiH cnncoK Taxnx npeflOflHopofl- 
hmx BeKTopHbix npocTpaHCTB jierxo nojiy^HTb, Hcnojib3y5i 5iBHbra bhij, pa3ji(»Ke- 
hhh (3.3.44) fljifl HenpHBOflHMbix chctcm KopHeii [14]. B o6o3HaMeHH5ix Byp6aKH 
[14] 9tot cnncoK BbirjraflHT cjieijyiomHM o6pa30M: 

Ai Iq < 1, 2, • • • , I, KOMiuieKCHbie Iq x (I + 1 — /o)- M aTpHu,bi; 

C\ Iq = /, KOMnjieKCHbie CHMMeTpHHeCKHe / X /-MaTpHD,bi; 

D[ Iq = /, KOMnjieKCHbie aHTHCHMMeTpimecKiie / x /-MaTpiiubi; 
Bi Iq = 1; Di Iq = 1; 
Eq Iq = 6; Ej Iq = 7 
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(HeTpyflHO nepe^HCjiHTb napbi H30Mop(pHbix npeflOflHopoflHbix BeKTopHbix npo- 
CTpaHCTB SToro cnncKa). 

Heperyji5ipHbiMH 5ibji5iiotc5i cjieflyK)m,He npeflOflHopoflHbie BeKTopHbie npo- 
CTpaHCTBa [270]: 

Ai, npn Iq 7^ — ^ — ; Di, npn He^eTHbix /; Eq. 

3jieMeHTbi 9Toro cnncKa ^acTO H3o6pa>KaK)T b BH^e flHarpaMMbi ^biHKHHa 
c BbiflejieHHoii BepniHHoft, OTBenaiomeH npocTOMy Kopmo ai . 
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CnncoK npeflOflHopoflHbix bgkto pHbix npocrpaHCTB 
KOMMyTB, THBHoro napaOojin^ecKoro Tuna 
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Ka>Kfla5i HenpHBOflHMaH orpaHHHeHHaa CHMMeTpHMecKafl o6jiacTb [85, CTp. 
342] /T,onycKaeT CTaHflapTHyio peajiH3aii,Hio (peajiH3au,HK) XapHiu-HaHflpbi) b 
BHfle L^eHTpajibHO-CHMMeTpHMHoft BbinyKJioii o6jiacTH npeflOflHopoflHoro BeK- 
TopHoro npocTpaHCTBa KOMMyTaTHBHoro napaGojiH^ecKoro THna. 3to npeflOfl- 
HopoflHoe BeKTopHoe npocTpaHCTBO peryjiapHO, ecjin h TOJibKO ecjin paccMaT- 
pHBaeMaa orpaHHMeHHaa CHMMeTpnMecKaa o6jiacTb HMeeT TpyG^aTbiii ran, to 
ecTb wqcx^ = — a (o , cm. [98, CTp. 38]. 
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3.3.9 ^onojiHeHHe o HeKOMMyiaTHBHbix 6a3Hcax TpeSHepa. 

H3JI05KHM OCHOBHbie nOH5ITH5I TeOpHH 6a3HCOB Tpe6Hepa JJ,JI5I HeKOMMyTaTHB- 

Hbix ajire6p, cjieflya o63opy B. YcpiiapoBCKoro [80, CTp. 31-34]. Otmcthm, mto 
fljra nepexofla ot HeKOMMyTaTHBHoro cjiynaa k cym,ecTBeHHO 6ojiee npocTOMy 
KOMMyraTHBHOMy cjiynaio [56, 1, 68] flocTaTOHHO bhccth b onpeflejieHne 6a3nca 
Tpe6Hepa He6ojibniHe H3MeHeHH5i, nepenHCJiemibie b [80, CTp. 35,36]. 

Bt>i6epeM HeHyjieBoe mhcjio q £ C. Ochobhbim nojieM K b stom nyHKTe 
6yfleT HaHMeHbinee noflnojie nojra C, coflep^amee q. TaKHM o6pa30M, nojie 
K 6yfleT jih6o KOHeHHbiM pacninpeHHeM nojia pau,HOHajibHbix MHceji, jih6o ero 
TpaHcu,eHfleHTHbiM pacninpeHHeM CTeneHH 1. 

PaccMOTpHM KOHeHHoe MHO>KecTBO X, Ha3biBaeMoe b flajibHeiinieM aji- 
(paBHTOM. IlycTb (X) - nojiyrpynna cjiob, BKjironaiomasT nycToe cjiobo 0, c 
onepau,Heii flonncbiBaHHa cjiob flpyr 3a flpyroM. OopMajibHbie jiimeftHbie kom- 
6HHau,HH sjieMeHTOB (X) o6pa3yK)T CBo6ojj,Hyio ajire6py K(X) c e/JTunmeH 1-0. 
Ka^KflOMy KOHe^HOMy noflMHO>KecTBy R C K(X) conocTaBHM HaHMeHbinnii 
cojj,ep>Kaiii,HH ero JXBycTopoHHHH Hfleaji I ajire6pbi K(X) h (paKTop-ajire6py 

A = K{X)/I (3.3.45) 

Ajire6pbi, H30MopcpHbie (3.3.45), Ha3biBaiOT kohcmho onpeflejieHHbiMH, a mho- 
^KecTBa X h R — MHO>KecTBaMH o6pa3yK)m,Hx h cooTHOineHHH cooTBeTCTBeHHO. 

riPHMEP 3.3.44 ([55, CTp. 97]). TpynnoBaa ajire6pa CHMMeTpHHecKoft rpyn- 
nbi Sn flonycxaeT onncaHne c noMombio o6pa3yK)m,Hx Si = + 1), i = 
1, 2, . . . , N — 1, h onpefleji5nom,Hx cooTHOineHHH sf = 1, i = 1, 2, . . . , N — 1, 

(s iSj ) 2 = l, \i-j\?l, i,j G{1,2,...,7V-1}, 

( SjSj+1 ) 3 = l, je {1,2,..., N -2}. 

B flajibHeiinieM ajKpaBHT X npejj,nojiaraeTC5i jihhchho ynopaflOMeHHbiM, 
a nojiyrpynna cjiob (X) - Hajj,ejieHHoii OTHOineHneM nopaflKa deglex: cjiOBa 
cpaBHHBaiOTC5i no fljiHHe, a, ecjin hx fljiHHbi paBHbi, to jieKCHKorpacpHnecKH. 
H3 onpejj,ejieHH5i cjie/xyeT, hto mhojkcctbo cjiob (X) 5iBji5ieTC5i BnojiHe ynopH- 
floneHHbiM h OTHonieHHe nopflflica corjiacyeTCH c nojiyrpynnoBofi onepanHeft: 
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eCJIH CL\ > Cl2 & b\ > 62, TO a\b\ > 0.2&2- OHeBHflHO, HBJIHeTCH HaHMeHbLUHM 

3Ji6MeHTOM nojiyrpynnbi cjiob. 
CTapniHM cjiobom sjieMeHTa 

f = iu G K(X), a w e K, we (X), 

Ha3biBaK)T HanGojibiuee H3 cjiob w, bxojihihhx b 9to pa3jio»:eHHe c HeHyjieBbiM 
K09(p(pHLi,HeHTOM a w . CTapniee cjiobo sjieMeHTa v o6o3HaHaiOT L(v), a MHO^Ke- 
ctbo CTapniHx cjiob ajieMeHTOB flBycTopoHHero Hfleajia I o6o3HaHaiOT L(I). 

Bocnojib3yeMC5i BBefleHHbiM OTHOineHHeM nopnflKa b (X) fljiH nocTpoeHH5i 
noflnpocTpaHCTBa, jj,onojiH5nom,ero I b bcktophom npocTpaHCTBe K(X). IlycTb 
N - MHO>KecTBO cjiob, He npHHajiJie)KaiHHx L(I). Ero Ha3biBaiOT mho^kcctbom 

HOpMajIbHblX cjiob. 

riPEfljiOKEHHE 3.3.45 K(X) = KN®I, zde KN - nodnpocmpancmeo ee%- 
mopnozo npocmpaHcmea K(X), nopoDfcdeHHoe MHODtcecmeoM N. 

^OKa3aTejibCTBO. OneBH/xHO, KN D I = 0. IlycTb KN © i" 7^ K(X). 
PaccMOTpHM HaHMeHbinee cjiobo w, KOTopoe He npHHafljiejKHT KN © i". H3 
w (£ N BbiTexaeT cyinecTBOBaHne Taxoro sjieMeHTa v G I, hto ero CTapniHM 

CJIOBOM 5IBJI5ieTC5I W . HHblMH CJIOBaMH, V = CLW + v' , CI G K, H Ka^KflOe H3 CJIOB, 
BXOJI5IIHHX B v' , npHHaflJIOKHT KN ©/. 3HaHHT, v' G KN ©/. CjieflOBaTejIbHO, 

w G KN /, hto npoTHBopeHHT Bbi6opy cjiOBa w. □ 

PaccMOTpHM npoeKTop b seKTopHOM npocTpaHCTBe K(X) Ha noflnpo- 
CTpaHCTBO KN napajuiejibHO I: 

K(X) KN, v v. 

Ero Ha3biBaiOT onepaTopoM npHBefleHHH k HopMajibHoft (popMe, a sjieivieHT v - 
HopMajibHoft cpopMoft ajieMeHTa v. H3 npefljiojKeHHH 3.3.45 cjie/xyeT, hto stot 
onepaTop nopo^KflaeT H30MopcpH3M BeKTopHbix npocTpaHCTB A = K(X)/I h 
i^iV, nojie3HbiH, ecjin mho^kcctbo HopMajibHbix cjiob N orracaHO 5ibho. 

ilpejj,jiaraeTC5i coBMecTHTb noHCK 5iBHoro onHcaHM SToro MHO>KecTBa c no- 
hckom ajiropHTMa npHBejj,eHH5i k HopMajibHoii (popMe. Cjie/jyeT OTMeTHTb, hto 
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fljiH HeKOTopbix nap X, R TaKoro ajiropHTMa He cyinecTByeT. IIpHMepoM mo- 
tkgt cjiy^KHTb rpynnoBan ajire6pa K[G] rpynnbi G c KOHeHHbiM hhcjiom o6pa- 
3yK)m,Hx h onpefleji5iioiii,Hx cooTHonieHHft, fljia KOTopoft 3HaMeHHTaa npo6jieMa 
paBeHCTBa cjiob ajiropHTMH^ecKH Hepa3peniHMa [262, CTp. 103]. 

Cjiobo w' Ha3biBaK)T noflCjiOBOM cjiOBa w, ecjin w = aw'b npn HeKOTO- 

pblX a, b G (X). IIOflCJIOBO w' 5IBJI5ieTC5T C06cTBeHHbIM, ecjin w' 7^ W. MHO>Ke- 

ctbo M Ha3biBaiOT flBycTopoHHHM HfleajiOM nojiyrpynnbi S, ecjin SM C M h 
MS C M. 

CpeflH noflMHO>KecTB, nopo>KflaK)iii,Hx flBycTopoHHHft Hfleaji L(I) nojiy- 
rpynnbi (X), ecTb HaHMeHbiuee noflMHCc-KecTBO O. Oho o6pa30BaHO cjiOBaMH H3 
L(7), He HMeiOHj,HMH co6cTBeHHbix noflCJiOB H3 L(I). Cjieflyn J\. Amity, Taxne 
cjiOBa Ha3biBaK)T o6cTpyKUH5iMH. Tax KaK O nopo»:flaeT flBycTopoHHHft Hfle- 
aji L(I) nojiyrpynnbi (X), to MHOJKecTBO G = {w; — w \ w G 0} nopo>KflaeT 
flBycTopoHHHft Hfleaji / ajire6pbi K(X). 

IlojiyMeHHoe MHO>KecTBO o6pa3yioiHHx G flByeropoHHero Hfleajia / Ha3bi- 
BaiOT 6a3HCOM Tpe6Hepa 9Toro Hfleajia (b o63ope [80] Hcnojib3yeTC5i TepMHH 
"npHBefleHHbiii 6a3nc TpeGHepa"). Pa3yMeeTC5i, 6a3nc Tpe6Hepa 3aBHCHT ot bm- 
6paHHoro OTHOineHHsr jiHHeiiHoro nop^flKa b X. 

JlEMMA 3.3.46 06cmpyKv f UM w G O M,6AM,emcH cmapmuM caogom omeeuato- 
v^ezo eu sjiejueHma 6a,3uca rpe6nepa: w = L(w — w). 

^OKa3aTejibCTBO. OMeBHflHO, N n L(I) = 0, N U L(I) = (X). Cjieflo- 
BaTejibHO, H3 v = v' + v", v' G KN, v" G / BbiTexaeT paBeHCTBO 

L(v'), ecjin L(v) G N, 
L(v"), ecjin L{v) G L(I). 

OcTaeTCH nOJIO>KHTb V = W, V 1 = W, v" = W — W H BOCnOJIb30BaTbCH TeM, HTO 

w = L{w) G L{I). □ 

ripeflnojio>KHM, mto 6a3HC Tpe6Hepa KOHe^eH. 3to Tpe6oBaHne cyine- 
CTBeHHO b HexoMMyTaTHBHOM cjiy^ae. IloKa>KeM, mto cyinecTByeT ajiropnTM 
npHBefleHHH ajieMeHTa v G K(X) k HopMajibHoft (popMe h onHiiieM stot ajrro- 

PHTM. 



L(v) = L{v' + v") = L{L{v') + L(O) = 
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ConocTaBHM Ka>KflOMy ajieMeHTy u G I jiHHeftHbift onepaTop 

u:K{X) ^K{X). (3.3.46) 

IlycTb u G / h a^(u) £ K KoacpcpHnneHT npn CTapmeM cjiOBe L(u) b pa3- 
jiojKeHHH u = Ylwe(x) a w w - BBefleM jinHeimbiH onepaTop (3.3.46), 3aflaB ero 
fleiicTBHe Ha sjieMeHTbi 6a3nca (X) BeKTopHoro npocTpaHCTBa K(X). Ilo onpe- 
flejieHHio, u(w) = w, ecjin L(u) He HBjineTCH oahhm H3 noflCjiOB cjiOBa w G (X). 
B npoTHBHOM cjiynae, mcokho HaiiTH nepBoe Bxo>KfleHHe noflCjiOBa L(u) b cjio- 
bo w, h u(w) nojiynaeTca 3aMeHoii SToro noflCjiOBa Bbipa>KeHHeM L(u) — ^~~ ) u - 
^pyrHMH cjiOBaMH, onepaTop u ocymecTBjriieT noflCTaHOBKy 

L{u) i — ► L{u) —u. (3.3.47) 

IlycTb v G K(X). QjieivteHT v' G K(X) Ha3biBaeTCH G-peflyKHneii sjie- 
MeHTa v, ecjin, BO-nepBbix, v' mcokho nojiynnTb R3 v b pe3yjibTaTe nocjieflo- 
BaTejibHoro npHMeHeHHH onepaTopoB MHO>KecTBa {u\u G G} h, BO-BTopbix, v' 
ABjiaeTCH o6ihhm HenoflBH^KHbiM BeKTopoM 9thx jiHHeftHbix onepaTopoB. 

riPEflJlOKEHHE 3.3.47 G-pedyKi^UM dJieMenma v G K(X) cyu^ecmeyem, 
eduHcmeeHua u paena HopMaAbuou cjjopMe v smoso SAeMenma. 

CJlEflCTBHE 3.3.48 Caoqo w G (X) MOAMemcM hopmcljikhum, ecAU u moAbKO 
ecAU cpedu eso nodcAoe nem cmapmux caob dAeMenmoe 6a3uca Fpe6nepa. 

3AMEHAHHE 3.3.49 Ilepexofl ot KOHenHoro cnncKa npaBHji nc-flCTaHOBKH 
(3.3.47) k ajiropHTMy npHBefleHHH k HopMajibHoft (popMe mm He o6cy>KflaeM, 
nocKOJibKy b coBpeMeHHbix nporpaMMHbix CHCTeMax KOMnbiOTepHoft ajire6pbi 
HMeiOTCH cpeflCTBa, no3BOJi5HOHj,He aBTOMaTH3npoBaTb 9tot nepexofl. 

riPHMEP 3.3.50 [80, CTp. 33] PaccMOTpnM ajire6py A c o6pa3yiofflHMH x, y 
h onpefleji5HOHj,HM cooTHonieHHeM x 2 + y 2 = 0: A = K(x,y)/(x 2 + y 2 ). 
ynopflflOHHM o6pa3yK)HJ,He: x > y. Mo>kho noxasaTb, hto b stom cjiynae 
G = {x 2 + y 2 , xy 2 — y 2 x} h cnncoK npaBHji noflCTaHOBKH HMeeT bh^ 

2 2 2 2 

x i — ► —y , xy i— > y x. 
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CjIOBO W HBJIHeTCH HOpMajIbHbIM, eCJIH H TOJIbKO eCJIH OHO He HMeeT nOflCJIOB 

x 2 , xy 2 : N = {y n (xy) k , y n {xy) k x | n, k € 

HTaK, HMea KOHe^Hbiii 6a3nc Tpe6Hepa, jierxo nojiyHHTb ajiropnTM npn- 
BefleHHa k HopMajibHoii (popMe. OcTaeTCH o6T>5iCHiiTb, xax Haft™ KOHenHbiii 
6a3HC Tpe6Hepa flBycTopoHHero Hfleajia I = (R) b npeflnojio^KeHHH, hto oh 
cymecTByeT. J\jisi SToro npefljiaraeTCH TpaHecpopMHpoBaTb MHO>KecTBO R 

R — > R\ — > R2 — > . . . , 

Hcnojib3y5i fljiH nepexofla ot i?j k Rj+i onepau,HH Tpex onncaHHbix hhjk© thhob. 

1 . (HopMHpoBKa.) Ilpeflnojio^KHM, hto v G Rj h CTapuiee cjiobo L(i>) bxo- 
jxht b pa3jio>KeHHe v = ^2,a w w c K09(p(pHLi,HeHTOM a^( w ) 7^ 1. HopMHpoBKa 
coctoht b 3aMeHe ajieMeHTa v sjieMeHTOM ci L ^v, nponopirHOHajibHbiM v. 

2. (PeflyKurm.) IlycTb v,v' G Rj, v 7^ v' h L(V) HBJineTCH noflCJiOBOM cjiOBa 
L(t>): L(i>) = aL(v')b, a, 6 G (X). PeflyKHM coctoht b yflajieHHH v W3 
MHO>KecTBa Rj, ecjiH v = h b 3aMeHe gjieivteiiTa v sjieMeHTOM v — av'b, 
ecjiH v 7^ av'b. 

3. PaCCMOTpHM flBa SJieMeHTa U, V G i?j C paBHblMH eflHHHUe K09(|)(pHII,H- 

eHTaMH npn CTapinnx MOHOMax L(u), L(y). Cjiobo w G (X) Ha3biBaeTCH 
KOMno3Hu,HeH 9jieMeHTOB u, v, ecjin L(u) HBjiHeTCH HanajiOM cjiOBa w, L(y) 
- ero kohuom, h 3th noflCjiOBa cjiOBa w nepeceKaiOTCH: 

w = xyz, L{u) = x?/, L{v) = yz, 

rjj,e ?/ - HenycToe cjiobo. Hajinnne KOMno3HD,HH no3BOji5ieT npnMeHHTb k 
cjiOBy w Kax noflCTaHOBKy xy 1— > — u, Tax h noflCTaHOBKy yz \— > 
L(f ) — u. Pe3yjibTaTbi, BOo6me roBopn, He coBnaflaiOT. B caMOM flejie, hx 
pa3HOCTb paBHa — w)z — x(L(v) —v) = xv — uz. OnepauHH TpeTbero 

Tnna coctoht b npHCoeflHHeHHH k Rj ajieMeHTa xv — uz G K(X), ecjin 9tot 
9JieMeHT He coflep^KHTCH b Rj. 3jieMeHT xv — uz Ha3biBaeTCH pe3yjibTaTOM 

KOMn03HU,HH. 
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riopHflOK BbinojiHeHHH onepannft BecbMa cyinecTBeH. OnepanHHM nepBoro 
THna npHCBaHBaeTCH Bbicinnft npnopnTeT: hmchho hx Hy>KHO npnivteHHTb, ecjin 
xoth 6bi y oflHoro H3 sjieivieHTOB MHO>KecTBa Rj KoscpcpnnneHT npn CTapnieM 
cjiOBe OTjiH^eH ot 1. OnepannnM TpeTbero THna npncBaHBaeTca HH3niHft npn- 
opHTeT: Taxyio onepannK) Bbi6npaiOT TOjibKO b tom cjrynae, Kor^a onepanHH 
flByx nepBbix thiiob HenpHMeHHMbi. 

3AMEHAHHE 3.3.51 Mo>KeT cjiynHTbCH Tax, hto sjieivieHT, npncoeflHHHeMbift k 
Rj onepanneft TpeTbero THna, "peflynnpyeTCH k Hyjiio" HenocpeflCTBeHHO cjie- 
flyroinHMH 3a Heft onepanHHMH nepBbix flByx TnnoB. 9to hctohhhk "3anHKJiH- 
BaHnft", h fljiH 6opb6bi c hhm cjieflyeT bbccth flonojiHHTejibHbift 3anpeT npHMe- 
HeHHTb "6ecnojie3Hbie" onepanHH TpeTbero THna. 

Ecjih onncaHHbift "ajiropnTM" npeKpaTHji pa6oTy nocjie KOHenHoro HHCJia 
niaroB H3-3a Toro, hto k nojiyneHHOMy MHO>KecTBy Hejib3H npHMeHHTb hh OflHy 
H3 onncaHHbix Bbinie onepannft (c yneTOM 3aMenaHnn 3.3.51), to 9to MHOJKe- 
ctbo HBjineTCH 6a3HCOM Tpe6Hepa nfleajia /. J\jisi flOKa3aTejibCTBa flocTaTOHHO 
BOcnojib30BaTbCH flaftMOHfl-jieMMoft BeprMaHa [116, CTp. 181] b cjieflyioineft ee 
(popMyjinpoBKe (cp. [80, CTp. 33]). 

JlEMMA 3.3.52 Ilycmb G C K(X) - Muootcecmeo, k KomopoMy HenpuMenu- 
mm hu onepa%uu pedynt^uu, hu onepau,uu HopMupoenu. Ecau pe3yjibmam ak>- 
6ou U3 KOMno3uu,uu npueodumcM k nyAK) 3a KoneHHoe hucao nocAedoeameAbHO 
eunoAHMeMUX mazoe pedyKU,uu u HopMupoenu, mo G - 6a3uc Fpe6nepa. 

3.4 IIpocTpaHCTBa cJ)yHKD,HH b KBaHTOBbix orpaHHHeH- 

HBIX CHMMeTpHHeCKHX o6jiaCT3X 

3.4.1 <DoKOBCKoe npe/jCTaBjieHHe h cpHHHTHbie cpyHKii,HH. Pac- 
cmotphm KOMnjieKCHoe BeKTopHoe npocTpaHCTBO V 7^ {0}. OrpaHHHeHHan 06- 
jiacTb D 9Toro BeKTopHoro npocTpaHCTBa Ha3biBaeTCH cnMMeTpnnecKoft, ecjin 

Ka>KflaH TOHKa Z 6 D HBJIHeTCH H30JIHpOBaHHOft HenOflBH>KHOft TOHKOft HeKO- 

Toporo HHBOJiiOTHBHoro aBTOMopcpH3Ma s 2 z = id o6jiacTH D, paccMaTpHBaeMoft 
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Kax KOMnjieKCHoe MHoroo6pa3He [85, CTp. 342], [235, CTp. 193]. Taxyio o6jiacTb 
Ha3biBaK)T npHBOflHMoft, ecjiH b KaTeropHH KOMnjieKCHbix MHoroo6pa3Hii OHa 
H30MopcpHa fleKapTOBOMy npoH3BefleHHio orpaHHneHHbix CHMMeTpH^ecKHx 06- 
jiacTeft. ripocTeftinHH npHMep HenpHBOflHMoft orpaHH^eHHofi CHMMeTpHMecKoft 
o6jiacTH - eflHHHMHbiii Kpyr D={zGC||z|<l}. 

PaccMOTpHM spMHTOBy CHMMeTpH^ecKyio napy (g, t) (cm. nyHKT 3.3.4). 
Taxne napbi (g, t) nojiyMaiOTca KOMnjieKCHCpHKanneH opToroHajibHbix hhbojiio- 
thbhmx ajire6p JIh [85, CTp. 217], [235, CTp. 196]. Ka^Kfloii H3 hhx OTBe^aeT 
pa3jio^KeHHe npocToii KOMiuieKCHoft ajire6pbi JIh q: 

Kax noKa3aji Xapnni-MaHflpa ([85, CTp. 342-352], [298, CTp. 6]), xa>K- 
r&x HenpHBOflHMafl orpaHH^eHHafl CHMMeTpHHecKaa o6jiacTb H30Mop(pHa 06- 
jiacTH D, CTaHflapTHbiM o6pa30M bjicokchhoh b p . Hania nejib - nojiy^HTb ee 
g-aHajior. 

Kax h b ^acTHOM cjiynae KBaHTOBoro Kpyra, cm. nyHKT 2.4, HaM HystHa 
UqQ-MOffyjibH&si ajire6pa D(lD)) q cpHHHTHbix (pyHKHHii b KBaHTOBOH orpaHH^eH- 
hoh CHMMeTpHMecKoii o6jiacTH B. Ilpe>Kfle Bcero, BBe-fleM (pOKOBCKoe npe-flCTaB- 
jieHne *-ajire6pbi Pol(p~) g = (C[p~ © p + ] q , *). 

PaccMOTpHM C[p~ © p + ]-MOflyjib TL c oflHoii o6pa3yioiHeH vq h onpe-flejM- 

IOIHHMH COOTHOineHH5IMH 

fvo = (/R / G C[p + ] q , 
rfle (/) - jiHHeftHbift (pyHKUHOHaji, BBefleHHbift b pa3flejie 3.3.3. ,HpyrHMH cjio- 

BaMH, 

oo 

fvo = 0, /G0C[pVr (3-4.1) 

.7 = 1 

H3 npeflnojio>KeHH5i 3.3.32 cjie^yeT, mto mhcokcctbo onpeflejiflroinnx cooTHOine- 

HHH (3.4.1) MCOKHO 3aMeHHTb erO nOflMHCOKCCTBOM 

fvo = 0, fe C[p + ] ff) _i. (3.4.2) 
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JlEMMA 3.4.1 JIuneuHoe omo6paotceHue 

C[p-] ff -W, f^fv (3.4.3) 
MBAMemcM u30mop$u3mom eenmopHux npocmpancme. 

,Z^OKa3aTejTbCTBO. -Hflpo jiHHeftHoro OTo6pa>KeHM C[p~ © p + ] q — > 7^, 



oo 



/ l— ^ /^o ~ 9to JieBbift Hfleaji ajire6pt.i C[p ©p + ] g , nopo>KfleHHbiH -j. 

oo oo oo 

3tot Hfleaji coBnaflaeT c C[p~] gj i(S>C[p + ] g ._j. 3HaMHT, = Cfp - ]^ = 

i=0 j=l i o 

C[p"] g . □ 
H3 9toh jieMMbi h npefljio»:eHH5i 3.3.23 BbiTexaeT 

ElPEflJIOKEHHE 3.4.2 9p.Mumoea cfiopjiia 

(/i^o,M)) = (/ 2 7i>, /b/2 € Pol(p") g , 
e KoppenmHO onpedeAena, nojiootcumejibHa u 

(/t/, v") = K, /V), 1/, v" e«,/e Pol(p") g . 

IlocjieflHee npefljio^Kemie no3BOji5ieT bbccth b paccMOTpeHne npeflCTaBjie- 
hhg Tp *-ajire6pbi Pol(p~) q b npe,o,rHjib6epTOBOM npocTpaHCTBe TL. Ero Ha- 

3BIBaK)T (pOKOBCKHM npeflCTaBJieHHeM, a BeKTOp Vq - BaKyyMHbIM BeKTOpOM. 

06paTHMca k ^acTHOMy cjiy^aK) g = SI2. H3 (2.2.13) cjieflyeT, mto 

(Ao,Ao) = ((l-gfy)^o,* n_1 «o) = (l-g 2n ) (^-^0,^-^0) = (<zW)„. 

3HaMHT, fleiicTBHe onepaTopoB Tp(z), Tp(z*) Ha sjieMeHTbi opTOHopMnpoBaH- 
Horo 6a3Hca I y (g 2 ; g 2 ) n z""Uo f onncbiBaeTca paBeHCTBaMH (2.2.11). 

3AMEHAHHE 3.4.3 OneBHflHO, (pOKOBCKoe npeflCTaBjiemie HenpnBOflHMO. J\e&- 
CTBHTejibHO, nycTb Tii C 7i - HeHyjieBoe o6mee HHBapnaHTHoe noflnpocTpaH- 
ctbo onepaTopoB SToro npeflCTaBjieHM. Tor^a Tii coflep^KHT HeHyjieBoii BeKTop 
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v, fljia KOToporo Tp(f)v = npn Bcex / G C[p + ]^_j, j 0. 9tot BeKTop opTO- 

oo 

roHajieH (J) C[p _ ] g ji>o h, cjieflOBaTejibHO, npHHafljie^KHT Cvq. SHanHT, vq G 7Yi 

3=0 

riepeiifleM k nocTpoeHHio ajire6pbi D(P) (? . B nacTHOM cjiy^ae KBaHTOBoro 
Kpyra 9Ta ajire6pa BBefleHa b nyHKTe 2.4.3. HaflejiHM BeKTopHoe npocTpaHCTBO 
TL rpaflynpoBKoii 

oo 
3=0 

IloflnpocTpaHCTBa 7ij = Cfp - ]^ nonapHO opToroHajrt>Ht>i h KOHe^HOMepHbi. H3 
(3.3.11) cjieflyeT, mto 

n . „ , f 1 ' + dimp - — 1\ . 
dm ^=( dimp-l j' (3A4) 

JlHHeftHbift onepaTop A b 7i Ha30BeM (phhhthmm, ecjiH ATLj = fljia Bcex 

j G Z + , KpOMe KOHe^HOrO HX HHCJia. IlpHMepOM MCC-RET CJiy)KHTb OflHOMepHBIH 

opToroHajibHbift npoeKTop Pq Ha BaKyyMHoe noflnpocTpaHCTBO Tio = Cvq. Oh- 
HHTHbie jiHHeftHbie onepaTopbi o6pa3yiOT ajire6py, h onpeflejisieMaji HH>Ke aji- 
re6pa D(D) q OKajKeTca eft KaHOHH^ecKH H30MopcpHoft. BBefleM b paccMOTpeHHe 

9JieMeHT /o, KOTOpOMy npH 3TOM KaHOHHMeCKOM H30MOp(|)H3Me 6yfleT OTBe^aTb 

npoeKTop Po- 

ToMHee, paccMOTpHM ajire6py c eflHHHneft Fun (ID) g , nopo^KfleHHyio cbo- 
eft noflajire6poft Po^p - )^ h sjieMeHTOM fo, yflOBjieTBopaioiiniMH cjie,zryioinHM 
onpefleji5nom,HM cooTHOineHMM 

fo = fo, (3-4.5) 

^/o = W/o, ^C[p + ] g ; /oV> = W/o, ^C[p1, (3.4.6) 

H3 npefljio>KeHH5i 3.3.32 cjieflyeT, hto mho^kgctbo cooTHonieHHft (3.4.6) b stom 
onpeflejieHHH mwkho 3aMeHHTb ero noflMHO>KecTBOM 

^/ = o, ^eqpVi; M = o, ^ec[p-] ff) i. (3.4.7) 



HanpHMep, b cjiy^ae KBaHTOBoro Kpyra ajieMeHTbi z, z* , fo nopo>KflaK)T aji- 
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re6py Fun(D) g , a mho^kcctbo onpeflejraioiHHx cooTHOineHHii BKjnonaeT (2.2.9), 

z*f = foz = 0, f,=h. (3.4.8) 

Cym,ecTByeT h eflHHCTBeHHO Taxoe npoflOJDKeHHe hhbojiioli,hh * c ajire6pbi 
Pol(p _ )q Ha ajire6py Fun(B) g , hto /q = fo. OneBHflHO, HMeeT MecTO 

JlEMMA 3.4.4 Cymecmeyem u eduHcmeeHHO npodojiotcenue tfioKoecKoso nped- 
cmaeAenuM Tp do npedcmaeAenuM *-aAse6pu Fun(P) g; npu KomopoM dAeMen- 
my fo omeenaem opmosonaAbHuu npoenmop Po na eaKyyMHoe nodnpocmpan- 
cmeo. 

J\jik 9Toro npoflOji^KeHHa (pOKOBCKoro npeflCTaBjieHHa coxpaHHM npe^KHee 
o6o3HaMeHHe Tp. 

^BycTopoHHHii Hfleaji ajire6pbi Fun (ID) g , nopo^KfleHHbiii sjieMeHTOM fo, 6y- 
fleM o6o3HanaTb D(D) q h Ha3biBaTb ajire6poft (pHHHTHbix cpyHKHHft b KBaHTO- 
Boft orpaHHHeHHoii CHMMeTpHHecKoft o6jiacTH. 

Otmcthm, hto ajire6pa (pHHHTHbix jiHHeftHbix onepaTopoB b TL HBjineTCH 
*-ajire6poft (conpHJKeHHbift jiHHeftHBift onepaTop bboahtch CTaHflapTHbiM o6pa- 

30m). 

IlPEflJlOKEHHE 3.4.5 IIpedcmaeAeHue Tp docmaeAMem u30Mop<f)U3M *-gu- 
2e6pu D(D) g u *-aAse6pu ecex tfuHumHux AuneuHux onepamopoe e TL. 

,ZJoKa3aTejibCTBO. Tp - *-npe,n,CTaBjieHHe. CjieflOBaTejibHO, flocTaTOHHO 
flOKa3aTb, hto cy>KeHHe Tp Ha D(D) q HBjineTCH 6neKTHBHbiM OTo6pa»:eHHeM 
D(D) q Ha ajire6py Bcex (pHHHTHbix jiHHeiiHbix onepaTopoB b TL. 

nycTb D(D) g ,ij = C[p-] g ,r/o-C[p + ] ff Ecjih / G D(P) ?;J) to jiHHeimbiH 
onepaTop Tp(f), f G D(D) g ^j, OTo6pa»:aeT TLj b TL% h paBeH Hyjiio Ha 
(J) Tik- riojiynaeM jiHHeimoe OTo6pa»:eHHe H3 D(B>) q ij b Hom(TLj, TLi). Oho 

ciopb>eKTHBHO, b CHjiy npefljio^KeHHH 3.3.18, h 

dimD(D) g)i)j = dim Rom(TLj,TLi). 
3HanHT, npeflCTaBjieHne Tp ycTaHaBjiHBaeT H30Mop(pH3M 

D(D)^ ;j = C[p-] qti fo C[p + ] q ^ = Hom(^, Hi). (3.4.9) 
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oo 

Ho T>(D) q = (J) D(P) g j j, a BeKTOpHOe npOCTpaHCTBO CpHHHTHblX JIHHeftHblX 

i,j=0 

oo 

onepaTopoB coBnaflaeT c (J) Hom(7Yj, Hi) End7Y. □ 

riepeftfleM k flOKa3aTejibCTBy tomhocth cpoKOBCKoro npeflCTaBjieHHH aji- 
re6pbi Pol(D) g . Tax me, KaK npefljicc-KeHiie 3.4.5, flOKa3biBaeTC5i 

JlEMMA 3.4.6 IIpu ecex j,k 6 Z + omo6paotceHue 

C[p-] q , k ■ C[p + ] q ^ -> Hom(^,^), / -> 7>(/)| Wj 
6ueKmu6H0. 

IlPEflJlOKEHHE 3.4.7 @OK06CKoe npedcmaeAenue aAse6pu Pol(p~) q MeAMem- 

CM mOHHUM. 

,Z^OKa3aTejTbCTBO. HaflejiHM CTaHflapTHbiM OTHOineHHeM HacTHHHoro no- 
p^flKa ((ki,ji) < (/c2, J2), ecjiH h TOJibKO ecjiH /ci < /c2 & Ji < J2), a BeKTOpHOe 
npocTpaHCTBO Pol(p~) g GnrpaflyHpoBKoft 

00 

poi(p-), = e c[p-] qtk c[p + ] q ^. 

k,j=0 

ripeflnojio>KHM, mto yTBep>KfleHHe jieMMbi HeBepHO h Tp(f) = 0, / 7^ 0. Boc- 

nojib3yeMC5i pa3jio>KeHHeM 

00 

/ = X) fk ^ e c iP~kkC[p + ] q ^, 

k,j=0 

h Bbi6epeM HeHyjieByio KOMnoHeHTy fk j c MHHHMajibHbiM "HOMepoM" (&o, jo) B 
3tom pa3jio>KeHHH. H3 Tp(f) = cjieflyeT, mto 7V(A j )l^ = nocKOjibKy 
^(Aojo)!^ ~~ npoH3BefleHne jiHHeiiHoro onepaTopa Tf(/)|^ h npoeKTopa Ha 
7Yfc napajuiejibHO (J) Hk- OcTaeTca 3aMeTHTb, hto 

fkojo o, /fcojo e C[p~] q , ko C[p + ] q - jo , T F (f kojo )\ Hjo = o. 

IlpHXOflHM K npOTHBOpe^HK) C yTBep^KfleHHeM JieMMbi 3.4.6. □ 
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3AMEHAHHE 3.4.8 Kax cjieflyeT H3 flOKa3aHHbix Rmme npe-fljicoKeHHH 3.4.14 h 
cjieflCTBHH 3.5.34, o6pa3 noflajire6pbi Pol(p~) q b (|)okobckom npe-flCTaBjieHHH He 
coflep>KHT HeHyjieBbix sjieMeHTOB o6pa3a noflajire6pbi D(D) q . SHaHHT, (J)okob- 
CKoe npeflCTaBjieHne ajire6pt>i Fun(P) g = Po^p - )^® T)(Ib) q aBjiaeTca tomhmm. 

3.4.2 OoKOBCKoe npe/jCTaBjiemie h o6o6m,eHHi>ie cpymajHH. 

PaccMOTpHM BBefleHHbie b pa3flejie 3.4.1 KOHe^HOMepHbie noflnpocTpaHCTBa 
Tij C TL, j G Z + , h hx np^Moe npoH3BefleHne TL - BeKTopHoe npocTpaHCTBO 
(popMajibHbix psiflOB c MjieHaMH H3 Tij. Otmcthm, mto BeKTopHbie npocTpaHCTBa 
Hom(7Yj, Ttk) KOHeHHOMepHbi. Kax h b nyHKTe 2.4.3, jiHHeftHbie onepaTopbi H3 
TL b TL 6yfleM Ha3bmaTb o6o6ineHHbiMH jiHHeftHbiMH onepaTopaMH b TL. Ka>K- 

flblft H3 HHX 5IBJI5ieTC5I (J)OpMajIbHbIM pflflOM 

oo 

A = A kv A kj G Hom(^, (3.4.10) 

h BeKTopHoe npocTpaHCTBO o6o6m,eHHbix jiHHeiiHbix onepaTopoB b TL Haflejia- 
eTC5i Tonojiorneii noMjieHHoft cxoahmocth (popMajibHbix p^flOB. 

OnpeflejiaeMoe HH>Ke TonojiornHecKoe BeKTopHoe npocTpaHCTBO D(D) r q 
"o6o6m,eHHbix (pyHKnnii b KBaHTOBoii orpaHH^eHHoii CHMMeTpHMecKoii o6jia- 
cth" OKa>KeTC5i KaHOHH^ecKH H30Mop(pHO TonojiorHHecKOMy BeKTopHOMy npo- 
CTpaHCTBy o6o6m,eHHbix jiHHeiiHbix onepaTopoB b TL, Kax h b MacTHOM cjiy^ae 
KBaHTOBoro Kpyra, cm. nyHKT 2.4.3. 

HanOMHHM, HTO 

oo oo 

Pol(p") ? = C[p~] q , k ■ C[p + ] 9 ,_ i = C[p-], fc ®C[p + ] ?ri) 

k,j=0 k,j=0 

npnneM dim(C[p~] gi fc • < oo. /JpyrHMH cjiOBaMH, Ka^Kflbiii sjieMeHT 

/ G Pol(p~)q eflHHCTBeHHbiM o6pa30M pa3JiaraeTC5i b KOHe^Hyio cyMMy 

oo 

rfle Cfp - ]^ • jiHHeiiHaH oGojiOHKa MHO)KecTBa {f'f" ! /' G 
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PaCCMOTpHM BeKTOpHOe npOCTpaHCTBO D(D)' CpOpMajIbHblX pflflOB BHfla 

(3.4.11) c TonojiorHeft noHjieHHoft cxoahmocth. HHBOJiionHH * npoflOJDKaeTCH no 
HenpepbiBHOCTH c njiOTHoro jiHHeftHoro noflMHoroo6pa3H5i Pol(p~) g Ha D(D)^ 

oo oo 

* : E - E fir ( 3 - 4 - 12 ) 

k,j=0 k,j=0 

3jieMeHTbi npocTpaHCTBa D(D)^ 6yn,eM Ha3bmaTb o6o6iHeHHbiMH (pyHKu,H5iMH 

B KBaHTOBOH OrpaHHHOHHOH CHMMeTpHHeCKOH C)6jiaCTH. 

riPEflJ10>KEHHE 3.4.9 1. (PoKoecKoe npedcmaeAenue aAze6pu Pol(p~) q do- 
nycKaem npodoAotcenue no Henpepuenocmu do Auneunoso omo6paotceHUH 
D(P)' g e npocmpancmeo o6o6ut ) eHHUx Auneunux onepamopoe e H. 
2. 3mo Auneunoe omo6paotceHue MeAMemcM u30Mopcjju3MOM monoAosunecKux 
eenmopHux npocmpaHcme. 

,HoKa3aTeji£>CTBO. BBefleM b paccMOTpeHne jiHHeiiHbie onepaTopbi 

a kJ : Pol(p-), -> C[p-] g , fc • C[p + ],,_ j; b kj : Po\(p~) q -> Hom(^, W fc ). 

HMeHHO, onepaTopbi a^j BBe^eM c noMoinbio pa3Jio»:eHH5i (3.4.11), nojiaraa 
cikj(f) — fk,j, a onepaTopbi bkj - c noMoinbio pa3Jio»:eHH5i (3.4.10): 

oo 

tfU) = E M/)> / G Mrv 

fc,j=0 

3flecb k,j 6 Z+. HaflejiHM BeKTopHoe npocTpaHCTBO Pol(p~) g jxsyMK Tono- 
jiorHHMH. IlycTb 7 a - cjia6eftina5i H3 Tonojiornft, b KOTopbix HenpepbiBHbi Bee 
onepaTopbi a^j, a 7b - cjia6eftiiia5i H3 TonojiorHft, b KOTopbix HenpepbiBHbi 
Bee onepaTopbi bkj- Tonojiorrai 7 a , 7b HHflyinipoBaHbi Bjio»:eHH5iMH Po^p - )^ 
b D(D)' q h b npocTpaHCTBO o6o6ineHHbix JiHHeftHbix onepaTopos b TL coot- 

BeTCTBeHHO. 3HaMHT, 9TH TOnOJIOrHMeCKHe BeKTOpHbie npOCTpaHCTBa 5IBJI5HOTC51 
nOnOJIHeHH5IMH Po^p - )^ B TOnOJIOrH5TX 7 a , 7b, H HaM flOCTaTOHHO ,II,OKa3aTb, 

t ito 7 a = 7b. OMeBHflHO, Ker bkj D f] Ker ak-ij-i- /JpyrnMH cjiOBaMH, 

z<min(fc,j) 

onepaTop bkj(f) HBjisieTCH MHeftHoft KOM6imaHHeH onepaTopoB a^-j, j-i(f) c 

K09(p(|)HLI,HeHTaMH 

Ckji : C[p~] q ,k-iC[g + }q-j+i -> Hom(ftj,?4), 
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He 3aBHC5TmHMH 0T / £ Pol(p ) q : 

hj(f)= Yl c kj,i a k-ij-i(f)- (3.4.13) 

i<mm(k,j) 

3HaHHT, TonojiorHH 7 a He cjia6ee TonojiorHH ocTaeTCH 3aMeTHTb, hto H3 
jieMMbi 3.4.6 cjieflyeT o6paTHMOCTb jiHHeiiHbix onepaTopoB Ckjfl, k,j 6 Z+. 
3HanHT, "TpeyrojibHyio" CHCTeMy ypaBHeHHii (3.4.13) mcokho peniHTb othoch- 
TejibHO dkj(f), h TonojiorHH T5 He cjia6ee TonojiorHH 7 a . □ 

OTMeTHM, hto BeKTopHoe npocTpaHCTBO o6o6nj,eHHbix jiHHeiiHbix onepa- 
TopoB HaflejieHO HHB0JH0D,Hefi * h nojiyneHHoe Bbinie jiHHeftHoe OTo6pa»:eHHe 
D(D)g b 9to BeKTopHoe npocTpaHCTBO ysa»:aeT hhbojiioli,hh. 

H3 SToro npefljio»:eHH5i h h3 npefljio»:eHHa 3.4.5 BbiTexaeT 

CJlEflCTBHE 3.4.10 Bjiootcenue eenmopnoso npocmpaHcmea Pol(p~) g e 
D(D)' q KdHOHUuecKU npodojiotcaemcM do auhcuhozo omo6paotceHUH eeKmopnozo 
npocmpaHcmea Fun (ID) ^ e D(D)' u docmaejinem ejiootcenue D(D) q e D(B)' e 
eude nAomnozo auhcuhozo nodMH020o6pa3UH. 

ByfleM OTO>KflecTBjiHTb D(D)g, Pol(p~) g c hx o6pa3aMH npn BjiojKeHHH b 
D(D)' g . H3 npefljio^KeHHH 3.4.9 BbiTexaiOT 

CJlEflCTBHE 3.4.11 /^jj jijo6ux /i,/2 £ Fun (ID) g AuneuHuu onepamop 

D(B) q -> D(D) ff , f^h-!-h 

donycKaem npodoAotcenue no Henpepuenocmu do Auneunoso onepamopa e 
D(D)' g . Te,M caMUM ^(D))' HadeAMemcM cmpyKmypou Fun(Ifr) q -6uModyAM. 

3AMEHAHHE 3.4.12 Bo3HHKaiOH],yio 3a cneT BjiojKeHHH Pol(p~) g Fun (ID) 9 
CTpyKTypy Pol(p _ ) (? -6HMOflyjiH b D(ID)^ mcokho nojiyHHTb no-flpyroMy - npo- 
,n,oji>KeHHeM no HenpepbiBHOCTH c Po^p - )^: 

/iX/ 2 :/H/r/'/ 2 , /i,/2,/GPol(p-),. 
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CJlEflCTBHE 3.4.13 1. Kaotcduu SAeMenm f G D^)^ eduHcmeeHHUM o6pa- 
30M pa3Aa2aemcH e cxodHU^uucH pad 

oo 

/ = E /*J G ^1** /o C[p + ] g ,- r (3.4.14) 

k,j=0 

2. SjieMewm f G D(Dy q npuHadAeotcum D(D) q , ecAU u moAbno ecAU ece UAenu 
pnda (3.4- 14), Kpojwe KOHennoso ux uucacl, paenu nyAto. 

B MacTHOM cjiynae KBaHTOBoro Kpyra cjieflyiomee yTBep>KfleHHe BbiTexaeT 
H3 npefljio>KeHH5i 2.4.13. 

IlPEflJIOKEHHE 3.4.14 dAeMenm f G "D^D)' npunadAeatcum nodMHOsoo6pa- 
3uw D(P) g; ecAU u moAbKO ecAU 3am neKomoposo N 

C[p + k-n / = / C[p-] g , n = (3.4.15) 

npu ecex n > N . 

,Z^OKa3aTejTbCTBO. Ecjth / G D(D) g , to npn flocTaTOMHO 6ojibiiiHx n 
paBeHCTBa (3.4.15) BbinojiHaiOTca no onpeflejieHHio ajire6p Fun(B) g h D(D) q . 
C flpyroii CTopoHbi, H3 (3.4.15) cjie^yeT, mto 

f C[p + } q ^ n f = fC[p-} q , n f = 

npn flocTaTonHO 6ojibniHx n. 3HanHT, corjiacHO npefljio^KeHHio 3.3.18, paBHbi 
Hyjiio Bee njieHbi pa^a (3.4.14), KpoMe KOHenHoro hx nncjia. OcTaeTca boc- 
nojib30BaTbC5i cjieflCTBHeM 3.4.13. □ 

3.4.3 ^eiicTBHe ajire6pbi U q g b npocTpaHCTBax ochobhbix h 
o6o6m,eHHbix cpy hkljhh . 

JlEMMA 3.4.15 JJam aw6o2o £ G U q g cyu^ecmeyem maKoe uucao iVGN, umo 
£ (C[p-] q , k Cfe-V,-) c C[p-] ff ^ C[p + ],,_,v 

\k'-k\<N k \j'-j\<N 

npu ecex k, j G Z+. 
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,ZJoKa3aTejTbCTBO. MHO>KecTBO Tex sjieMeHTOB £, ajih KOTopbix cnpaBefl- 
jihbo yTBep»:fleHHe jieMMbi, 5iBji5ieTC5i noflajire6poft n coflepjKHT Bee 9JieMeHTbi 
E l7 F l7 K± } i = 1,2,... J. □ 

HanOMHHM HTO Pol(p~) g HBJIHeTCH [/ g 0-MOflyjIbHbIM Pol(p~) g -6nMO,zryjieM. 

Kax 6bijio noKa3aHO b npeflbiflymeM nyHKTe, CTpyKTypa Pol(p~) g -6HMO,a,yjia ne- 
peHOCHTC5i no HenpepbiBHOCTH Ha D(B)) q . H3 JieMMbi 3.4.15 cjie^yeT, hto CTpyx- 
Typa UqQ-MORyjm Tax>Ke nepeHOCHTCH no HenpepbiBHOCTH Ha T)(D) q n hto sth 
CTpyKTypbi corjiacoBaHbi. Bojiee tohho, cnpaBefljiHBO cjieflyiomee yTBep>K,n,e- 
Hne. 

IlPEflJlOKEHHE 3.4.16 1. ^ah aw6ozo £ G U q $ onepamop 

Pol(p-),^ Pol(p-) g , f~£f (3.4.16) 

donycnaem npodoAotcenue no Henpepuenocmu na monoA02uuecKoe eenmopHoe 
npocmpaHcmeo D(D)' . TeM cclmum eenmopHoe npocmpaHcmeo nadeAM- 
emcM cmpyKmypou U q Q-ModyAhH020 Po\(p~) q -6uModyAM. 
2. Rasi ecex £ G U q Q, f G D(B)' q 

«/r = (s(orr- (3.4.17) 

Hcnojib3ya npefljio>KeHHe 3.4.14, nojrynaeM 

CJlEflCTBHE 3.4.17 Jluneunoe nodMH020o6pa3ue !D(D) g C T>{W)' q MOAMemcM 
U q Q-ModyAhHUM Pol(p~) q -6uModyAeM. 

HanoMHHM o6o3HaneHne, BBefleHHoe b nyHKTe 3.3.4, 

q± = t ©p± 

CJlEflCTBHE 3.4.18 PaccMompuM U q g-ModyAb D(D) g . JIuneuHoe nodMHOso- 
o6pa3ue C[p~] q fo MGAMemcM eso U q q + -nodModyAeM, a Auneunoe nodMH020o6- 
pasue foC[p + ] q — e?,o U q q~ -nodjuodyAeju: 

U q q + (C[p-] q f ) C C[p~] q f , U q q-(f Q £[p + } q ) C f C[p + ] q . 
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,ZJoKa3aTejTbCTBO. Qhhhthmh jiHHeftHbift onepaTop b TL = TLj npn- 



Hafljie>KHT o6pa3y noflajire6pbi C[p ] q fo npn roMOMopcpH3Me Tp, ecjin h tojibko 

oo 

ecjin ero aflpo coflep>KHT 7Y ? . SiiaMHT, b cnjiy npefljio>KeHH5i 3.3.18, 



C[p-] g /o = j/ G D(D) g 
AHajiorHMHO flOKa3BiBaeTC5i paBeHCTBO 

f £[p + } q = Ue D(B) q 



/ ec[r]« =° 



®C[pV; / = 



OcTaeTca BOcnojib30BaTbC5i TeM, mto D(ID ) ) (? aBjiaeTca t/^q -MO,a,yjibHoft ajire6- 
pofi H 



| C[p"] w - C C[p"] w -; C/,q" C[p + ] ? ,_, C C[p + ]^, 
k j=i / i=i \j=i / .7=1 



□ 



3AMEHAHHE 3.4.19 JIiraeftHoe OTo6pa>KeHHe 

HZC[p-] q f , # ^^/o, 

Tfle ^ £ C[p~] g , 5TBJI5ieTC5I H30MOp(J)H3MOM Pol(p~)g-MO,Z],yjieft H flOCTaBJI5I- 

eT "reoMeTpHMecKyio peajiH3au,HK)" (pOKOBCKoro npeflCTaBjieHHH. B cnjiy cjiefl- 
CTBH5I 3.4.18, 9to jiHHeftHoe OTo6pa>KeHHe HaflejiaeT BeKTopHoe npocTpaHCTBO 
TL CTpyKTypoft t/ g q + -MOflyjibHoro Pol(p~) g -MOflyji5i. CooTBeTCTByiomee npefl- 
CTaBjieHHe ajire6pbi U q q + b TL oGosHa^HM T. 

IloKa>KeM, mto Pol(C) fto ecTecTBeHHO BKjiaflbiBaeTCH b Pol(p~)q. 

JlEMMA 3.4.20 1. PaccMompuM zpadyupoeaHHyw U q Q-ModyAt>Hyw aA2e6py 
C[p~] g . Cyv^ecmeyem u eduHcmeen manou SAeMenm z\ ow £ C[p _ ] g; i , umo 

Flo**™ = ^ /2 , F jZlow = 0, «o. (3-4.18) 
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2. MMewm Mecmo paeencmea 

K^z low = qf atl °z low , i = 1,2,... , /, (3.4.19) 
E iQ z low = -q^ 2 zl w , (3.4.20) 

F, ?* — n^l 2 F, ?* — —n 5 / 2 ?* 2 K ±X -y* — a Tail °r* 7 — 19... / 

^to^low — Hl a j ^to^low — H ^low? JV « ^low ~~ yi ''low' i— - L ' z '' > l " 

,Z^OKa3aTejTbCTBO. 1. KaK ynoMHHajiocb b nyHKTe 3.3.8, U q t-MOffyjib 
C[p _ ] 9) i npocT. SiigiMHT, ero MjiaflniHft BeKTop zi ow 7^ onpeflejieH c tohho- 
CTbio flo HeHyjieBoro HHCJiOBoro MHO»cHTeji5i. JJpK&meM, hto 

F lo z low ^ 0. (3.4.21) 

/leHCTBHTejibHO, b npoTHBHOM cjiynae U q n~z\ ow = C^iow CjieflOBaTejibHO, npn 
Bcex £ G £/ g n~ jiHHeiiHbiH (pyHKUHOHaji £ zi ow G aHHyjinpyeT BeKTop 

v(q + ,0) G iV(q + ,0). 3HaHHT, z\ ow aHHyjinpyeT Bee BeKTopbi H3 U q n~ v(q + , 0). 
^pyrHMH cjiOBaMH, z\ ow = 0, mto npoTHBope^HT Bbi6opy 9JieMeHTa z\ ow . 

KaK cjieflyeT H3 (3.4.21), sjieivieHT zi ow mojkho Bbi6paTb Tax, hto F; zi ow = 

Ql^ 2 , H OH HBJIHeTCH GflHHCTBeHHbIM SJieMeHTOM CO CBOHCTBaMH (3.4.18). 

2. PaBeHCTBO (3.4.19) oneBHflHO, nocKOJibKy MjiaflniHft Bee V ' q t-MOffyjin 
C[p _ ] 9) i OTjiH^aeTCH 3HaKOM ot CTapniero Beca U q $-Mopyjin A^(q + , 0)_i, a CTap- 
niHM BeKTopoM nocjieflHero HBjraeTCH BeKTop Fi v (q + ,0) Beca — cty . 

PaBeHCTBO Ei z\ ow = const • BbiTexaeT H3 Toro, hto Mjiaflinee BecoBoe 
noflnpocTpaHCTBO U qt-Mopyjin C[p _ ] 3) 2 nopo5K,o,eHO sjieivteHTOM zf ow , a BeKTop 
Ei z\ ow G C[p~] 9) 2 npHHafljie>KHT STOMy BecoBOMy noflnpocTpaHCTBy (nocKOjib- 
Ky ero Bee paBeH 2ai ). PaBeHCTBO const = —ql[ 2 BbiTexaeT H3 toto, hto 

K lo - K h l 

Qi -% 

OcTajibHbie paBeHCTBa cjieflyiOT H3 y>Ke flOKa3aHHbix h H3 ycjiOBHH corjiacoBaH- 

HOCTH HHBOJHOU,HH (3.4.17). □ 

JlEMMA 3.4.21 

Zlow^low = ^fo^low^low + 1 — Ql - (3.4.22) 
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,ZJoKa3aTejTbCTBO. Bocnojib3yeTC5i MyjibTHiuiHKaTHBHOH (popMyjioft 
(3.1.23) fljiH yHHBepcajibHoft i?-MaTpHD,bi, CMHTa^, mto npHBefleHHoe pa3Jio»:e- 
HHe ajieMeHTa wq G W Bbi6paHO Tax >Ke, Kax b pa3flejie 3.3.1: wq = wo^ ■ ^wq, 
rfle 

s _ 

W 0,S — S h S t2 • • • S «M" W ® ~ Si M / + l Si M'+2 - - - S *M- 

H3 onpeflejieHHA yMHO^KOHHs m : Pol(p~)® 2 — > Pol(p~) g cjie^yeT, mto c tom- 
HOCTbio flo nop^flKa TeH3opHbix coMHO^KHTejieft ajieMeHT m(z* ow (g) ^iow) paBeH 

HeTpyflHO noKa3aTb, mto 

^ = a /o , ^(8)^=0.^®^, cG C\{0}. (3.4.23) 
H3 nepBoro paBeHCTBa h H3 (3.1.25) cjie^yeT, mto 

g 'o® g 'o 

q °(4w ® ^iow) = g Zo 2 (4w ® ^iow). 

SHaHHT, 

4w^iow = Q/ 2 ^iow4w + c (! - % 2 )' c ^ °- (3.4.24) 
OcTaeTca flOKa3aTb, mto c = 1. /Jjra 9Toro flocTaTOMHO nofleiicTBOBaTb 
ajieMeHTOM F/ G iia o6e MacTH paBeHCTBa 

^low^low — ^o^low^low + C^l — ^; 0y )2;iow? 

mto npHBOflHT k KBaflpaTHOMy ypaBHeHHK) fljia c, o6a peineHiM KOToporo (c = 
0, c = 1) jierxo yraflbmaiOTCfl. □ 

CJlEflCTBHE 3.4.22 HadeAUM Pol(p~) g cmpyKmypouU qiQ SUi^-ModyAijHou cla- 
ze6pu c noMov^tK) eAootcenuH 

U qio sl 2 ^U q Q, K ±l ^K±\ E^E lo , F^F lo . 

Omo6paotceHue z i— > eduncmeeHHUM o6pa,30M npodoAQtcaemcM, do eAootcenuH 

UqSUi^-ModyAbHUX *-(lA2e6p 

Pol(CL - Pol(p") g . (3.4.25) 
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OnnnieM fleftcTBHe o6pa3yioiHHx ajire6pbi U q Q Ha sjieMeHT fo. 
riPEflJlo>KEHHE 3.4.23 Kf^fo = f npu i = 1, 2, . . . , I, 

/]^OKa3aTejibCTBO. Otmcthm, mto H^fo = 0, nocKOjibKy b pa3jio^KeHHH 

oo 
j,k=0 

paBHbi HyjiK) Bee HjieHbi aj^ c j k, Kax cjieflyeT H3 onpeflejieHHH npefl- 

CTaBJieHH5T Tp H H3 JieMMbI 3.4.6. 3HaMHT, H3 CJieflCTBH5I 3.4.18 BbiTexaeT Uqt- 

HHBapnaHTHOCTb ajieMeHTa fo: 

*?7o = /o, i = l,2,...,Z, ^/o = = 0, j^o. (3.4.26) 

g V2 1/2 

OcTajiocb flOKa3aTb paBeHCTBa / = --=^7/0^, #z /o = -ttS-^ow/o- 
H3 cjieflCTBM 3.4.18 BbiTexaeT, hto F; o / € f C[p + ] q} EiJ G C[p~] g /o. Sto 
yTBep»:fleHHe mcc-kho yTOHHHTb. H3 (3.4.26) cjieflyeT, hto Beca sjieivieHTOB Fi fo 7 
^z /o paBHbi — cty h ai/ cooTBeTCTBeHHO. Ho BecoBbie noflnpocTpaHCTBa Ta- 

KHX BeCOB B /o ( C[p + ] g , C[p~] q fo OflHOMepHbl H nOpO>KfleHbI 9JieMeHTaMH /o^i* ow , 

Wo- 3HaMHT, F/ / = c~f z^ ow , EiJ = c + z\ ow f Q . 

OcTaeTca HaiiTH MncjiOBbie mho^khtcjih c~ , c + . H3 paBeHCTB 

/o^iow = 0, A(Fi Q ) = F h <g> K h l + 1 <g> F io , 4w^iow = % 2 ^iow4>w + 1 ~ % 2 
cjieflyeT, mto 

= F Zo (/ z low ) = (c-fo4J(% 2 W + /o ^ /2 = (c^^ 2 (l " <7? ) + ^ /2 )/o. 

SHa^HT, c~ = — ql c /{q[ 2 — 1). Hcnojib3yH paBeHCTBa (S(Ei ))* = q[ Q 2 Fi h 
(3.4.17), HaxoflHM c + . □ 

Otmcthm, hto b nacTHOM cjiynae KBaHTOBoro Kpyra flOKa3aHHoe yTBep- 
>KfleHHe 6bijio nojiyneHO paHee b nyHKTe 2.4.3. 

HaflejiHM Fun(B) g CTpyKTypoft U q Q MOflyjin c noMOinbio pa3Jio»:eHH5i 
Fun(B) g = Pol(p~) g 
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riPEflJlOKEHHE 3.4.24 Fun(P) (? MeAMemcM U q Q-ModyAbHou a,A2e6pou. 

,ZJoKa3aTeji£>CTBO. Bocnojib3yeMC5i onncaHHeM ajire6pbi Fun(P) g b Tep- 
MHHax o6pa3yioiii,Hx h cooTHOineHHii: o6pa3yK)iHHMH cjiy^KaT fo h HeHyjieBbie 
ajieMeHTbi Pol(p~) g , a mho^kcctbo onpeflejiaiomHx cooTHonreHHH coctoht H3 
(3.4.5), (3.4.6) h Bcex cooTHOineHHH, HMeiomnxcfl Me^yry HeHyjieBbiMH ajieMeH- 
TaMH ajire6pbi Po^p - )^. /JeiicTBHe sjieMeHTOB K^ 1 , Ei, Fi, i = 1,2,...,/, 
ajire6pbi Xoncpa U q g Ha 9th o6pa3yioiii,He ajire6pbi Fun(B) g 6bijio onncaHO bbi- 
nie b HacT05iiii,eM nyHKTC h b nyHKTax 3.3.2, 3.3.3. Hcnojib3y5i sto onncaHHe, 
HaflejiHM CBo6oflHyio ajire6py, nopo»:fleHHyio o6pa3yioiii,HMH ajire6pbi Fun (ID) g 
CTpyKTypofi U q Q-MOffyjibRom ajire6pbi. 

OcTaeTCH y6eflHTbC5i b tom, hto flBycTopc-HHHft Hfleaji J CBo6oflHoft ajire6- 
pbi, OTBenaroiHHH onpefleji5nom,HM cooTHonieHH^M ajire6pbi Fun(B) g , HBjiaeTca 
t/ g 0-noflMOflyjieM. /JpyrHMH cjiOBaMH, ocTaeTca y6eflHTbC5i b tom, hto fleiicTBHe 
o6pa3yrom,Hx ajire6pbi U q g Ha o6pa3yK)in,He flBycTopc-HHero Hfleajia J He bhbo- 

flHT H3 J. 

HanHeM c ajieMeHTa f$—fo^ J- Hcnojib3yH npefljicoKeHne 3.4.23, nojiy- 



KfVofo ~ fo) = {Kf l h){Kf l f Q ) - Kf l f {) = Mo - f , i = 1, 2, . . . , I, 
Wo/o-/o)=Wo-/o) = 0, j^k, 



OneBHflHO, npaBbie nacTH nojiyneHHbix paBeHCTB npHHafljie^KaT J. 

/JeiicTBHe sjieMeHTOB Kf 1 , Ei, Fi, i = 1,2,...,/, Ha sjieMeHTbi, OTBena- 

K)IHHe OCTajIbHbIM OnpeflejI5HOH],HM COOTHOHieHH5IM, He BblBOflHT H3 J nOTOMy, 

hto Po^p - )^ aBjiaeTca U q Q-MOffyjibHOR ajireGpoii, a T)(D) q - U q Q-uoffyjibH.biu 



naeM 



Fi {fofo - fo) 



Eioifofo - fo) 




2"(^low(/o/o — fo) + (follow) fo) ■ 



(/o(^low/o) + (/o/o - fo) ^low) 




□ 



CJlEflCTBHE 3.4.25 *-Ajiee6pa D(B) g mbamctticm (U q g,*)-ModyAbHou. 
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3.4.4 CyiD,eCTBOBaHHe, eflHHCTBeHHOCTb h sbhwh BH/l, HHBapH- 

aHTHoro HHTerpajia Ha D(D) g . B npeflbi/jyineM nyHKTe noKa3aHO, mto 
ajire6pa 5TBji5reTC5i L^0-MO,zryjibHOH. /JoKa^KeM cyinecTBOBaHiie HHBapn- 

aHTHoro HHTerpajia v : D(ID ) ) (7 — > C h ero eijHHCTBeHHOCTb c TOHHOCTbio jj,o 
HHCjiOBoro MHO>KHTejiH. ByfleM cjieflOBaTb nyHKTy 2.4.4, rjj,e sth pe3yjibTaTbi 
nojiyneHbi b nacTHOM cjiynae KBaHTOBoro Kpyra. 

PaccMOTpHM BBefleHHoe b nyHKTe 3.4.3 npeflCTaBjieHne V ajire6pbi U q q + b 

(|)okobckom npocTpaHCTBe TL. Ka>Kjj,OMy A = ^ G Q OTBenaiOT sjieivieHT 

K x = K^K% 2 . . . K? 1 G U q \) h jiHHeftHbiH onepaTop T(K X ). 

KoHenHOMepHOCTb jiHHeftHbix onepaTopoB Tp(f) npn / G D(JB)) q no3so- 
jineT BBecTH q-cnep, 

tv q T F (f) ^ tr(T F (f)V(K_ 2p )), f G D(D) ? , 

ra,e p - nojiycyMMa nojio>KHTejibHbix KopHeft ajire6pbi J1h 0. 

IlPEflJlOKEHHE 3.4.26 JIuneuHuu fyywKuiionaA 

J fdv fe f (1 - 9 J) dto '- tr,3>(/), (3.4.27) 

K<2 D(ID ) ) (7 MGAMemcM noAODtcumeAbHUM U qQ-UHeapuaHiJiHUM immezpaAOM. 

^OKa3aTejibCTBO Cy>KeHHe JiHHeiiHoro onepaTopa T(K-2p) sa xa^Kfloe 
H3 BecoBbix noflnpocTpaHCTB ?7 g q + -MOjj,yji5i 7i 5TBji5ieTC5T nojio>KHTejibHbiM CKa- 
jiapHbiM onepaTopoM. 3HaMHT, tr q Tp(f*f) = tr(Tp(/)r(i^_2 P )Tp(/)*) > 
jj,ji5i Bcex / G D(D) g , h nojio>KHTejibHOCTb JiHHeiiHoro (pyHKnHOHajia (3.4.27) 
BbiTexaeT H3 npejj,jio»:eHH5i 3.4.5. Pa3yMeeTC5i, 



J fdv = J fdv. (3.4.28) 

H3 npejj,nojio>KeHH5i 2.4.1 h paBeHCTBa (3.1.11) cjie/jyeT, mto jiHHeHHbiii 
(pyHKD,HOHaji (3.4.27) aBjiaeTca ^7 g q + -HHBapHaHTHbiM HHTerpajiOM. Ero U q Q- 

HHBapHaHTHOCTb BblTeKaeT H3 ^7 g q + -HHBapHaHTHOCTH H H3 paBeHCTB (3.4.28), 

(3.4.17). □ 
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riepeftfleM k flOKa3aTejibCTBy gahhctbghhocth HHBapnaHTHoro HHTerpajia. 

JlEMMA 3.4.27 SjieMewm fo G D(fi])) q nopootcdaem U q b + -Modyjit> C[p~] q fo u 
U q b~ -ModyAt foC[p + ] q . 

/JoKasaTejibCTBO Kax cjieflyeT H3 (3.4.17), flocTaTOHHO noxaaaTb, hto 
U q b + fo = C[p~]q/o- Hcnojib3y5i npefljio^KeHne 3.3.18, jierxo flOKa3aTb, hto 
t/ g b + -HHBapnaHTHoe cnapHBaHne 

C[p + ] q x C[p"]/o - C, /+ x /_/ ~ J f+f-fodv 

HeBbipOJKfleHO. 

SHa^HT, b KaTeropHH rpaflynpoBaHHbix U q b + -mo flyjieft Cfp^j^/o — 
B SToii «e KaTeropHH iV(q _ ,0) = C[p + ]*, Kax cjie^yeT H3 onpeflejieHHH U q g- 
MOflyjia C[p + ] g . 3HanHT, C[p~] q fo = iV(q~,0), npnneM nocjieflHHft H30Mop- 
(pH3M OTo6pa^KaeT oflHopoflHyio KOMnoHeHTy C/o Ha oflHopoflHyio KOMnoHeHTy 
Cv(q~,0). OcTaeTCH BOcnojib30BaTbCH TeM, hto BeKTop t>(q~,0) nopo>KflaeT 
U q b + -Mopyjib iV(q-,0). □ 

CjieflyK)Hj,ee yTBep>KfleHHe o6o6maeT npefljio»:eHHe 2.4.19. 
riPEflJlo>KEHHE 3.4.28 C/gfl/o = D(B),. 

,Z^OKa3aTejTbCTBO Kax cjieflyeT H3 jieMMbi 3.4.27, flocTaTOMHO noxasaTb, mto 

(E n E ]2 . . . E Jr fo)C[p + ] q C U qQ f (3.4.29) 

npn Bcex r G Z + , ji, J2, • • • , > G {1,2,...,/}. Bocnojib3yeMC5i MeTOflOM Ma- 
TeMaTHHecKoii HHflyKUHH. IlpH r = BKjnoneHHe (3.4.29) cjie^yeT H3 JieMMbi 
3.4.27. OnnnieM nepexofl ot r — 1 k r. 

IlycTb = Ej 2 Ej 3 . . . Ej r fo, ip G C[p + ] g . Ilo npeflnojio>KeHHK) HHflyKUHH 

(f1p G U q Qfo, (K h <p)(E h ll)) G U q Qf . 

3HanHT, H3 npefljio>KeHHH 3.4.24 cjieflyeT, hto 

[E h E h . . . E jr f )i; = (E h tp)il> = E^trf,) - {K h ip){E h ^ 
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nocKOjibxy A(£j 1 ) = (8)1 + Kj x (g) E^. 

OcTaeTCH 3aMeTHTb, mto ajieMeHTbi Ej^ipip) h (Kj 1 (p)(Ej 1 tl>) npHHafljie- 

TKSkT UqQfo no npeflnOJICC-KeHHIO HHflyKUHH. □ 

CJlEflCTBHE 3.4.29 U q Q-UHeapuaHmHuu unmespaA na 2)(D) g eduHcmeen c 
monno emtio do uucaobozo MHOotcumejiM. 

riojio>KHTejibHOCTb U g£j-HHBapHaHTHoro HHTerpajia (3.4.27) no3BOji5ieT Ha- 

( V 

flejiHTb BeKTopHoe npocTpaHCTBO D(D) g HopMoft ||/||2 = ( / f*fdv . Ilonoji- 

HeHHe D(D) g no stoh HopMe 5iBji5ieTC5i rHjib6epTOBbiM npocTpaHCTBOM. Oho 
o6o3HaHaeTCH L 2 (dv) q h hbjihgtch g-aHajioroM npocTpaHCTBa L 2 (dv) KBaflpa- 
thhho cyMMHpyeMbix no HHBapnaHTHOH Mepe dv (pyHKinift b orpaHHneHHoft 

CHMMeTpHMeCKOH o6jiacTH P. 

KaK cjieflyeT H3 (3.4.27), ajih jiio6bix oflHopoflHbix HopMHpoBaHHbix BeK- 
TopoB Vi G Tii, Vj G TLj rpaflynpoBaHHoro npeflrnjib6epTOBa npocTpaHCTBa 

oo 

= (B ^fc HMeeT MecTO HepaBeHCTBO 

k=0 

\(T F (f)v h Vj)\ < const(i, j) ||/|| 2 , / G D(D) g . 

SiiaMHT, onncaHHoe b nyHKTe 3.4.2 BJiomewe D(D) q D(D)^ flonycKaeT npo- 
flOJi>KeHHe no HenpepbiBHOCTH flo Bjio»:eHH5i L 2 (dv) q D(D) g (hhtdCkthb- 
HOCTb jierKO cjieflyeT H3 onpeflejieHHH rnjibGepTOBa npocTpaHCTBa L 2 (dv) q h h3 
HBHoro BHfla HHBapnaHTHoro HHTerpajia (3.4.27)). B flajibHeftnieM rnjibGepTOBO 
npocTpaHCTBO L 2 {du) q 6yjj,eT OTOJKflecTBJiHTbCH c ero o6pa30M npn bjiojkghhh 
b D(B)' g . 

/Jjih jiio6oh o6o6meHHOH (pyHKUHH / G ^(B)^ b KBaHTOBoii orpaHHHeHHoii 
CHMMeTpHMecKoii o6jiacTH B KoppeKTHO onpeflejieHa nojryTopajiHHeHHaH (pop- 
Ma (Tp{f)v\v") b TL. 06o6m,eHHyio (pyHKHHio / G 6yjj,eM Ha3biBaTb 
orpaHHneHHoft, ecjin 

(T F U)v'y 



= sup I, /|M| „,, < OO 



v'yen\{o} 



V \\\\v 
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B 3tom cjiy^ae cymecTByeT h eflHHCTBeH orpaHHHeHHbift jiHHeftHbiH one- 
paTop T b nonojiHeHHH 7i npeflrnjibGepTOBa npocTpaHCTBa 7i, fljia KOToporo 
(TV, v") = (Tp(f)v', v") npn Bcex v', v" G H. OrpaHHHeHHbie o6o6meHHbie 
(pyHKD,HH c HopMoii || • ||oo o6pa3yiOT C*-ajire6py L°°(D) (7 , ecTecTBeHHO H30- 
Mop(pHyK) C*-ajire6pe Bcex orpaHHHeHHbix jiHHeifflbix onepaTopoB b rnjib6ep- 
tobom npocTpaHCTBe 7i. Ecjih p G L 00 (P) (? , ip G L 2 (dv) q , to pip G L 2 (dv) q 

H 

||WI| 2 < IMUI* (3-4.30) 

^eiicTBHTejibHO, 

IMIi = (1 - ft 2 ,)"" 1 "" tT(T F (<p)T F ^)T(K_ 2p )T F (i,yT F ( V y) < 
< \\<p\\l(l-q?f™ P ~tr(T F W)r(K- 2p )T F W*) < MlMl 

ConocTaBjiHH Ka>KflOMy sjieivieHTy <p G L°°(D) g JiHHeftHbiH onepaTop <p : ip \— > 
(^'0, nojiy^aeM ecTecTBeHHoe npeflCTaBjieHne C*-ajire6pbi L°°(P) (? b rnjib6ep- 
tobom npocTpaHCTBe L 2 {du) q . 

3.4.5 H30MopcpH3M U q $-wo?\yjievi D(B>) q m U q Q'g)u q t ( & • Ka>KflOMy 
BecoBOMy jiOKajibHO KOHenHOMepHOMy U q t-MORyjiK> V conocTaBHM U q g-Mop,yjib 
P(V) = U q Q ®{/ e V. Kax HeTpyzrno noxasaTb, oh HBjineTCH npoeKTHBHbiM 
o6b>eKTOM KaTeropHH C(Q,t) q . Taxne npoeKTHBHbie oG^eKTbi Ha3biBaiOT CTaH- 

flapTHblMH, Cp. [216, CTp. 104]. Pa3JIOJKHM P(C) = U q Q(&u q t < C B npOH3BefleHHe 

o6o6m,eHHbix MOflyjieii BepMa b TeH3opHoii KaTeropHH U q Q cop -Mop,yjievt. 

BeKTop v(q + ,0) <g> v(q~,0) G iV(q + ,0) <g> JV(q~,0) HBjraeTCH t/ g £- 

HHBapHaHTHblM, MTO n03BOJI5ieT BBeCTH B paCCMOTpeHHe MOp(|)H3M f/gg-MOflyjieft 

J : P(C) -> 7V(q+,0)(g)iV(q-,0), J : 1(8)1 ^ t>(q+, 0) <g> u(q", 0). (3.4.31) 

IlPEflJIOKEHHE 3.4.30 Mop$u3M U q Q Modyjieu (3.4.31) 6ueKmueeH. 
^OKa3aTejibCTBy npeflnouuieM cjieflyromyio jieMMy. 

JlEMMA 3.4.31 nycmt Pf>(C) = U q Q®u q ^- B meu3opHou namezopuu U q Q cop - 
ModyAeu Mopcf)U3M U q Q-Mody.Aeu 

Jf, : Pf,(C) -> iV(b + , 0) <8) JV(b _ , 0), : 1 <8) 1 ^ v (b + , 0) <8> u(b _ , 0) 
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HBAttemCtt, U30M0p(f)U3M0M. 

,ZJoKa3aTejTbCTBO jieMMbi. HaflejiHM Uqfy-MORyjm N(b ± ,0) (pHjibTpann- 

5IMH, CB5I3aHHbIMH C BCCOBblMH nOflnpOCTpaHCTBaMH 

F M+ iV(b + ,0)= 7V(b + ,0)^+, F fl -N(b~,0) = Nib-,0),-. 



v + eQ+ v~eQ 



+ 



0<v+<n+ 0<u-</j,- 

TeH3opHoe npoH3Be,o,eHHe iV(b + ,0) <S> A/"(b~,0) HaflejiHM aHajiornnHoft cpnjib- 
Tpanneft 

F^- (7V(b + ,0)®iV(b-,0)) = 

= e e N(b + ,o)^ + ®N(b-,o)„-. 

HaKOHeu,, ncnojib3y5i npncoeflHHeHHoe flencTBne U q fy b UqXt^, HaflejiHM cpnjib- 
TpauHeii Uqfy-MORyjib P(j(C): 

W (Pf,(C)) = Y, E J 1 - - ((^-)_, + (C/,n + )- ® 1) • 

V+EQ+ V-EQ+ 

rfle - sjieMeHTbi penieTKH BecoB P. 

Bocnojib3yeMC5i sthmh (pnjibTpanMMH fljiH flOKa3aTejibCTBa jieMMbi. Bo- 
nepBbix, HeTpyflHO noxasaTb, mto 

J) F^- (^(C)) D (iV(b + , 0) ® 7V(b", 0)) . (3.4.32) 

/^eiicTBHTejibHO, b npoTHBHOM cjiynae cpe^n nap rjir KOTopbix He bm- 

nojiHHeTCH (3.4.32), ecTb MHHHMajibHbie (oTHonreHne nacTHHHoro nop^flKa Ha 

MHO>KeCTBe TaKHX nap BBOflHTCfl OneBHflHbIM o6pa30M). ripHXOflHM K npOTHBO- 

pennio, nocKOjibKy ecjin 

S = rf F £K*--->« = El i*% E k s ---> ii»*2,...; A;i,^...g{i,2,...,Z}, 

to c TonHOCTbio flo njieHOB Mjiaflninx CTeneHeft 

J^7]{1 <g> 1)) = const ^(b+, 0) (8) ^(b - , 0), 
rfle const - HeHyjieBoe nncjio. 
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Bo-BTopbix, H3 pe3yjibTaTOB nyHKTa 3.1.3 cjieflyeT, mto noflnpocTpaHCTBa 

(F|)(C)), ® -^(^ _ j0)) KOHeHHOMepHbl, H hx pa3MepHO- 

CTH paBHbl. SHaHHT, 

: F^ M - 0) ® W(fT, 0)) , 

h ocTaeTCH Bocnojib30BaTbC5i paBeHCTBaMH U /U + )M --F iU + )/U - (Pf>(C)) = Pfj(C), 

U °) ® W(b", 0)) = N(b + , 0) (g) W(fT, 0). □ 

/]^OKa3aTejibCTBO npe/yKXsceHHa. ByfleM paccy^KflaTb Tax tkb, k&k npn 
flOKa3aTejibCTBe jieMMbi. HanoMHHM, mto BecoBbie U q t-uoffyjin HaflejieHbi rpa- 
flynpoBKaMH, onpeflejiaeMbiMH c noMOinbio ajieivteHTa H§ G f), cm. nyHKT 3.1.2. 

B MaCTHOCTH, 

oo oo 

^V(q + , 0) = iV(q + , 0)_ i5 N(q~, 0) = W(q- 0) 3 . 

.7=0 .7=0 

HaflejiHM iV(q + , 0) (g) A/"(q~, 0) (pHjibTpauHeii 

F i+Z - (iV(q + , 0) ® AT(q-, 0)) = iV(q + , 0)_ ?+ ® N(q~, 0),-. 

0<j+<i+ 0<7 <z 

HcnOJIb3y5I H30MOp(|)H3M 

c^p" ® ® t/ ff t t^s, r ® £ + ® ^ ^ 

h npncoeflHHeHHoe fleiicTBHe £/gt b U q p , HaflejiHM t/^-MOflyjih P(C) cpmibTpa- 
UHeii 

F i+i -(P(C))= £ £ ji.0. ({U q p-)- j+ {U q P + )j- ® 1) • 

0<i+<i+ 0<J <i 

H3 onpeflejieHHii cjie^yeT, mto P(C) = Uj+^-Pj+j- (P(C)), 

iV(q + , 0) ® AT(q-, 0) = (J F,+,- (iV(q + , 0) ® W(q- 0)) . 



KpoMe Toro, noflnpocTpaHCTBa Fj+j- (iV(q + , 0) (g) A/"(q~, 0)) h Fj+j- (P(C)) ko- 
HeMHOMepHbi, a hx pa3MepHOCTH paBHbi, cm. nyHKTbi 3.3.1 h 3.3.5. 
OcTaeTCH flOKa3aTb BKjiiOTeHHe 

JF l+l - (P(C)) D F, +l - (iV(q + , 0) ® iV(q", 0)) , * + , r G Z+. (3.4.33) 
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P(C) 



J 



W(q+ 0)®W(q- 0) 



b KaTeropHH t/ g g cop -MOflyjieft, HeTpyzjHO nojiy^HTb (3.4.33) H3 (3.4.32) h h3 
cjieflyiomHx yTBep>KfleHHH. 

Ilpe>Kfle Bcero, noflnpocTpaHCTBO iV(q + ,0)j+ aBjiaeTca o6pa30M cyMMbi 
BecoBbix noflnpocTpaHCTB N(b + , 0)_^+, fljra KOTopbix i/ + (H$) = j + , npn KaHO- 
HH^ecKOM 9nHMopcpH3Me iV(b + , A + ) — > iV(q + ,A + ). AiiajiorHMHO, N(q~,0)j- - 
o6pa3 cyMMbi BecoBbix noflnpocTpaHCTB N(b~ ,0) u -, fljia KOTopbix u~(Hg) = 
j~. HaKOHeu,, ([/ (Z rr)_ I ,+ ([/ (? n + ) z/ - <g> 1 C (U q q~)- v +(U q q + ) ]/ - <g> 1 h 

J ((^q-)-,+ 0Vl + ),-®l) C ([/ ? p-)_ i+ (^ + ) j -Kq + ,0)®t;(q- ) 0)) ) 

ecjin = ^(Hg). 

IlepBbie yTBep^KfleHHs flaiOT B03MO^KHOCTb ou,eHHTb CBepxy npoo6pa3 nofl- 
npocTpaHCTBa Fj+j- (iV(q + ,0) <S> iV(q~,0)) npn OTo6pa^KeHHH ip, a nocjieflHee 

- OD,GHHTb CHH3y npOo6pa3 Fi+i-(P(C)) npH 0T06pa>KeHHH if. □ 
^OKa>KeM, MTO P(C) ~ D(D) q . PaCCMOTpHM BeKTopHoe npOCTpaHCTBO 



h ero y6biBaK)m,yio (pHjibTpau,HK) noflnpocTpaHCTBaMH (£) C[p ] q j C[p + ] q 



Hx aHHyjI5ITOpbI B COnp5I>KeHHOM npOCTpaHCTBe MOHOTOHHO B03paCTaK)T, H H3 

npefljio>KeHH5i 3.4.30 cjie^yeT, mto oG^eflMHeHHe aHHyji^TopoB aBjiaeTca 

nOflMOflyjieM, eCTeCTBeHHO H30MOpCpHbIM P(C). 

C flpyroft CTopoHbi, KaK jierKO noxasaTb, Hcnojib3ya ocHOBHbie CBoftcTBa 
ajire6pbi cpHHHTHbix (pyHKu,Hft h HHBapHaHTHoro HHTerpajia, sto oG^eflMHeHHe 

aHHyjIHTOpOB eCTeCTBeHHO H30MOp(J)HO D(D)q. 

Mm nojiy^HjiH H30Mop(pH3M U q Q-Mopjjiem 



Po\(p-) q = C[p-] q <g> C[p + ] ? = iV(q + , 0)* <g) W(q", 0) 



j+k>n 



P(C) A D(D) 



1 



/o- 



1 <g> 1 i-> 



dimp 
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TeM caMMM flOKa3aHO cjieflyroinee yTOHHeHne npefljicoKeHHH 3.4.28, o6o6iHaic- 
inee npefljico-KeHHe 2 A. 21. 

IlPEflJlOKEHHE 3.4.32 SjieMewm fo - o6pa3yK>w ) aM, U q g-ModyAM D(D) q , u 
coorriHouieHue 

Zfo = e(0/o, S G tf g t, 
MGAMemcM ego onpedeAHWii^UM coorriHomeHueM. 

3AMEHAHHE 3.4.33 Hcnojib30BaHHa5i b flOKa3aTejibCTBe flBoftcTBeHHOCTb U q Q- 
MOflyjibHoft ajire6pbi Pol(C) 9 h U q Q-Mopjjibnom Koajire6pbi P(C) no3BOJiHeT 
CMHTaTb P(C) KBaHTOBbiM aHajioroM npocTpaHCTBa o6o6m,eHHbix (pyHKnnii c 

HOCHTC-JI5TMH B TOHKe Z = 0. 

3AMEHAHHE 3.4.34 IlyCTb A+ G P®, A G -P? HWo§- 9JieMeHT MaKCHMajIb- 

hoh fljiHHbi rpynnbi Beiijia W§ C W. PaccMOTpnM o6o6ineHHbiH MOflyjib BepMa 
A r (q + ,A + ) co CTapniHM BecoM A + h o6o6m,eHHbift MOflyjib BepMa iV(q~,A~) c 
MjiafliiiHM BecoM A - . ^OKasaTejibCTBO npefljio»:eHH5i 3.4.30 6e%3 cyinecTBeHHbix 
H3MeHeHHft nepeHOCHTCH Ha cjiynaft HeHyjieBbix BecoB A ± h flocTaBjiaeT H30- 
Mop(pH3M P(L(t, wo^\~) <g) L(l, A + )) A iV(q + , A + ) <g) iV(q~, A - ) b TeH3opHoft 
KaTeropHH [7 g cop -MOflyjieft. 

3.4.6 OrpaHHneHHOCTb onepaTopoB cpOKOBCKoro npe/jCTaBjie- 
HHa *-ajire6pi>i PolfjD - )^. B KjiaccHHecKOM cjiynae q = 1 nojiHHOMbi Ha BeK- 
tophom npocTpaHCTBe p~ npHHafljie>KaT L°°(D), nocKOjibKy o6jiacTb D orpaHH- 
neHa. IlojiyHHM aHajiorHHHbiii pe3yjibTaT b cjiynae < q < 1 b noflTBep>KfleHHe 
"orpaHHHeHHOCTH paccMaTpHBaeMbix heimh KBaHTOBbix o6jiacTeft". 

HaHHeM c flOKa3aTejibCTBa orpaHHneHHOCTH jiHHeftHoro onepaTopa 
Pf(^Iow)- B nacTHOM cjiynae KBaHTOBoro Kpyra sto OHeBHflHo: ||7V(z)|| = 1. 
PaccMOTpnM Bjio»:eHHe *-ajire6p 

i : Pol(C) % ^ Pol(p~)g, i : z h-> z iow , 

cm. cjieflCTBne 3.4.22. 
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JlEMMA 3.4.35 1. IIpedcmaeAeHue Tp • i e npedguAt6epmoeoM npocmpancmee 
n Kpamno tfioKoecKOMy npedcmaeAeHuw *-aji2e6pu Pol(C)g, . 
2. 11^(^)11 = 1. 

^OKa3aTejibCTBO. ^ocTaTOMHO flOKa3aTb nepBoe yTBep^Kflemie. IlycTb 
T = Tp •%. PaccMOTpHM noflnpocTpaHCTBO C = ^°^ (Ker T(z*) fl Hj). ^ocTa- 
tomho flOKa3aTb, mto jiHHeiiHaa o6ojiOMKa A4 MHO>KecTBa {T(z J )v\j G Z + , v G 
£} coBnaflaeT c TL. 

OMeBHflHO, M. = Yl'jLoi-M- fl 7Yj). ripeflnojio>KHM, mto Ai ^ TL. Tor^a 
A4 fl 7Yj 7^ 7Y 7 npn HeKOTopoM j G Z + , h, cjie-flOBaTejibHO, cyinecTByeT HeHy- 
jieBoii BeKTop v G TL, opToroHajibHbiii A4. J\jir HeKOToporo N G Z + HMeeM 
T(z*) N v /Oh r(z*)^ Ar+1 ^ = 0, nocKOjibxy onepaTop T(z*) yMeHbinaeT ere- 
neHb oflHopoflHOCTH. SHa^HT, T(z) N T(z*) N v G A4 h (T(z*) N v, T(z*) N v) = 0, 
hto npoTHBope^HT Bbi6opy A/". □ 

Cjie^ctbhe 3.4.36 ||T F (2Wiow)ll = 1- 

PaccMOTpHM jiHHeftHbift (pyHKinic-Haji (•} Ha Pol(p _ ) q , BBefleHHbift paBeH- 
ctbom (3.3.21). IlycTb (•, •) - CTaHflapTHaa spMHTOBa (popMa b C[p~] g 

(Vi, ^ 2 ) = (V#i>, ^2 G C[p-] 9 , (3.4.34) 

cm. nyHKT 3.3.3. 

JlEMMA 3.4.37 1. CmandapmHaH spjuumoea cfiopjua e Cfp - ]^! tioaochcu- 
meAbHa, U ql-UHeapuaHiJiHa u 

(siow, ^low) = 1 - gf - (3.4.35) 

2. Ecau {zj} - opmozoHdAhHuu 6a,3uc e C[p _ ] 3) i ; mo SAeMenm 

dim p~ * 
fig 

ne 3aeucum om eu6opa smozo 6a3uca u U q t-uHeapuaHmeH. 
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3. PaccMompuM U q t-Modyjit> C[p _ ] 3) i • C[p + ] 9j _i - Auneunyw oSoAonny mho- 
otcecmea • ^ + G Pol(p~) g | ^ G C[p~] gj i , ip + G C[p + ] 9 _i}. Ilodnpo- 
cmpaHcmeo eso U q t-uHeapuaHmoe odnoMepno u nopootcdaemcsi sjieMen- 
moM 

^OKa3aTejlbCTBO. ri0JI0>KHTejIbH0CTb CTaHflapTHOH SpMHTOBOH (pOpMbl 

cjieflyeT H3 npefljio>KeHH5i 3.3.23, a paBeHCTBO (3.4.35) - H3 (3.4.22), (3.4.34) 
h H3 cooTHOineHHft foC[p~] q ^ = C[p + ] q -ifo = 0. H3 onpeflejieHHH jiHHeft- 
Horo (pyHKD,HOHajia (•) BbiTexaeT ero L^^-HHBapHaHTHOCTb, OTKyzja cjieflyeT 

t/gt-HHBapHaHTHOCTb SpMHTOBOH (pOpMbl (3.4.34). 9jieMeHT OHeBHflHO, He 

3aBHCHT ot Bbi6opa opToroHajibHoro 6a3nca {zj}. 

JXjir flOKa3aTejibCTBa ocTaBHinxcH yTBep^KfleHHii conocTaBHM Ka>KflOMy 
ajieMeHTy % BeKTopHoro npocTpaHCTBa C[p _ ] gj iC[p + ] g ,_i jiHHeimbiH onepaTop 
yMHO>KeHH5i Ha UC b npocTpaHCTBe C[p~] gj i fa: 

C[p-] qA f » C[p-] g ,i /o, 

H3 npefljio^KeHHH 3.3.18 cjie^yeT, hto nojiyneHHoe jiHHeiiHoe OTo6pa^KeHHe 

C[p-] 5 , 1 C[p + ],,_ 1 - End(C[rki/ ) (3-4.36) 

6neKTHBHO, a H3 L^-HHBapHaHTHOCTH SJieMeHTa /o BblTeKaeT, HTO 9TO H30- 
MOp(|)H3M U q t-MOffyjiem. 3HaHHT, OHO OCyiHeCTBJIHeT 6HeKU,HK) npocTpaHCTB 

t/gf-HHBapHaHTOB. 3jieMeHTy ^ npn OTo6pa»:eHHH (3.4.36) OTBenaeT eflH- 
HHHHbifi onepaTop b C[p _ ] g ,i/o. CjieflOBaTejibHO, stot sjieMeHT HBjineTCH 

U q t -HHBapHaHTHbIM . 

H3 npocTOTbi Uqt-MOffyjisi C[p~] gj i = C[p _ ] gj i/o, OTMenaBHieHCH b pa3flejie 
3.3.2, cjieflyeT oflHOMepHoerb noflnpocTpaHCTBa U g^-HHBapnaHTOB Ugt-Mopyjisi 
End(C[p~] 9; i/o)- 3HanHT, noflnpocTpaHCTBO U gf-HHBapHaHTOB U q t-MORyjifi 
C[p^] (?j iC[p + ] (7j _i oflHOMepHO. Oho coflep^KHT HeHyjieBoii [/^-HHBapHaHTHbra 
sjieivteHT ^, h, cjieflOBaTejibHO, nopo5K,a,aeTca sthm sjieMeHTOM. □ 



riPEflJlOKEHHE 3.4.38 JIuneuHuu onepamop Tp(^) e nped2UJib6epmoeoM 
npocmpancmee 7i ospanuneH. 
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,ZJoKa3aTejTbCTBO. Tax »:e, k&k b pa3flejiax 3.2.1, 3.2.3, BBefleM b 
paccMOTpeHHe *-ajire6py Xon(pa C[-K]g (U q t)* MaTpn^Hbix sjieivieHTOB 
P-BecoBbix KOHeMHOMepHbix U q t-MOffyjiem. riycTb v : C[i^] g — > C - HHBapnaHT- 
Hhift HHTerpaji Ha KBaHTOBoii rpynne K c ycjiOBneM hopmhpobkh : J \dv = 1. 

H3 jioKajibHoft KOHe^HOMepHOCTH fleftcTBHH b Pol(p~) g cjieflyeT, mto 
KoppeKTHO onpeflejieHO KOfleftcTBHe 

A : Pol(p") 9 -> Pol(p-), (8) C[^] 5 , (3.4.37) 

cm. nyHKT 2.3.6. PaccMOTpnM jiHHeHHbiii onepaTop "ycpeflHeHHa no fleiicTBHio 
KBaHTOBoii rpynnbi K": 

av : Pol(p-), -> Pol(p-) ff , av : / h-> (id <g> i/)A(/). 

OneBHflHo, A : (C[p-] ? ,iC[p + ] g ,_i) -> (C[p-] g) iC[p + ] ff ,_i) C[tf]„ 

av : (C[p-] ff) iC[p + ],,_i) - (C[p-] g ,iC[p + ] g ,_i). 

H3 £/ -HHBapiiaHTHOCTH ajieMeHTa av(zi ow z 1 * ow ) h H3 jieMMbi 3.4.37 cjie-flye-T, hto 

av(ziow^r o w) = const • \P. (3.4.38) 

IloKa>KeM, hto b nocjie-flHeM paBeHCTBe const 7^ 0. Hcnojib3y5i Mop(pH3M 
L/ g f-MOflyjieii (3.4.36) h g-cjiefl tr g : End(C[p~] gj i/o) — ► C, BBefleHHbiii b 
nyHKTe 3.1.2, He-Tpyznro HaiiTH HeHyjieBoii U gf-HHBapHaHTHbiH HHTerpaji fi Ha 
C[p"] (?j iC[p + ] g _i h flOKa3aTb, hto n(zi ow Zi ow ) ^ 0. HMeeM 

(// ® id)A(^) = ® 1, ^ G C[p-] g ,iC[p + ] ff) _i. 

CjieflOBaTejibHO, /i(av(zi ow z 1 * ow )) = fi{z\ ^z* ow ) 7^ 0. 3HanHT, const • /i(^) 7^ 0. 

Kax cjie-flyeT H3 (3.4.38), fljra flOKa3aTejibCTBa npe,o,ji05KeHH5i 3.4.38 
flocTaTOHHO nojiyHHTb HepaBeHCTBO ||Tir(av(2i ow z* ow ))|| < 1. HanoMHHM, 

hto oflHopoflHbie KOMnoHeHTbi TLk rpaflynpoBaHHoro BeKTopHoro npocTpaH- 

00 

CTBa TL = @ 7Y/c KOHe^HOMepHbi h nonapHO opToroHajibHbi. KoHe^HOMepHbie 
/.• i) 

C*-ajire6pbi End(7Yfc) aBjiaiOTca [/^-MOflyjibHbiMH, hto no3BOji5ieT bbccth b 
paccMOTpeHHe jiHHeifflbie onepaTopbi 

A fc : End(m) -> End(^), av fc : End(^) -> End(W*) 
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TctK me, k&k 6mjih BBefleHbi jiHHeftHbie onepaTopbi A, av. H3 onpeflejieHHft 
cjieflyeT, hto 

\\T F (tw(z low zl w ))\\ = sup \\T F (zw(z low z* ow ))\ n || = sup || av k (T F (z low z* ow )\ Hk )\\, 

k k k 

nocKOJibKy jiHHeftHoe OTo6pa»:eHHe 

C[p-] qA C[p + ] qA -> End(^), ^ -> 7>«0k 
5TBji5ieTC5i roMOMopcpH3MOM t/^-MOflyjihHhix ajire6p. H3 jieMMbi 3.4.35 cjiefly- 
eT, hto ||T^(ziow^iow) l^fc II — 1- OcTaeTca flOKa3aTb, hto jiHHeiiHbiH onepaTop 
avfc "ycpeflHeHHa no fleiicTBHio KBaHTOBoii rpynnbi K" He yBejiHHHBaeT HopMy 
ajieMeHTa C*-ajire6pbi EndTik- Ho A& : EndTik —> EndTik ® C(K) q aBjiaeT- 
C5i c^KaTneM, Kax h jiio6oh roMOMopcpH3M C*-ajire6p. 3HanHT, flOKa3biBaeMoe 
npefljio>KeHHe 3.4.38 BbiTeKaeT H3 npHBefleHHoii HH>Ke JieMMbi 3.4.39. 

PaccMOTpHM HHBapHaHTHbift HHTerpaji v : C(K) q — > C (cm. nyHKT 3.2.5). 
IlycTb Mat n - ajire6pa KOMnjieKCHbix MaTpnu, nop^flKa n. H3BecTHO, hto Mat n 
eflHHCTBeHHbiM o6pa30M Hafleji5ieTC5i CTpyKTypoft C*-ajire6pbi. 

JlEMMA 3.4.39 IIpu ecex n G N AuneuHoe omo6paatceHue C*-aAse6p 

id <g> v : Mat n <g> C(A% -> Mat n 

,ZJoKa3aTejTbCTBO. HaHHeM co cjiyHaa n = 1. H3 pe3yjibTaTOB pa3flejia 
3.2.3 cjieflyeT, hto C*-ajire6pa C(K) q o6jiaflaeT npeflCTaBjieHneM b rnjib6epTO- 
bom npocTpaHCTBe L 2 (dis) q 

$-.f~il>f, i>eC(K) q , feL 2 (dis) q , 

npHne-M v(ip) = (^1,1). 3HanHT, |^(^)| = |(^1,1)| < ||^|| < H^H- B o6meM 
cjiynae paccy>KfleHH5i coBepnieHHO aHajiornHHbi. 

Hmchho, C*-ajire6pa Mat n (g) C(K) q ecTecTBeHHbiM o6pa30M fleiicTByeT b 
rHjib6epTOBOM npocTpaHCTBe C n (g) L 2 {du) q . BBefleM OTBenaioiHee STOMy fleft- 
ctbhk) npeflCTaBjieHHe TZ. IlycTb C = C n (g> 1 C n (g) L 2 {du) q h - opTO- 
npoeKTop Ha £. YTBep>KfleHHe JieMMbi BbiTeKaeT H3 OHeBHflHoro HepaBeHCTBa 

||id ® z/(^)|| = ||iW«0|J| < IMI, ^ G Mat n <g) C(i^), □ 
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3AMEHAHHE 3.4.40 S&KjiioHHTejibHyK) nacTb flOKa3aTejibCTBa jieMMbi mwkho 
3aMeHHTb ccbijiKofi Ha H3BecTHbie pe3yjibTaTt»i Teoproi C*-ajire6p [105, CTp. 148, 
153], KOTopbie no3BOJi5iK)T nepeftTH ot nacTHoro cjiynafl n = 1 k o6m,eMy cjiy- 
Maio n G Z + npn oneHKe HopMbi jiHHeiiHoro OTo6pa>KeHH5i id Cg> v. 

ripefljio>KeHHe 3.4.38 nojiHOCTbio flOKa3aHO. H3 Hero cneflyeT orpaHHneH- 
HOCTb jiHHeftHbix onepaTopoB Tp(f) npn / G C[p~] 9) i. Ho Taxne 9JieMeHTbi 
nopo>KflaK)T *-ajire6py Pol(p~) 9 , xax BbiTexaeT H3 npefljio^KeHna 3.3.32. 3Ha- 
hht, HMeeT MecTO cjieflyioinee yTBep^Kflemie. 

CJlEflCTBHE 3.4.41 Bee onepamopu npedcmaeAenu^Tp e nped2UJib6epmoeoM 
npocmpaHcmee TL ozpanuneHU. 

^pyrHMH cjiOBaMH, Fun (ID) g C L°°(P) g . 3aMbiKaHHe ajire6pbi Fun(ID) g b 
L°°(P) (? oGosHa^HM C(D) q . 3t& C*-ajire6pa 5iBji5ieTC5i KBaHTOBbiM aHajioroM 
KOMMyTaTHBHoft C*-ajire6pbi C(D) HenpepbiBHbix (pyHKnnft b D. B nacTHOM 
cjiy^ae KBaHTOBoro Kpyra OHa paccMaTpnBajiacb b naparpacpe 2.2. 

3.5 KaHOHHnecKoe Bjio^ceHne 

3.5.1 BBe^eHHe. B flajibHeiinieM Bee napbi (g, t) 6yzryT npeflnojiaraTb- 

C5T SpMHTOBO-CHMMeTpHMeCKHMH. HanOMHHM, MTO B nyHKTe 3.3.3 6bIJIH BBefleHbl 

KapTaHOBCKaa hhbojuoi^hh 9 q b U q Q 

h *-ajire6pa Xoncpa (U q g,*), r^e * = *d q = 6 q *. Ilo flBoftcTBeHHOCTH (cm. 
(2.3.7)) onpeflejiaeTCH *-ajire6pa Xoncpa ((U q Q)*, |}): 

= JPf), / G f G ^fl- (3-5-1) 

H3 TeopeMbi BepHcaiifla cjie^yeT ciopTjeKTHBHOCTb roMOMopcpH3Ma ajire6p 
U q Q -> EndL(A) npn Bcex A G P+. 3HaMHT, (EndL(A))* ^ (U q g)*. Tax xax 

tt : (EndL(A))* -> (End L(-w A))*, 
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to hhbojik)li,h5i jj flonycicaeT cy»:eHHe Ha no,i],ajire6py 

C[G] q = ^(EndL(A))* C(U q tf. 

AeP+ 

BBefleM b paccMOTpeHne *-ajrre6py Xoncpa CfGo]^ = (C[G] g , (J). 3to 
aHajior ajire6pbi peryjrapHbix (pyHKHHii Ha BeinecTBeHHoii acpcpHHHoii ajire6- 
paHHecKoii rpynne G = {g G G\fl(g) = 75), / G C[G]}, cp. c (3.2.13). 
H3BecTHO, hto Go fleiicTByeT aBTOMopcpH3MaMH orpaHHHeHHoft CHMMeTpHne- 
CKoii o6jiacTH B, CTaHflapTHbiM o6pa30M Bjio^KeHHoii b p , cm. [235]. 

HajiHHHe BbiflejieHHoft tohkh 6 D no3BOJiHeT Kamppm cpyHKHHH f(z) 
b o6jiacTH D conocTaBHTb (pyHKirnio f(g ■ 0) Ha Go- Hac 6y^yT HHTepeco- 
BaTb KBaHTOBbie aHajiorn ajire6p (pyHKUHft b D h hx o6pa3bi npn onncaHHOM 
Bjio»:eHHH b ajire6py (pyHKUHft Ha Go- 

Ecjih g = s[2, to pojib rpynnbi Go nrpae-T BeinecTBeHHan acpcpHHHan aji- 
reGpaHHecKaa rpynna SU\,\ h, xax He-Tpyznio noxasaTb, 

Ai = *22, 4 = #21, (3-5.2) 

rfle {tij}ij=i^- CTaHflapTHbie o6pa3yioiHHe ajire6pbi < C[SL/2] q . /JeiicTBHTejibHO, 
paccMOTpHM aBTOMop(pH3M 6* ajire6pbi Xoncpa CfSZ^jg, flBOHCTBeHHbiii aBTO- 

MOp(|)H3My 6 q \ U ^[2 — > UgS^, 

6 q : K ±x ^ K ±x , 6 q : E^-E, 6 q : F ^ -F. 
Oh fleftcTBye-T Ha o6pa3yioiirHe tij cjie-flyioiHHM o6pa30M: 

\ _ / til: -tl2\ 
^(hl), q (t 2 2) J \— *21 5 *22 J 
OcTaeTC5I BOCnOJIb30BaTbC5I paBeHCTBOM (3.3.14), yCTaHaBJIHBaiOIHHM CB5I3b HH- 

BOjiionHH * h *, a TaioKe paBeHCTBOM (3.2.28), onncbiBaioiHHM fleiicTBHe * Ha 
o6pa3yioiHHe t^. 

HanoMHHM, hto KaHOHHHecKoe Bjio^KeHne b cjiynae g = 5I2, to ecTb D = 
{z G C I \z\ < 1}, noflpo6HO onncaHO b nyHKTe 2.7.1. 

3.5.2 KBaHTOBbift aHajror ajieMeHTa wq rpynnbi Beftjia. IlocTpo- 

eHHe KaHOHHnecKoro Bjio)KeHHH cyinecTBeHHO ycjio:>KHHeTC5i npn nepexofle ot 
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nacTHoro cjiyna^ Q = sl 2 k o6meMy cjiynaio n ncnojib3yeT onncaHHoe nmme 
noHHTHe KBaHTOBoft rpynnbi BeftjiH. 

IlPEflJlOKEHHE 3.5.1 Cyu^ecmeyem u eduHcmeen manou AuneuHuu qiyHK- 
i^uonaA s na C[SL 2 ] q , umo 

s(t 22 f) = s(ftn) = 0, 
s(t 12 f)=s(ft 12 ) = qs(f), 
s(t 21 f) = s(ft 21 ) = -s(f) 

npu ecex f G C[SL 2 ] q u f(l) = 1. 

,ZJoKa3aTejTbCTBO. IlycTb {e^}, j G Z + , - CTaHflapTHbift 6a3nc rnjib6ep- 
TOBa npocTpaHCTBa / 2 (Z + ) n II nocTpoeHHoe b nyHKTe 3.2.4 *-npeflCTaBJieHHe 
ajire6pBi C[SU 2 ] q = (<C[SL 2 ] q , *) b stom npocTpaHCTBe. JlnHeftHbin (pyHKnno- 
Haji (Il(/)eo, eo) o6jiaflaeT bcgmh Tpe6yeMbiMn CBoftcTBaMn. EflHHCTBeHHOCTb s 

CJieflyeT H3 TOrO, MTO Cf^i^g 5IBJI5ieTC5I JIHHeftHOH o6ojIOnKOH MHO>KeCTBa 

{4^i*i2*ii I a, 6, c,dGZ+}. □ 



3AMEHAHHE 3.5.2 HeTpyflHO flOKa3aTb, mto Ka^Kflbiii ajieivteHT ajire6pbi 
C[SL2] q eflHHCTBeHHbiM o6pa30M pa3jiaraeTC5i b cyMMy 



00 



/ = ^24 2 fj(tl2,t 21 ) + / (*l2,*2l) + X)/-j(*12'*2l)*ll. 

i=i j=i 
rfle /j - nojiHHOMbi flByx nepeMeHHbix, cm. nyHKT 3.2.4. 3to flaeT BTopoe flo- 
Ka3aTejibCTBO cymecTBOBaHH5i sjieivieHTa s: 

s(/) = /o(«,-l), /GC[5L 2 ] ff . 

3jieMeHT s G CfS^]* nBjineTC5i g-aHajioroM 3jieMeHTa (_?{ 0) rpynnbi 
6X2, nocKOjibKy 

s(tn), 5(^12) \ / 0, 5 



s(t 21 ),s(t 22 ) V-l, () 



(3.5.3) 
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HaflejiHM BeKTopHoe npocTpaHCTBO U q sl2 cjia6eftnieft H3 TonojiorHft, b ko- 
Topbix HenpepbiBHbi Bee HenpHBOflHMbie KOHe^HOMepHbie BecoBbie npe-flCTaBjie- 
HH5i tt\ : U q sl2 — > End(L(A)), A G Z + uJ. Tax Kax 9th npeflCTaBjieHHH pa3fleji5i- 
iot sjieMeHTbi ajire6pbi U q sl2, to BBefleHHaa Tonojiorna OTflejiHMa h nonojrae- 
Hne ajire6pbi U q sl2 KaHOHH^ecKH H30MopcpHO npsMOMy npoH3BefleHHio ajire6p 

x EndL(juJ), to ecTb ajire6pe CfST^]* co *-cjia6oii Tonojiorneii. Cjieflyiomee 

3 

yTBep^KfleHne BbiTexaeT H3 onpeflejieHHii. 

JlEMMA 3.5.3 Kaotcdoe KOHeuHOMepnoe eecoeoe npedcmaejieHue aAse6pu 
U q sl2 e eenmopHOM npocmpaHcmee L donycnaem npodoAotcenue no nenpepue- 
Hocmu na C[SL2]q, nadeAMM L cmpyKmypou C[5 L2\ q -ModyAH. 

HanoMHHM, mto fljia xa^Kfloro BecoBoro U q sl2-MOffyjin V KoppeKTHO onpe- 
flejieHbi jiHHefiHbie onepaTopbi H, X b V, fljifl KOTopbix 

K ±l = q ±H , X + = Eq~* H , X = q^ H F, (3.5.4) 

cm. nyHKT 3.1.2 h paBeHCTBa (3.1.27), (3.1.28). 

IlycTb j G Z+. Cjieflya TpaflHipraM KBaHTOBoii TeopHH yrjiOBoro momch- 
Ta, BBe-fleM CTaHflapTHbiii 6a3nc {e.m}m=j,j-i,...,-j} BeKTopHoro npocTpaHCTBa 
nojiaraeM L(2juJ) paBeHCTBaMH 

( [j -m} q [j + m + l] q ) 1/2 e J m+1 , m ^ j 
0, m = j 

,i/V' 

0, rn = — j 



He J m = 2me J m , X + e J m = 



{\j - m + l] q \j + m] q ) I e J m _ v m^-j 

x e 3 m = < 



(3.5.5) 



q n — q n 

rfle, Kax oGmmho, [n] q = — . 

q-q 1 

JlEMMA 3.5.4 ([22, crap. 8]) IIpu ecexj,m, 

se j m = (_iy-™/+v (m2+m V 



—mi 



u, CAedoeameAbHO, 



sKs- 1 = K \ (3.5.6) 
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riepeftfleM ot nacTHoro cjiynafl G = SL2 k o6m,eMy cjiynaio. HanoM- 

hhm corjianieHHe 06 o,z],hocb5I3hocth G, cm. nyHKT 3.2.1. HaflejiHM BeKTopHoe 

npocTpaHCTBO C[G]* = x End(L(A)) Tonojiorneft np^Moro npoH3BefleHH5i, 

q 

to ecTb *-cjia6ofi TonojiorHeft. Bocnojib3yeMC5i CTaHflapTHbiMH bjitokghhsmh *- 
ajire6p Xoncpa 

ifi : U qi si 2 ^ U q Q, 
ipi-.K ±l ^Kf\ <pi:E»Ei, tpi-.F^Fi, z = 1, 2, . . . , Z. 

riPEflJlOKEHHE 3.5.5 BAoatcenuM aAse6p (fi : U qi sl2 U q g donycKawm npo- 
doAotcenuM no Henpepuenocmu do eAoofcenuu aAse6p Tp i : CfSZ^]^ C[G]*. 

,Z^OKa3aTejibCTBO. CymecTBOBaHHe npoflOJi>KeHH5i BbiTexaeT H3 jieMMbi 
3.5.3, a ero HHteKTHBHOCTb - H3 HepaBeHCTBa 

dim Horn u q .si 2 (L(ku), L(kuJi)) > 0, /c G Z+, □ 

rfle [/^0-MOflyjib L(kuJi) paccMaTpnBaeTca xax t/^s^-MOflyjih. 

IlycTb = ^j(s), rfle z = 1, 2, . . . , /. Kax H3BecTHO [251, CTp. 157], [211, 
CTp. 427], sjieMeHTbi Si, S2, • • • , si ajire6pbi C[G]* yflOBjieTBopaiOT cooTHOineHH- 
5IM koc: 

SjSjSi = SjSiSj • • • , (3.5.7) 

rfle mhcjio coMHO^KHTejieft b Ka>Kfloft H3 nacTeft (3.5.7) paBHO flByM, earn 
dijdji = 0, TpeM, ecjiH ciijCiji = 1, neTbipeM, ecjin a^a^ = 2, h niecTH, ec- 
jih CLijCLji = 3. 16 IlycTb w = s^s^ • • • Si M - npHBefleHHoe pa3Jio»:eHHe sjieivieHTa 
w G W, h 

WJ = Sf.Sia • • -s iM . (3.5.8) 

3tot ajieMeHT ajire6pbi C[G]* He 3aBHCHT ot Bbi6opa npHBefleHHoro pa3Jio»:e- 
hm, Kax cjie-flye-T H3 (3.5.7) h xoponio H3BecTHoro CBoiicTBa rpynn KoKCTepa 
[14, CTp. 19]. 

Mm nojryMHjiH KBaHTOBbiii aHajior w ajieMeHTa w G W h, b nacTHOCTH, 
KBaHTOBbiii aHajior sjieMeHTa wq MaKCHMajibHoii fljiHHbi rpynnbi BeiijiH W. Hc- 
nojib3y5i jieMMy 3.5.4, HeTpyznio ,a,OKa3aTb 

16 Ilocjie,i];HflH B03MOJKHOCTb He peajiH3yeTca b imTepecyiomeM Hac spMHTOBC-ciiMMeTpii^ecKOM any^ae. 
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IlPEflJIOKEHHE 3.5.6 ([237], CTP. 138.) 9jieMenmu si cuize6puC[G\* o6pa- 
muMU, u 

SiKjsr 1 = KjK^ , i,j = 1,2,..., I. 

CJlEflCTBHE 3.5.7 nycmt V = - pa3AootceHue KOHeuHOMepnozo eeco- 

x 

6020 U q Q-ModyAfi V 6 cyMMy ezo eecoeux nodnpocmpaHcme. Tozda 

wV x = V w \, weW. (3.5.9) 

IloKa>KeM, MTO paBeHCTBO 

I 

— 2 X) c ijdidjHiHj 

w = Wq ■ q u =1 . (3.5.10) 

onpeflejiaeT sjieMeHT wo ajire6pbi C[G]*. Bo-nepBbix, H3 jieMMbi 3.5.4 BbiTeica- 
eT o6paTHMOCTb sjieMeHTOB Si, a, SHa^HT, h hx npoH3Be,a,eHH5i Wq. Bo-BTopbix, 
C[G]* - np^Moe npoH3BefleHHe KOHe^HOMepHbix ajire6p EndL(A), h bcg U q g- 

MOflyjIH L(A) 5IBJI5IIOTC5I BeCOBblMH. SliaMHT, BTOpOH MHO)KHTejIb B (3.5.10), Ha- 

3biBaeMbift KoppeKTHpyK)m,HM KapTaHOBCKHM MHO>KHTejiGM , onpe,a,eji5ieT sjie- 
MeHT ajire6pbi C[G]*. 

Ecjih g = si 2 , to Wq = s • q ~ . Mcg-kho noxaaaTb [211, CTp. 425], mto 

w 1 X + wq = —q~ l X~, w q 1 X~wq = —qX + , 

Awq = (w (g) Wq)R, (3.5.11) 

r fl e A : C[SL 2 ]* q -> (C[SX 2 ]f )* h sjieMenx i? G (C[SL 2 ]f)* OTBe^aeT y HH - 
BepcajibHoft i?-MaTpHu,e ajire6pbi Xoncpa U q si 2 , cm. [211, CTp. 425]. 

AHajiornMHO, b o6m,eM cjiy^ae BBe-fleM ajieivteHT R ajire6pbi (C[G]® 2 )*, ot- 
BeMaiomHii yHHBepcajibHOH i?-MaTpHu,e ajire6pbi Xoncpa U q g, cp. [194, CTp. 289]. 

IlPEflJlOKEHHE 3.5.8 ([251, cmp. 252]) B aA2e6pe (C[G}® 2 )* UMeem Mecmo 
paeencmeo 

Aw = (w ® w )R (3.5.12) 

sde A : C[G]* q ^ {C[G}fY . 

3AMEHAHHE 3.5.9 B pa6oTax [251, 211] Hcnojib3ye-TC5i Wq BMecTO wq. 
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PaccMOTpHM ajieMeHTbi X i ajire6pbi C[G]*, onpe-flejraeMbie paBeHCTBaMH 

X+ = E iq 7^, X7=qfF h (3.5.13) 

cm. (3.5.4) h 3aMeMaHne 3.1.13. 

CjieflyiomHii pe3yjibTaT nojryneH ^>K03e(pOM b [195]. 

riPEflJlo>KEHHE 3.5.10 B ciAze6pe C[G]* q 

w Q l Xf wo = -qfX^ i = 1,2,... , /, (3.5.14) 
sde i' onpedeAMemcM paeencmeoM ay = -^ottj. 

3AMEHAHHE 3.5.11 Bbi6op KoppeKTHpyiomero KapTaHOBCKoro mho^khtcjia b 

(3.5.10) 5IBJI5ieTC5T TpaflHD,HOHHbIM, CM., HanpHMep, [251, CTp. 252], H HeMHOrHM 

OTjiHMaeTca ot Hcnojib3yeMoro ^>K03e(pOM, cm. [195, CTp. 422]. 

3.5.3 OyHflaMeHTajibHi>ie npe^CTaBjieHHa h cneijHajibHfcie 6a3H- 
ci>i. IlpH H3yMeHHH ajire6p (pyHKUHii Ha KOMnaKTHbix KBaHTOBbix rpynnax 
ninpoKO HcnojTb3yiOTC5i MaTpHMHbie ajieMeHTbi npeflCTaBjieHHft tta ajire6pbi U q Q, 

OTBe^aiOmHX npOCTbIM BeCOBbIM KOHeMHOMepHbIM U q Q-MOffyjlSlM L(A), A G P+, 

cm. nyHKT 3.2.2. IlpH stom Heyflo6cTBa fl0CTaBji5ieT HeonpeflejieHHOCTb b bbi6o- 

pe OpTOHOpMHpOBaHHOrO 6a3HCa BeCOBblX BeKTOpOB b L(A). 

J\ame b nacTHOM cjiynae (pyHflaMeHTajibHoro Beca A h A, fi G WA, A fi, 
Korfla BecoBbie noflnpocTpaHCTBa oflHOMepHbi, MaTpn^HbiH sjicmcht , onpe- 
flejieH jinnib c TOHHOCTbio flo hhcjioboto mho^khtc-jm, no MOflyjiio paBHoro ejxa- 
HHD,e. YcTpaHHM 9Ty Heonpe-flejieHHOCTb, yMeHbniHB npoH3BOji b Bbi6ope opTO- 

HOpMHpOBaHHOrO 6a3HCa BeCOBblX BCKTOpOB. 

IlycTb §={1,2,...,/}\{/o}. PaccMOTpHM noflrpynny W$ C W, nopo:>K- 

fleHHyiO npOCTblMH OTpa>KeHH5IMH Sj, j Iq. KaK H3BeCTHO [179, CTp. 22], OHa 

5iBJi5ieTC5i CTau,HOHapHoft noflrpynnoft (pyHflaMeHTajibHoro Beca uJ = uJi , to ecTb 
W§ = G | wuJ = UJ}. CjieflOBaTejibHO, mho^ccctbo WuJ ecTecTBeHHO H30- 
Mop(pHO MHO^KecTBy W sjieMeHTOB HaHMeHbineii fljiHHbi b Kjiaccax cmcokhocth 
wW§, w G W, cm. jieMMy 3.2.30. 
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HanoMHHM, mto npeflCTaBjieHne ttzj *-ajire6pt>i (U q Q,*) b L(uJ) yHHTapn- 
3yeMO, h cooTBeTCTByiomaH spMHTOBa (popMa (•, •) oflHOSHaHHO onpefleji5ieTC5i 
ycjiOBHeM hopmhpobkh {v (uf) , v (uJ) ) = 1, CM. nyHKT 3.1.8. 

OpTOHOpMHpOBaHHblft 6a3HC BeCOBblX BeKTOpOB U q Q-MOffyjISl L(uJ) 6yfleM 

Ha3biBaTb cneu,HajibHbiM, ecjin BecoBbie BeKTopbi c BecaMH H3 WlJ } paBHbi 



iu i>(u;) 

3flecb w G C[Gr]* - KBaHTOBbiH aHajior sjieMeHTa w, BBefleHHbift b npeflbiflyiHeM 
nyHKTe (Hcnojib30BaHbi ero o6paTHMOCTb h paBeHCTBO (3.5.9)). 

T^aflHM SKBHBajieHTHoe onpeflejieHne cnennajibHoro 6a3nca, cp. [245, CTp. 
153]. IlycTb w = Si L Si L1 • • • - npnBe-fleHHoe pa3jio«eHne sjieMeHTa w G . 



ri0JI0>KHM Uj = Sj.Sj._j • • • Sj i; 




L ' _ 2(A.,A 



(Ajj Aj) 



Kax H3BecTHO, ?7i j G N [14, CTp. 93]. Cjieflyroinee yTBep^KfleHHe BbiTexaeT H3 
jieMMbi 3.5.4. 

IlPEflJlOKEHHE 3.5.12 OpmoHopMupoeaHHUu 6a,3uc eecoeux eenmopoe mb- 
AMemcM cneVfUaAbHMM, ecAU u moAhKO ecAU 3am ecex w G 

F! nL F* nL - 1 ■■■F mi v(uj) 

V — = 

WU1 

F m LF ra L -, . . . p m t , x 

*L lL-1 H V / 

IlPEflJlOKEHHE 3.5.13 MampuuHux SAeMenmoe cjjyHdaMeHmaAbHux 

npedcmaeAenuu e cnei^uaAtnux 6a3ucax UMeem Mecmo CAedyiou^ee coomno- 
menue: 



C( r .uJ \ _ (_-t \l{W-l(W " [H-A,p -W UJ /o pr i r\ 

(C^Y = (-l) ,( " /) - ,( " , " ) 9 <A -"" >) c:X._^ , (3.5.16) 



-WW, — W"LU 

zde w', w" G S VK . a p noAycyMMa noAootcumeAbnux Kopueu. 
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,ZJoKa3aTejibCTBO. IlycTb 7r^, tt- Wo u - (pyHflaMeHTajibHbie npeflCTaBjie- 
HH5i ajire6pt»i U q g, OTBe^aiomHe U q Q-MopyjinM L(u), L(—wquJ) coc-TBeTCTBeH- 

HO. PaCCMOTpHM HHBOJIIOTHBHblH aHTHJIHHeftHblft aHTHaBTOMOp(pH3M T ajire6pbl 

U q Q h npeflCTaBjieHne 7r^ 9toh ajire6pbi b L(uj), onncaHHbie b nyHKTe 3.2.3, r^e 
noKa3aHO, mto cymecTByeT h eflHHCTBeH yHHTapHbiii onepaTop 

U : L(uJ) -> L(-w Q u), U:v*^ vlg* 3 , 

ocymecTBji5nom,HH 9KBHBajieHTHOCTb npeflCTaBjieHHii 7r^ h tt- Wo zj. H3 npefljio- 
>KeHH5i 3.5.12 h H3 onpe,o,ejieHH5i hhbojhod,hh r BbiTexaeT paBeHCTBO 

OcTaeTca Bocnojib30BaTbC5i npefljico-KeHiieM 3.2.12. □ 

B saKjiiOTeHHe paccMOTpHM Ba>KHbift nacTHbiii cjiy^aft (pyHflaMeHTajibHoro 
Beca uJ, KOTopoMy OTBe^aeT npocToft xopeHb, BxoflflmHft b pa3Jio>KeHHe CTap- 
niero KopHa c KogcpcpHuneHTOM 1. KpoMe Toro, orpaHHMHMca ajire6paMH JIh c 

KOpH5IMH paBHOH flJIHHbl (cepH5IMH A, D, E) . B 9THX npe,0,nOJIO5KeHH5IX CJ 5TBJI5T- 

eTca MHKpoBecoM, to ecTb Bee Beca U q Q-MOj\yjiK L(uJ) jie>KaT Ha ero VF-op6nTe 
[14, CTp. 164]. PaBeHCTBa (3.5.15), (3.5.16) npnHHMaiOT cjieflyionpift bha 

S(c%,) = (-q)^ c'_;%, X^e WW, (3.5.17) 
K,T = (-q) iX -^ A, /z G IVoJ, (3.5.18) 

nocKOjibKy H3 l(siw) = /(if) + 1, s^w; G S VK cjie-flye-T, hto 

(Sj WCJ — WU, p) = — ^ttj, ^^^j^ = — 1. 

3.5.4 KaHOHHHecKoe BjicxaceHiie C[p~] g C[X^] 9)t . Ilo-npejKHeMy 
npeflnojiaraeM, mto S = {1,2,...,/}\{/q}, h mto npocToft KopeHb cty bxoaht 
b pa3Jio>KeHHe CTapniero KopHH c K09(p(pHnHeHTOM 1. BBefleM b paccMOTpeHHe 
(pyHflaMeHTajibHbift Bee 

u h = -w Ui 

h OTBe^aiomee eMy (pyHflaMeHTajibHoe npeflCTaBjieHHe tt^ ajire6pbi U q Q b BeK- 
tophom npocTpaHCTBe L(ZJi 1 ). 
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Bocnojib3yeMC5T cneipiajihHhiM 6a3HCOM b L(piJ n o6o3HaneHH5iMH fljra 
MaTpHMHbix sjieMeHTOB npeflCTaBjieHHft ajire6pbi U q Q, BBefleHHbiMH b nyHKTe 
3.2.2. PaccMOTpHM cjieflyiomnn MaTpnnHbin sjieivieHT npe-flCTaBjieHnn n^: 



H3 cjieflCTBHH 3.2.9 BbiTexaeT 

riPEflJIO>KEHHE 3.5.14 1. tt* = t*t, 

2. Ilycmb A G P + u A, fi - eeca L(A). Mampuunue SAeMenmu C\f^k 
aA2e6pu C[G]g K6a3UK0MMymupywm ct, t*. Hmchho, 

tC \,j;»,k - COnSt l 1 C \,j;n,k - COnSt 2 , 

2^e consti, const2 G (p z saeucMm om A, X, [i, q u s - nopsidon spynnu P/Q. 

IlycTb x = tt* = t*t. 

Cjie^ctbhe 3.5.15 Ecau A e P+ u X, /i - eeca L(A), mo 

x ^rlk = const c x^lk x , ( 3 - 5 - 20 ) 
zde hucao const 3aeucum om A, X, fi, q u npunadAecncum q^ z . 

MyjIbTHnjIHKaTHBHOe nOflMHOJKCCTBO X Z+ 5IBJI5ieTC5I MHO>KeCTBOM Ops, CM. 

(3.5.20). IlycTb C[G]q jX - jiOKajiH3aii,H5i ajire6pbi C[G] g no STOMy MyjibTnnjin- 
KaTHBHOMy noflMHOJKecTBy H3 npefljiojKeHHn 3.2.7 cjieflyeT, mto C[G] g 
C[G] q , x . 

riPEflJ10>KEHHE 3.5.16 1. Cym,ecmeyem u eduHcmeeHHO npodoAQtcenue 
cmpynmypu U q Q-ModyAtHou aAze6pu c < C[G] q ua C[G] qjX . 

2. JJam ak)6ux £ G U q g, f G C[G] q jX cyw^ecmeyem u eduHcmeen manou no- 
auhom Jlopana pf£ odnou nepeMennou c KOdqjqjui^ueHmaMU U3 C[G] q ^ x , 
umo 

i{f-x n )=p f ^)x n (3.5.21) 

npu ecex n G Z. 
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,ZJoKa3aTejTbCTBO. Ha^HeM co BToporo yTBep:>K,z],eHH5i. Hcnojib3y5i to, mto 
C[G] g 5iBji5ieTC5i UqQ-MopjjibRom ajire6poft, HeTpyznro cbccth o6hthh cjiy^aft 



£ G U q g k ^acTHOMy cjiy^aK) £ G {K- , Ej, Fj\j = 1, 2, ...,/}. B stom ^acTHOM 
cjiynae cymecTBOBaHne nojiHHOMa JlopaHa pj£ BbiTexaeT H3 cjieflCTBM 3.5.15 



H 



aBHoro BHfla sjieivteHTOB A(i^ ±1 ), A(Ej), A(Fj), cm. (3.1.6). OcTajibHbie 



j 



yTBep^KfleHHs npefljicoKeHHsr 3.5.16 flOKa3biBaK)TC5i tohho Tax >Ke, xax coc-TBeT- 
CTByiomHe yTBep>KfleHH5i npefljicoKeHHsr 2.7.2. □ 

riojiynaeM xoponio H3BecTHoe yTBep>KfleHHe. 

CJlEflCTBHE 3.5.17 MyAhmunAUKamuGHoe nodMHOotcecmeo t z+ SAeMewmoe 
aA2e6pu < C[G] q .HGAMemcM MHODtcecmeoM Ops, aAze6pa C[G] g eKAadueaemcM e 
AonaAusai^uK) l C[G\ q ^, u cmpyKmypa U q Q-ModyAt>Hou aA2e6pu eduncmeeHHUM 
o6pa,30M npodoADtcaemcM c < C[G] q na <C[G] q j- 

3AMEHAHHE 3.5.18 /Jpyroii noflxofl k flOKa3aTejibCTBy Toro, hto CTpyKTypa 
U q Q-MOffyjibHOvt ajire6pbi flonycKaeT npoflOji>KeHHe Ha jiOKajiH3au,HK), onncaH b 
pa6oTax B. JlyHua h A. Po3eH6epra [254], [253]. 

BBefleM b paccMOTpeHHe MaTpHMHbift sjieMeHT 

t' = (§i . (3.5.22) 

(pyHflaMeHTajibHoro npeflCTaBjieHHH ajire6pbi U q g b cneniiajibHOM 6a3Hce 
BeKTopHoro npocTpaHCTBa L(ZU^). Otmcthm, hto Beca — ZU; , — cJ/ + ai npn- 
Hafljie>KaT VF-op6nTe CTapniero Beca cJi 17 h, cjie-flOBaTejibHO, sjieMeHTbi t, t' He 
3aBHC5iT ot Bbi6opa cneu,HajibHoro 6a3nca. 

H3 onpeflejieHHii cjie^yeT, hto npn Bcex j G {1, 2, • • • ,/} 



F jt = 0, Kf 1 t=n lt ' J " /0 ' E j t=r i (3.5.23) 

[0, j^l . 

IlPE/yiOKEHHE 3.5.19 Omo6pacHceHue i : z\ ow i— > t~H' eduHcmeeHHUM o6pa- 
30M npodoAotcaemcM do eAoatcenuM U q Q-ModyAtHux aAse6p 

i : C[p~] q C[G] ?>a . (3.5.24) 
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,HoKa3aTejibCTBO. PaccMaTpnBaeMaa napa (g, t) aBjiaeTca spmhtobo- 
CHMMeTpHMecKoft. SiiaMHT, eflHHCTBeHHOCTt. roMOMop(pH3Ma (3.5.24) cjieflyeT 
H3 npocTOTbi Uqt-MOffyjiR ^[p~] q ,i (cm. nyHKT 3.3.2) h H3 npefljio>KeHH5i 3.3.32, 
corjiacHO KOTopoMy noflnpocTpaHCTBO C[p~] gj i nopo>KflaeT ajire6py c eflHmmeft 

riepeftfleM k flOKa3aTejibCTBy cymecTBOBamifl roMOMopcpH3Ma (3.5.24). 
PaccMOTpHM U q Q-MOR~yjib WoUqQ, flBoiicTBeHHbiH U q Q-Mop,yjib (woU q g)* h ero 
HaH6ojibniHii BecoBoii noflMOflyjib F C (woU q g)*, cocto5hu,hh H3 U q b~ -Kone^Hbix 
ajieMeHTOB. 3flecb, xax o6biMHO, U q b~ - noflajire6pa Xoncpa, nopo^KfleHHaa sjie- 
MeHTaMH MHO^KecTBa {Kf, Fj}j=i 2 ••• i- HHa^e roBopa, F = (J) Fa, 

^x = {f e(woU q QT\ dim(U q b-f)<oo, Hif = X(Hi)f, i = l,...,l}. 

JlnHeiiHoe noflMHoroo6pa3ne C[G] g njiOTHO bFb cjia6oii TonojiornH. Hcnojib- 
3ya (3.5.12), HeTpyflHO flOKa3aTb, mto CTpyKTypa L^-MOflyjibHoii ajire6pbi flo- 
nycxaeT npoflOji^KeHne no HenpepbiBHOCTH c C[G] g na F. /JeiicTBHTejibHO, 

{U, wqT]) = (/, wotf), £, rj e U q g, /, /i, f 2 e F. 

3flecb i?FF - JiHHeiiHbiH onepaTop b F F, onpeflejiaeMbiii fleiicTBHeM yHHBep- 
cajibHoii R-MaTpnubi. 

KaK OTMenajiocb npn flOKa3aTejibCTBe eflHHCTBeHHOCTH roMOMopcpH3Ma 
(3.5.24), ajieMeHT z\ ow nopo>KflaeT t/^-MOflyjihHyio ajire6py Cfp - ]^. 3HanHT, 
cym,ecTBOBaHHe Bji(»KeHH5T (3.5.24) 6yfleT flOKa3aHO, ecjin yzjacTCA nocTpoHTb 
TaKHe Bjio»:eHH5i U q Q-MOffyjibRbix ajire6p 

ii : C[G] g , t — F, z 2 :C[p-] g — F, 

HTO il(t~H') = l2(z\ow)- 

IlocTpoHM Bjio>KeHHe z'i, npoflOJi^KHB ecTecTBeHHoe cnapHBaHHe C[G] q x 
woU q Q — > C flo cnapHBaHHH CfG]^ x woU q Q — > C. B KjiaccimecKOM cjiynae 
(? = 1 Taxoe npoflOJi>KeHHe bo3mo>kho 6jiaroflap5i TOMy, hto wo npHHafljie^KHT 
o6jiacTH t ^ 0, b KOTopoii peryjiapHbi Bee (pyHKUHH H3 CfG]^. B KBaHTOBOM 
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cjiy^ae 6yfleT Hcnojib30BaHO to, mto 

(t,w ) ^0, (3.5.25) 

Kax cjieflyeT H3 (3.5.9). 

IlycTb / G C[G] 9j a - BecoBoft BeKTop Beca A G P h c&(/) = (ft k ,wo). 
Hcnojib3y5i paBeHCTBa 

(3.5.23), (3.1.23), (3.1.25), HeTpynHO flOKa3aTb, mto MHCJiOBa^ nocjieflOBaTejib- 
HOCTb {cfe(/)}, A: G Z+, 5iBji5ieTC5i pemeHHeM pa3HOCTHoro ypaBHeHHH nepBoro 

nop5IflKa C K09(J)(pHLI,HeHTaMH, He 3aBHC5HU,HMH OT /. HMeHHO, 

Ck(f) = ^-(fc-l)+const 2 .A . ^ wo)c k -!(t), k € N. 

H3 (3.5.25) cjieflyeT, hto Ka»:floe penieHHe 9Toro ypaBHeHM eflHHCTBeHHbiM 
o6pa30M npoflOJi>KaeTC5i ,0,0 ero penieHHa {c^}, onpeflejieHHoro npn Bcex k G Z. 
riojiynaeM "ecTecTBeHHoe" npoflOJi»:eHHe jiHHeftHoro (pyHKD,HOHajia / 1— > (/, wo) 
c C[G] g na C[G] g , t . 

H3 npefljio^KeHHH 3.5.16 cjie^yeT, hto noflajire6pa CfG]^ C C[G] gjX stbjm- 
eTCH [/ g 0-MOflyjibHoii. BBefleM b paccMOTpemie cnapHBamie 

C[G] q , t x w U q g -+ C, / x w e >-> (£/, ^0} (3.5.26) 

h OTBeMaiomHii eMy MopcpH3M t/gg-MOflyjieft 

ii : C[G] g , t - (woC^fl)*, </,•)• 

^OKa>KeM HHTjeKTHBHOCTb z'l. H3 o6paTHMOCTH 9JieMeHTa Wq G C[G]* cjieflyeT, 

mto jnmeiffloe noflMHoroo6pa3ne WoU q g njiOTHO b C[G]* b cjia6oii Tonojiorira. 
3HaMHT, Ker^i fi C[G] g = 0. OcTaeTca 3aMeTHTb, mto H3 i\{f) = cjie^yeT 
paBeHCTBO i\(f ■ t J ) =0 npn Bcex j G N, nocKOjibKy 

(/ • t^WoO = {R C [G] q ,C[G] q ,A(0{f ® #0 ® Wo) • 
OTMeTHM, MTO ZlC[G] 9) f C F, nOCKOJIbKy Zi 5IBJI5ieTC5T MOp(|)H3MOM ?7gfl- 

MOflyjieii h Bee sjieMeHTbi / G C[G] g ^ 5ibji5hotc5t L^b^-KOHe^HbiMH. 17 

17 Ilocjie,i];Hee yTBepjKfleHiie flocTaTOHHO floxasaTb ajih / £ C[G] g h / = Ho C[G] 9 = EndL(A), a 

AGP+ 

dim(£/ 9 b~ • t -1 ) = 1, Kax cneflyeT H3 (3.5.23) 
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^OKa>KeM, mto nojiy^eHHoe Bjio>KeHHe i\ : C[G] q f F aBjiaeTca tomo- 
mop4)H3mom airrc6p. ^ocTaTOMHO noKa3aTb, mto fljifl Ka^Kfloft napbi Becc-Bbix 
BeKTopoB /i, fi G C[Cr] g cjieflyiomee paBeHCTBO 

<(/i • t k )(f2 ■ t k ), w ) = (R c[ GUC[G]Jh -t k ®h- ® wo) (3-5.27) 

HMeeT MecTO npn Bcex k G Z. TaK KaK nocjie-flOBaTejibHOCTH MHceji b o6enx na- 

CT5IX paBeHCTBa 3.5.27 5TBJI5TIOTC5I JIHHeilHblMH KOM6HHaiJ,H5IMH nocjieflOBaTejib- 

HOCTeii BHfla q ak2+bk } a , b G Q, to flocTaTOMHO flOKa3aTb (3.5.27) npn Gojibirrax 
k. HanpHMep, mo>kho orpaHHMHTbca MacTHbiM cjiy^aeM /i, _/*2 £ B stom 

cjiy^ae (3.5.27) cjie^yeT H3 (3.5.12). 

Bjio^KeHne t/ g 0-MOflyjibHbix ajire6p i\ nocTpoeHO. riepeiifleM k nocTpoeHHio 
BJio»:eHH5i %2- IlycTb %2 '■ C[p~]q — > (w^o^fl)* ~~ JiHHeftHbift onepaTop, conp5i>KeH- 

Hblft K 

J : w U qQ -> iV(q + , 0), J : ^ >-> S(£Mq + , 0). 

H3 onpeflejieHHii cjie^yeT, mto ^ aBjiaeTca HHTjeKTHBHbiM MopcpH3MOM U q Q- 
MOflyjieft. SHa^HT, ^ : ^[p ]? ^ F, nocKOJibKy U q Q-MOffyjib C[p~] q 5iBji5ieTC5i 

JIOKaJIbHO t/gb _ -KOHGHHOMGpHblM. 

H3 (3.1.23) h H3 Toro, mto f(q + , 0) hbjihgtch CTapniHM bgktopom HyjiGBoro 

BGCa, CJIGflyiOT paBGHCTBa 

<«/i/2), ^(q + , 0)} = (A(0(fi ® / 2 ),^(q + , 0) *,(q + , 0)} = 

= (Rc[p-] q c[p-]MOih ® / 2 ), ^(q + , 0) (8) v(q+ 0)} = 

= (i2EFA(0(*2(/l)®t2(/2)),«;®«?> = («*2(/l)*2(/2),W>, 

rflG /1, /2 G Cfp - ]^, £ G 3HaMHT, ^ aBjiaGTca roMOMopcpH3MOM ajire6p. 

rioKa>KeM, mto sjieMeHT i\{t~ t') npnHafljie>KHT Z2C[p~]q. /JocTaTOHHO 
flOKa3aTb opToroHajibHOCTb BeKTopa i\{t~ t') h noflnpocTpaHCTBa KerJ = 
Wo(U q q + )o, rfle (U q q + )o = U q q + DKei e, a £ - KoeflHHHija ajire6pbi Xoncpa 
U q q + . PaccMOTpHM "peryji5ipHoe" npeflCTaBjiemie L reg ajire6pbi U q g op b npo- 
CTpaHCTBG C[G]q, cm. nyHKT 3.2.1. Tax me, KaK npn flOKa3aTejibCTBe npefljio- 
menmsi 3.5.16, npoflOJLacHM onepaTopbi L reg (^) Ha C[G]^. TeM caMbiM C[G]^ 
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HaflejiaeTca CTpyKTypoii U q Q op -MORyjifi. Ecjih £ G (t/ g q + )o, to sjieMeHT r] = 
u>o • £ • (^o) ajire6pbi (C[G] g )* npimafljieiKHT noflajire6pe h HMeeT MecTO 

paBeHCTBO 

L vcg {j]){r l t ! ) = 0. (3.5.28) 

/JeiicTBHTejibHO, npn flOKa3aTejibCTBe SToro paBeHCTBa ajieivteHT £ mo>kho chh- 
TaTb oflHopoflHbiM nojio^KHTejibHoii CTeneHH. HaflejiHM U q Q op -MOffyjib V = 
{L Teg (()(t~H')\( G U q Q op } rpaflynpoBKoii, OTBenaiomeH noflMHCxacecTBy Si = 
{1, 2, • • • , HeTpyflHO noKa3aTb, hto sjieivieHT L Teg (rj)(t~H') G V HMeeT 

HeflonycTHMyio CTeneHb oflHopoflHOCTH h, cjieflOBaTejibHO, paBeH Hyjiio. 
H3 (3.5.28) BbiTexaeT Tpe6yeMaa opToroHajibHOCTb. 

,ZJoKa3aTejibCTBO npefljicxaceHHsi 3.5.19 6yfleT 3aBepnieHO, ecjin flOKa3aTb, 
hto sjieMeHT z, fljifl KOToporo i\(t~H') = 22(2), paBeH z\ ow . HanoMHHM, hto 
§={1,2,...,/}\{/q},h hto U q Q-MORynb <C[G] q j HBjiHeTca BecoBbiM. CjieflOBa- 
TejibHO, KoppeKTHO onpeflejieH jiHHeftHbift onepaTop H§ b C[G] q: t- H3 paBeHCTB 

H s t = -u k (H s )t, Fjt = 0, J = 1,2,... ,/, 
ifs* 7 = (-uJ lo (H s ) + a lo (H E ))t', Fjt = 0, fo, 

cjieflyeT, hto 

H s (rH') = 2rH', F j (r 1 t') = o, j^i . 

3HaMHT, sjieMeHT z G C[p _ ] g , fljia KOToporo ii(t~H') = 12(2), aBjiaeTca Mjiafl- 
niHM BeKTopoM U q l-MOj\yji5{ C[p~] g) i. Kax noKa3biBaK)T Hecjio>KHbie BbiHncjie- 

HHH, 

t' = q}E k t, (3.5.29) 

Fi (t~ l t') = g^. CjieflOBaTejibHO, F k (z) = g^ 2 , h paBeHCTBO 2 = zi ow BbiTexaeT 
H3 jieMMbi 3.4.20. □ 

IlojiyHeHHoe Bjicc-KeHiie i : C[p _ ]q CfGr]^ 6yn,eM Ha3biBaTb KaHOHH^e- 

CKHM. 

IlPEflJlOKEHHE 3.5.20 06pa30M ajiee6pu C[p~] q npu kclhohuhcckom ejiootce- 
huu e C[G]q yX MOAMemcM nodaAse6pa, nopocHcdeunaM, MHoatcecmeoM {t~ x c^ 1 A } ; 
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zde c^ 1 A ajieMenmu "cmapuieu" cmpoKU Mampu%u cfjyHdaMeHmaji'bHozo 
npedcmaejienuM tt^ . 

,ZJoKa3aTejibCTBO. IlycTb T C C[G] q ^ x - noflajire6pa, nopco-KfleHHafl 
9jieMeHTaMH {t -1 ^ 1 A }. H3 onpe-flejieHHft cjie-flyeT, mto OHa HBji5ieTC5i U q g- 
MOflyjibHoft noflajire6poii. 

^OKa^ceM, mto zC[p~] g = T . Ilpe>Kfle Bcero, zC[p~] g C J 7 , nocKOJib- 
Ky i(z\ ow ) G T h, cjieflOBaTejibHO, zC[p _ ] g) i C T. 06paTHoe BKjiioHeHHe 
iC[p~] g D T HeTpyflHO ycTaHOBHTb, Hcnojib3y5i to, mto jiHHeiiHaa o6ojiOMKa 
C MHOJKecTBa {c^ 1 A } coBnaflaeT c U q b + • t, nocKOjibKy sjieMeHT t aBjiaeTca 

MJiaflLUHM BeKTOpOM U q Q-MOffyjlSl C « L(pi ). □ 

3AMEMAHHE 3.5.21 Hcnojib3y5i KaHOHH^ecKoe BjicoKemie h H3BecTHyio Teope- 
My Xya-IIlMHfla (cm., HanpHMep, nyHKT 3.5.9), He-TpynHO noxasaTb, mto 

dimHom^(L(«, \),L(ju k )) < 1 

npn Bcex A G Ff, j G N. 

IlycTb C[XgT] g C C[G]g- HaHMeHbinaa U q Q-MOffyjibH&si noflajire6pa, co- 
flepjKamafl sjigmght t, a C[X^] g C C[G] 9 - HaHMeHbinaa U q g-Mopyjibna^ no- 
flajire6pa, coflepjKamaa sjieMeHT t*. /JpyrHMH cjiOBaMH, noflajire6pa C[X^"] g 



OnpeflejieHHe KopeKTHO, nocKOJibKy 9Ty rpaflynpoBKy mcg-kho 3a^aTb no- 
flpyroMy, c noMom,bio jiHHeftHoro onepaTopa L reg (i^§ 1 ). HivieHHO, degf = j, 
eCJIH H TOJIbKO ecjiH L reg (i7§ 1 )/ = jf- 

H3 nojiyMeHHbix pe3yjibraTOB BbiTexaiOT cjieflyromne H3BecTHbie b TeopnH 
KBaHTOBbix rpynn yTBep^Kflemifl. 

Bo-nepBbix, MyjibTHiuiHKaTHBHoe noflMHCxacecTBO £ z+ ajire6pbi CfXgT^ 5ib- 
jiaeTca MHO>KecTBOM Ops, h 9Ta ajire6pa ecTecTBeHHO BKjiaflbiBaeTca b cbok) 



nopo>KfleHa MaTpn^HbiMH sjieMeHTaMH 
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jiOKajiH3au,HK): CfXgTj^ C[Xg Bo-BTopbix, noflajire6pa C[XgT] g aBjiaeT- 
UqQ-MOffyjibROR. B-TpeTbHx, CTpyKTypa U q Q-MOffyjibHOR ajire6pbi flonycxaeT 
npoflOji>KeHHe c CfXg"]^ Ha CfXgT]^, h Taxoe npoflOji^KeHne eflHHCTBeHHO. 

C noMombio npefljio»:eHH5i 3.5.19 nojrynaeM 

CJlEflCTBHE 3.5.22 Omo6pacHceHue i : z\ ow i— > t~ l t' edimcmeeHHUM o6pa30M 
npodoAotcaemcM do eAootcenuM U q g-ModyjibHux aji2e6p i : C[p~] q C[X^] g ^. 

3AMEHAHHE 3.5.23 AHajiorHHHO mo^kho HaflejiHTb jiOKajiH3au,Hio C[Xg ] q j+ 
ajire6pbi C[Xg~] g no MyjibTnnjiHKaTHBHOMy MHO>KecTBy (£*) z+ CTpyKTypoii U q Q- 
MOflyjibHoii ajire6pbi h nojiy^HTb Bjio»:eHHe C[p + ] g C[Xg ] q j*- 

06paTHMC5i k KjiaccnnecKOMy cjiynaio q = 1. Byzje-T Hcnojib30BaH H30- 
Mop(pH3M Ug-MopyjiefL L(aJ^)* « L(aJ/ ). PaccMOTpHM KOHyc XgT C L(uJi ) } 
nopo>KfleHHbiH G-op6HToft CTapniero BecoBoro BeKTopa f(^ ) G L(uJi ). Ero 
npoeKTHBH3au,H5i o6cy>Kflajiacb b nyHKTe 3.2.1. OHa 5iBji5ieTC5i oflHopoflHbiM 
npocTpaHCTBOM rpynnbi G, a CTa6njiH3aTop tohkh Ci>(oJ; ) - CTaHflapTHoii na- 
pa6ojiHHecKoii noflrpynnoii [84, CTp. 291]. 

HaMH nojiyneH KBaHTOBbiii aHajior Bjio>KeHH5i p~ b sto oflHopoflHoe npo- 
CTpaHCTBO, Ha3biBaeMoe o6o6meHHbiM npocTpaHCTBOM (pjiaroB. B KjiaccHne- 
ckom cjiynae q = 1 Taxoe Bjio^KeHne xoponio H3BecTHO h ninpoKO ncnojib3yeTC5i 
[321, CTp. 34, 35]. B nacTHOM cjiynae = sIn 6jih3khh pe3yjibTaT nojiyneH 
Onope3H b CTaTbe [159]. 

3.5.5 *-Ajire6pa (C[X§] g , *). PaccMOTpHM HaHMeHbiuyio yHHTajib- 
Hyio U q Q-MOffyjibnyK> noflajire6py C[X§] g C C[G] g , coflep^Kamyio 3JieMeHTbi 
t, t*. 

H3BecTHO [322, CTp. 480], hto C[X§] g aBjiaeTca mho^kcctbom Tex / 6 

C[Gr] g , flJIfl KOTOpbIx| 

L ieg (Ej)f = L rcg (F,)/ = L Icg (Kf - l)f = 0, W- 
ITphmep 3.5.24 Ecjih q = s[ 2 , to 

C[X § ], = C[SL 2 ] ? . 
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riPEflJlOKEHHE 3.5.25 Cymecmeyem u eduHcmeeHHa manasi amnuAUHeu- 
HdM uneoAtoi^UM * e C[X§] g; nmo (C[X§] g , *) MdAMemcM (U q g, *)-ModyjibHou 
*-aAse6pou ut* = t k . 

^OKa3aTejibCTBO. EflHHCTBeHHOCTb Tpe6yeMoft hhbojiioli,hh OMeBHflHa. 
Ee cym,ecTBOBaHHe 6yfleT fl0Ka3aH0, ecjin yflacTca HaflejiHTb C[G] ? TaKoft 
CTpyKTypoii (U q g, *)-MOflyjibHoii ajire6pbi, mto t* = t*. Bocnojib3yeMC5i ecTe- 

CTBeHHblMH BJICOK6HH5TMH U q Q C[Gr]*, W()U q Q C[Gr]*. H3 o6paTHMO- 

cth sjieMeHTa u^o cjie^yeT, mto o6pa3 woU q g npn stom BjicoKeHHH njiOTeH b 
C[G]* = x EndL(A) b Tonojiornn np^Moro npoH3BefleHHH. Cjie-flOBaTejibHO, 

KaHOHH^ecKoe cnapHBaHHe (•, •} 

C[G] q x w U q Q -> C 

HeBbipo^KfleHO. IIpepBeM flOKa3aTejibCTBO npefljicoKeHM 3.5.25 fljra Toro, mtoGm 
nojiy^HTb pflfl BcnoMoraTejibHbix pe3yjibTaTOB. 

JlEMMA 3.5.26 Cyu^ecmeyem u eduncmeeHHO maKoe anmuAUHeuHoe omo6pa- 
Qtcenue * e C[G\ q , umo 

(r,woO = (f,wo(S(OY) (3.5.30) 
npu ecex f G C[G] q , £ G U q Q. 

^OKa3aTejlbCTBO. EflHHCTBeHHOCTb 0T06pa>KeHH5I * OMeBHflHa. ^OKa- 

meM ero cymecTBOBaHHe c noMombio hhbojiioli,hh ft b ajire6pe Xon(pa CfGojq 
(cm. nyHKT 3.5.1). ElycTb, KaK h npe^K^e, L reg - 9to npeflCTaBjieHHe ajire6pbi 
U q g op b npocTpaHCTBe C[G] 9 , onpeflejiHeMoe paBeHCTBOM 

(W0/)M = / G C[G] g , ^ G 

3to npeflCTaBjieHne flonycxaeT npoflOji^KeHne no HenpepbiBHOCTH flo npeflCTaB- 
jieHHa L reg ajire6pbi C[G]* op . H3 cpaBHeHM (3.5.30) c (3.5.1) cjie^yeT, mto npn 

Bcex / G C[G} q , £ G U q Q 
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SHctHHT, 

^reg(^o) • * = tt • L Teg (w ). (3.5.31) 

HaKOHeu,, 

/* = L^w, 1 ) (L reg (w )ff . (3.5.32) 
IlocjieflHee paBeHCTBO flocTaBjiaeT aHTHjiHHeiiHbiH onepaTop c Hy^KHbiMH cboh- 

CTBaMH. □ 

^OKajKCM, hto * 5iBji5ieTC5i HHBOJnou,Heft ajire6pbi C[Gr] g . 

JlEMMA 3.5.27 1. /** = / djiM ecex f G C[G] q . 
2- (/1/2)* = /|/r ^ ecerr /i, / 2 G C[G],. 

,ZJoKa3aTejTbCTBO. KsaflpaT aHTHjraHeftHoro onepaTopa *S : U q Q —> U q Q 
aBjiaeTca TO^KflecTBeHHbiM OToGpa^KeHHeM. OTCiofla cjieflyeT nepBoe H3 flOKa- 
3biBaeMbix yTBep^KfleHHii: 

npn Bcex / G C[G] q , £ G t/^fl. 

^OKa>KeM BTopoe yTBep^Kflemie. CTporo roBopa, b npHBC-fleHHOM HiDKe flo- 
Ka3aTejibCTBe cjie-flOBajio 6bi 3aMeHHTb yHHBepcajibHyio R-MaTpniry onpefleji5i- 
eMbiM eio onepaTopoM Rc[G} q c[G} q - Ho sto npHBejio 6bi k noTepe HarjiaflHOCTH. 
Bocnojib3yeMC5i CBoftcTBaMH OTo6pa»:eHH5i *S, BbiTeKaioiHHMH H3 paBeHCTB 

A(5(fl) = (5 ® 5) A c °p(0, A(f ) = (A®)*®*, 
S®S(R) = R, R*®* = R 21 , 

rzje i?2i OTjiH^aeTCH ot nepecTaHOBKoft TeH3opHbix coMHCc-KHTejieft (nocjiefl- 
Hee paBeHCTBO cneflyeT H3 xoponio H3BecTHbix cbohctb yHHBepcajibHoft R- 
MaTpni],bi; cm., HanpHMep, npefljioxeHHe 2.3.1 b [237]). 

RjISl JII06bIX /l, f 2 G C[G]g, £ G C/gfl 



((/1/2)* , «7o« = (/1/2, «?o(5(0)*> = (/1 ® / 2 , (wo ® «;o)i2A(5(0)*>; 
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</ 2 7r, woo = (f 2 ® /r, (^o ® ^o)^a(o) = 

= (/ 2 ® /i, Wo ® ^o)(*5' ® *5)(i?A(0)> = 
= </ 2 ® /i, (#0 ® ^o))i?2iA-p((5(0)*)) = 

= (/i<8»/ 2 ,(w;o«»w;o))i2A((5(0)*)>. 

3 H aMHT, ((/i/ 2 )*, = , ^oO npn Bcex / b / 2 G C[G%, £ G U q Q. □ 

PaccMOTpHM *-ajire6py C[woGo] q = (C[G] g , *). OHa aBjiaeTca q- 
aHajioroM ajire6pbi CfiuoGo] peryjiapHbix (pyHKunii Ha BemecTBeHHOM acpcpHH- 
hom ajireGpaHHecKOM MHoroo6pa3HH wqGq, r^e Go - HeKOMnaKTHa^ BemecTBeH- 
Ha5i (popMa rpynnbi G. 

ElPHMEP 3.5.28 Ecjih g = sk, to (a, a) = 2, (u,u) = \, (H,H) = 2. C no- 
Mombio (3.5.3) HaxoflHM HBHbift bh^ ajieMeHTa wq b cpyHflaMeHTajibHOM npefl- 
CTaBjieHHH W ajire6pbi CfST^]*: 

3HaHHT, 

^reg(^o)^ll ^rcg(^o)^12 \ _ _i/ 4 / -l\ / tn t i2 
L rcg (w )t 2 l L rcg (w )t 2 2j y \£ 2 1 ^22 

Hcnojib3y5i (3.5.33), HeTpyznio y6eflHTbC5i b tom, hto hhbojiiouhh (2.7.5), 
(3.5.2) CB5T3aHbi paBeHCTBOM (3.5.31). HanpHMep, 

L reg (w )t* u = L Icg (w Q )(-t 2 2) = ~q~ h/ %2 = (~^2i) tt = (L rcg (w )t n y . 

3HaMHT, L reg (w )f* = (L TCg (w )f) npn f = t u . 

TaKHM o6pa30M, HOBoe onpeflejieHHe hhbojiiouhh * o6o6maeT npe>KHee ee 
onpeflejieHHe (2.7.5), npHMeHHMoe TOJibKO b nacTHOM ony^ae q = 5l 2 . 

JlEMMA 3.5.29 *-AAse6pa C[woGo] q MGAMemcM (U q Q, *)-Modyjit>Hou. 
,ZJoKa3aTejTbCTBO. IlpH scex / G C[G] q , £, rj G U q Q 

<(£/)*, tiori) = WWoJsW) = UWojswo-, 



(3.5.33) 
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morrow) = (r,w ri(s(or) = </,^;o(sMs(0)*))• 



= (/,«;o(5( J 7))*(5((5(0)*))*) = </,«;o(Sfa))*«. 
3HaMHT, npn Bcex / G C[G] 9 , ( E U q g 

(£/)* = (5(0)7*- □ 

riepeiifleM k flOKa3aTejibCTBy Toro, mto t* = t*. 
JlEMMA 3.5.30 

t* = const- c\^ lo . (3.5.34) 

,Z^OKa3aTejTbCTBO. PaccMOTpHM (pyHflaMeHTajibHoe npeflCTaBjiemie 7T/ 
ajire6pbi OTBenaiomee U q g-MopjjiK) L(uJ/ ), h flBoftcTBeHHoe npeflCTaBjie- 
HHe 7r* o . 3jieMeHTbi t* , ^ npHHafljie>KaT oflHOMy h TOMy >Ke BecoBOMy nofl- 
npocTpaHCTBy npocToro U q Q op (g) l^-MOflyjifl {/ G (C^fl)* | Ker / D Ker7r f * } C 

C[G] g . Ho 9TO nOflnpOCTpaHCTBO OflHOMepHO. □ 

JlEMMA 3.5.31 t* = t*. 

^OKa3aTejibCTBO. CorjiacHO (3.5.16), flocTaTOMHO flOKa3aTB, mto koh- 
CTaHTa b (3.5.34) paBHa (— q)^h +UJ i^P) . Ho (f*,wo) = (/, wq) npn Bcex 

/ G C[Cr] g . SHaMHT, flOCTaTOMHO flOKa3aTB paBeHCTBO 



^Il.-V »V = (-9) < ""-""'" ,) (c-S^V »o) . (3.5.35) 
Ho, Kax cjieflyeT H3 (3.5.10), paBeHCTBO (3.5.35) paBHOcnjibHO paBeHCTBy 



(41-^ m 1 ) = ("9) (C " (4,,-,,^ l ) , (3-5.36) 

rfle Mi - ajieMeHT HaHMeHbineii fljiHHbi b Kjiacce cm6>khocth woW§ 1 no noflrpyn- 
ne W§ 1 C W, nopo^KfleHHoii mho^kcctbom {sj \ j h}. 

ECJIH U h - UiU h = Y; n k®k, TO (p h ~ UiU h ,p) = ^2 U kdk, BOCKOJIbKy 

k k 
(ak,o3j) = djdjk- SHa^HT, ecjin u\ = s^s^ . . . Si M - npHBefleHHoe pa3Jio>KeHHe 

ajieMeHTa ui, to 

m 

(-g)K-«i*«i.P) = Y[(- qij ). 

3 = 1 
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H3 nocjieflHero paBeHCTBa h H3 onpe-flejieHira Wq cjieflyeT, mto (3.5.36) flocTa- 
tomho flOKa3aTb b npocTeftnieM nacTHOM cjiynae g = 5I2. OcTae-Tca Bocnojib30- 
BaTbCH paBeHCTBOM (3.5.1). □ 

ripefljio>KeHHe 3.5.25 BbiTexaeT H3 flOKa3aHHbix jieMM. □ 

B flajibHeiinieM 6yn,eT Hcnojib30BaTbC5i BCTpeTHBineeca b flOKa3aTejibCTBe 
jieMMbi 3.5.31 o6o3HaMeHne §1 = {1, 2, • • • , /} \ {h}. 

3AMEHAHHE 3.5.32 ^Jifl MaTpnHHbix sjieMeHTOB b cnennajibHOM 6a3Hce Bex- 
TopHoro npocTpaHCTBa L(cJi 1 ) HMee-T MecTO paBeHCTso 

(4;;,A)*=(-i) A(ffs ' )+ ^ (fls - , (%;:,A)*. 

B ^acTHOCTH, nojiara^ / = m + n — 1, Iq = n, g = s[ m+n , HaxoflHM HBHbift bha 
hhbojiioijhh * [312, CTp. 859]: 

% = sign (Ji - m - - n - 0) %. (3.5.37) 

3.5.6 KaHOHHHecKoe BjicxaceHiie *-ajire6pbi Pol(p _ )q. PaccMOT- 
pHM noflajire6py C[Xg]g )a; C C[G] qjX , nopco-KfleHHyio C[X§] g h sjieivieHTOM x~ l . 
OHa 5iBJi5ieTC5i jiOKajiH3au,Heft C[X§] g no MyjibTHnjiHKaTHBHOMy MHCG-KecTBy x Il+ . 

Hhbojik)li,h5i * eflHHCTBeHHbiM o6pa30M npoflOji>KaeTC5i c C[X§] g Ha 

C[X§] 9)X . HMeHHO, (x^ 1 )* = X^ 1 . B03HHKaK)LLI,a5I npH 9TOM t/gg-MOflyjIbHaST aji- 

re6pa c HHBOjiionHeH (C[X§] gjX , *) aBjiaeTca (U q g, *)-MO,o,yjihHoft, cm. npefljio- 
^KeHne 3.5.16. 

AHajiornHHO onpeflejraeTca (U q g, *)-MOflyjibHa5i ajire6pa 

C[w G ] q , x = (C[G] q , x ,*). 

TEOPEMA 3.5.33 1. Cyu^ecmeyem u eduHcmeen manou 20MOMopcf)U3M 
(U q g, *)-Modyjit>Hux aj\,ze6p T : Po^p - )^ — > C[X§] 9)X; npu KomopoM 

-L . Z\ ow 

2. roMOMop<fou3M T UH&eKmueeH. 
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,HoKa3aTeji£>CTBO. IlycTb C[X§] 9;i - noflajire6pa C[X§] 9jX , nopo^KfleHHaa 

C[Xg] g H SJieMeHTOM t -1 . 

H3 npefljio>KeHH5i 3.5.19 cjie-flyeT, mto OTo6pa>KeHHe z : z\ ow \—> t~ l t' 
eflHHCTBeHHMM o6pa30M npoflOJi»:aeTC5i flo Bjio»:eHH5i t/gg-MOflyjibHbix ajire6p 
z : C[p"] g C[X § ]^. 

KpoMe Toro, Pol(p~) g = (C[p~ © p + ], *), h yMHO>KeHHe 

m : C[p"] 9 (8) C[p + ] 9 -> C[p" p + ]„ m : /_ <8) /+ h-> /_/+, 

6neKTHBHO. 

3HaMHT, roMOMopcpH3M X eflHHCTBeH, h, ecjin oh cym,ecTByeT, to 

Af-U) = *(/-)(*(/+))*, /± € Cfir^. (3.5.38) 

riepeiifleM k flOKa3aTejibCTBy cymecTBOBaHM. PaccMOTpnM jiHHeiiHbiH 
onepaTop X : Pol(p~) g — > C[X§] 9)X , onpeflejieHHbiii paBeHCTBOM (3.5.38). Tax 
Kax Pol(p~) g h C[X§] 9;X HBJIHIOTC3 (t^g, *)-MOflyjibHbiMH ajire6paMH, to X - 
Mop(pH3M [/ g 0-MOflyjieii. OcTaeTCH flOKa3aTb, hto stot jiHHeHHbiii onepaTop 5ib- 
ji5ieTC5i roMOMop(pH3MOM ajire6p. 

Bocnojib3yeMC5i Bjio>KeHHeM C[X§] gjX C C[G]g )X . Kax cjieflyeT H3 onpefle- 

JieHHH yMHO>KeHH5I B C[p™ ©p + ] g , flOCTaTOMHO nojiy^HTb paBeHCTBO 

(lf+)(lf-) = mR m[p+]qmp - ]q (Zf+ ® (3.5.39) 

rfle / T G XC[p ± ] 9) ±i, am- yMBxmeHHe b C[G] q ^ x . Bmccto (3.5.39) 6yfleT no- 
jiyneHO 6ojiee o6mee paBeHCTBO 

q ck2 l(f + r k ■ t k ■ l(f-) = mR IC[G]qt ^ IC[G] Jl(f + )t* k t*J(/_)), (3.5.40) 

rfle k G Z, C[G] 9j t* = {/*| / G C[G] gji }, a c - painroHajihHoe hhcjio, 3aBHcain;ee 
ot /-,/+. Tax »:e, Kax b nyHKTe 3.5.4, flOKa3biBaeTC5i, mto nocjie-flHee paBeHCTBO 
flocTaTOHHO nojiy^HTb fljia 6ojibiiiHx k. To^Hee, ero flocTaTOHHO flOKa3aTb b 
npeflnojio>KeHHH 

l(f+)t* k G C{X+] q , l(f-)t k G C[X s ] q , (3.5.41) 

rfle C[Xg~] g , C[X^] g C C[X§] g - 3to [/gg-MOflyjibHbie noflajire6pbi, nopo^KfleH- 
Hbie 9JieMeHTaMH t, t* cootbotctbghho, cm. nyHKT 3.5.4. 
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OTMeTHM, HTO C[X+] q = (C[Xg } q )*. 

HaflejiHM C[X§] 9 rpaflynpoBKoii, nojiaran 

deg (%, x „) = 1, **{c\J)=-l. 
KoppeKTHOCTb SToro onpeflejieHHa flOKa3biBaeTC5i Tax >Ke, xax aHajiorHHHoe 
yTBep»:fleHHe b nyHKTe 3.5.4. B npeflnojio»:eHHH (3.5.41) paBeHCTso (3.5.40) 
cjieflyeT H3 paBeHCTBa 

q -^ + )^)m^)^_ = m R c[G]qmq ^ + ® </>_), (3.5.42) 

rfle ■0+ G C[Xg"] g ] g , ip_ G C[Xg ] g . B cboio onepeflb, (3.5.42) cjie^yeT H3 KOMMy- 
Tau,HOHHbix cooTHOineHHii (3.2.6), Kax HeTpyflHO noxaaaTb, Hcnojib3y5i (3.1.26), 
paBeHCTBa 

W*i"W+ = L ieg (Ej)^ =0, J = 1, 2, . . . , /, 
W#iW± = 0, j± l u (H s , H S ) = (H Sl , H Sl ) 
h onpeflejieHne rpaflynpoBKH b C[X§] 9 . 

Cym,ecTBOBaHHe h eflHHCTBeHHOCTb roMOMop(pH3Ma T flOKa3aHbi. OcTa- 
jiocb yGeflHTbca b tom, t ito oh HHTjeKTHBeH. Be3 npeflnojio^KeHHH o TpaHcneH- 

fleHTHOCTH q flOKa3aTb HITbeKTHBHOCTb rOMOMOp(J)H3Ma T HenpocTO. 9TOrO 

noTpe6yK)TC5i BcnoMoraTejibHbie pe3yjibTaTbi. 

Hani njiaH coctoht b nocTpoeHHH Taxoro npeflCTaBjieHHH T ajire6pbi 
C[G] q ^ X} hto OTBenaiomee eMy npeflCTaBjieHne Tol ajire6pbi C[p p + ] q hb- 

JI5ieTC5I TOHHblM. OTCIOfla 6yfleT CJieflOBaTb HITbeKTHBHOCTb X. 

IlpH nocTpoeHHH T Mbi 6yfleM oreflOBaTb onncaHHOMy b nyHKTe 3.2.5 aji- 
ropHTMy nocTpoeHHH *-npe,a,CTaBjieHHH ajire6pbi C[i^] g = (C[G] q ,*). HivreHHO, 
nycTb Wq - sjieMeHT HaHMeHbnieft fljiHHbi b Kjiacce CMe>KHOCTH W§ wq C W no 
noflrpynne W§, nopo>KfleHHon npocTbiMH OTpajKeHHHMH Sj, i Iq, cm. jieMMy 
3.2.30. Bbi6epeM npHBefleHHoe pa3jio>KeHHe 9Toro ajieMeHTa 

h paccMOTpHM HenpHBOflHMoe npeflCTaBjieHne *-ajire6pbi Xon(pa C[-K"] g b 
1 2 {1 + )® N 

n = n il <8>n i2 <8)--.<8)ni JV , 
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rfle 11^ - *-npeflCTaBJieHH5i ajire6pbi (C,[G] q ,-k) b / 2 (Z + ), onncaHHbie b nyHKTe 
3.2.5. H3 onpeflejieHHH npeflCTaBjieHHft 11^ h npeflCTaBjieHHH II cjieflyeT, hto 
onepaTopbi n(/), / G C[G] g , flonycKaiOT cy^KeHne Ha jiHHeimyio o6ojiOHKy £ 
ajieMeHTOB CTaHflapTHoro 6a3nca {e^ <8> £k 2 ® ' ' ' ® e k N } rnjib6epTOBa npocTpaH- 
CTBa / 2 (Z + )® . Kax H3BecTHO ([324, CTp. 314, 315]), ajieMeHTbi stoto 6a3nca 
5ibji5iiotc5i co6cTBeHHbiMH BeKTopaMH orpaHnneHHoro caMOConpa^KeHHoro KOM- 
naKTHoro jiHHeimoro onepaTopa H(x), h OTBenaioiHHe hm co6cTBeHHbie 3Hane- 
hhh nojio>KHTejibHbi. KpoMe Toro, CTapinee co6cTBeHHoe 3HaHeHne oflHOKpaTHO 
h OTBe^aeT co6cTBeHHOMy BeKTopy e = eo (g) eo ® • • • <S> Go- B nacTHOCTH, jiHHeft- 
Hbift onepaTop |^ b npeflrnjibGepTOBOM npocTpaHCTBe £ o6paTHM. SHaHHT, 
npeflCTaBJieHne II |^ ajire6pbi C[G] g b stom npeflrHjib6epTOBOM npocTpaHCTBe 
KaHOHH^ecKH npoflOJi>KaeTC5i flo npeflCTaBjieHHH T ee ji0KajiH3anHH C[Gr]g ;X 

7(f)v = U(f)v, f G C[G] q , veil. 

OcTaeTca flOKa3aTb TOHHoerb npeflCTaBjieHHH Tj = 7 -X ajire6pbi C[p~ ©p + ] g . 
IIpe>Kfle Bcero, floxa^KeM cyinecTBOBaHne Taxoft hhbojiioli,hh * b C[p~ © 

T ITO 

X{f)=X{f)\ /GC[p-©p + ], (3.5.43) 
^jih SToro BOcnojib3yeMC5i CTaHflapTHoft rpaflynpoBKoft 

crep + L = {/GC[p-ep + g H s f = 2jf}, jez, 

h CBH3aHHbiM c Heft aBTOMopcpH3MOM ajire6pbi C[p~ © / l— ^ (— l) dcg ^/. 

HMeHHO, nOJIO>KHM 

^def (_-gdeg/j* (3.5.44) 

h BBefleM o6o3HaHeHHe Po\(U) q = (C[p~ © p + ] q ,*). Otmcthm, hto ajire6pa 
Pol(U) q HBjineTCH (U q Q, ★)-MOflyjibHoft, nocKOjibKy ajire6pa Pol(p~)q HBjineTCH 

(U q Q, *)-MOflyjIbHOH. 

PaBeHCTBO (3.5.43) BbiTexaeT H3 toto, hto X(f*) = X(f)* npn Bcex 
/ G Pol(p~) g h H3 onpeflejieHHft hhbojiioli,hh. CjieflOBaTejibHO, Tj HBjineTCH 
*-npeflCTaBjieHHeM ajire6pbi Pol(U) q b npeflrHjib6epTOBOM npocTpaHCTBe XL. 
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Tax k&k co6cTBeHHoe SHa^eHHe, OTBenaioiHee co6cTBeHHOMy BeKTopy e, hb- 
jiaeTCH HaH6ojibiiiHM, to H3 KOMMyTau,HOHHbix cooTHOiiiGHHH (3.2.8) nojiynaeM: 

7 (4jI,x) e = 0» A ^ w uj h ; 7 x (z)e = 0, z G C[p-] ff) i. (3.5.45) 

BTopoe H3 9thx paBeHCTB yKa3biBaeT njiaH flajibHeftniHx fleftcTBHft. ByzjeT 
BBefleHO b paccMOTpeHHe (pOKOBCKoe npe-flCTaBjieHHe 7f *-ajire6pbi Pol(U) q h 
HeHyjiesoH MopcpH3M npeflCTaBjieHHH 7p b Tj. ToHHOCTb 7j 6yfleT cjie-flOBaTb 

H3 TOHHOCTH H HenpHBOflHMOCTH IipeflCTaBJieHHfl 7p. 

H'3 xopoino H3BecTHoro paBeHCTBa (S <S> id) it! = (id <g> = It* 1 (cm. 

[46, CTp. 34]) BbiTexaeT o6paTHMOCTb jiHHeiiHoro onepaTopa Rc[p+] q ,c[p-] q ( CM - 
nyHKT 3.1.4). 3to no3BOji5ieT nepeiiTH ot pa3jio^KeHH5i (3.3.20) k pa3jio^KeHHio 

oo 

Pol(U) q = £[p + ] q ^£lp-] q ,. 

i,j=0 

OneBHflHO, Cfp+j^o = C[p~] gj o = C • 1. SiiaMHT, fljia jno6oro sjieMeHTa / G 
Po\(U) q cym,ecTByeT h e-flHHCTBeHHO pa3jio^KeHHe, aHajiornMHoe (3.3.21): 

/=</>•!+ E ^' /^C[p + ], rJ C[p-] w , 
(v)^(o,o) 

rfle (/) - jiHHeftHbifi (pyHKiniOHaji Ha Po\(U) q . 

Cjieflya nyHKTy 3.4.1, BBe-fleM Pol(£/)g-MO,a,yjih 'K c oGpasyioineft H onpe- 
flejiflioiHHMH cooTHOineHHHMH /i>o = npn / G C[p~] 9) i. To ecTb, fvo = (/)i>o 
npn / G Cfp - ]^. OneBHflHO, 

C[p + ] g ^ K, f» fv , 

hto no3BOJi5ieT HaflejiHTb 0~C nojiyTopajiHHeiiHOH (popMoft 

(/ivo, / 2 vo) = (/2/1), /1, /2 G C[p + ] g . (3.5.46) 

Kax cjieflyeT H3 paBeHCTBa (3.5.45), 

(/> = (T I (/)e,e), f€Po\(U) q . 

SHa^HT, (3.5.46) - HeoTpHnaTejibHaa spMHTOBa cpopMa. Ee nojio>KHTejibHOCTb 
HeTpyflHO flOKa3aTb, Hcnojib3yH MeTOflbi Teoproi (pyHKinift Ha KOMnaKTHbix 
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KBaHTOBbix rpynnax. /JeiicTBHTejibHO, ecjin (/*/) = h / G C[p + ] (? , to npn 
6ojibninx k G N sjieMeHT T(f)t* k npimafljieoKHT *-ajire6pe (C[G] q ,*) h aH- 
HyjinpyeTCH bcgmh HenpHBOflHMbiMH ee npeflCTaBjieHHHMH, cm. npefljico-KeHiie 
3.2.28. SiiaMHT, L 2 -HopMa 9JieMeHTa T(f)t* k paBHa Hyjiio. H3 cooTHOineHHft op- 
ToroHajibHOCTH cjieflyeT paBeHCTBO T(f)t* k = 0, a H3 npefljico-KeHM 3.5.19 - 
paBeHCTBO / = 0. 

TaKHM o6pa30M, K 5iBji5ieTC5i npeflrHjib6epTOBbiM npocTpaHCTBOM h 
Pol([/) g -MOflyjieM. EMy OTBe^aeT *-npeflCTaBjieHne ajire6pbi Po\(U) q b K. 3to 
h ecTb ynoMHHaBineeca Bbinie (pOKOBCKoe npeflCTaBjieHne Tp. 

H3 onpeflejieHH5i 7p BbiTexaeT cyinecTBOBaHiie h eflHHCTBeHHOCTb Taxoro 
jiHHeiiHoro onepaTopa J : — > XL, cnjieTaroinero npeflCTaBjiemifl h Tj, mto 
J : vq 1— > e. 

HenpHBOflHMOCTb npeflCTaBjieHHH flOKa3biBaeTC5i Tax »:e, KaK Henpn- 
BOflHMOCTb Tp b nyHKTe 3.4.1. Hmchho, ecjin K' 7^ - o6inee HHBapnaHTHoe 
noflnpocTpaHCTBO onepaTopoB Tp(/), / G Pol(C/) 9 , to IK' coflep>KHT HeHyjieBoft 
BeKTOp t>, flJIfl KOToporo 

00 

7 F (f)v = 0, fe®C[p-] qd . 

3 = 1 

/oo \ 

3HaMHT, BeKTop v opToroHajieH noflnpocTpaHCTBy I (J) C[p + ] g _j i>o H , cjieflo- 

V=i ' / 

BaTejibHo, Cv = Cfo, IK' = K. HenpHBOflHMocTb Tp flOKa3aHa. 

HaflejiHM K rpaflynpoBKoft 

00 

K=0K J? K, = C[p + ] 3 ,_^ . 
i=o 

IloflnpocTpaHCTBa J~Cj nonapHO opToroHajibHbi h KOHe^HOMepHbi. Tax me, KaK 
b nyHKTe 3.4.1, flOKa3biBaeTC5i, hto npn Bcex j, k G Z + OTo6pa>KeHHe 

C[p + ] q ,-j®C[p-] q , k n C[p + ] g ,- j C[p-] g , jfe - HompCfc,^), / ^ T F (/)k, 

6neKTHBHO (cm. jieMMy 3.4.6). OTCiofla, ncnojib3y5i nojio>KHTejibHOCTb spmhto- 
Boii (popMbi (•, •) b K, HeTpyflHO nojiy^HTb TOMHOCTb npeflCTaBjieHHa 7p (cm. 
jieMMy 3.4.7). 
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HenpHBOflHMOCTb h TOMHOCTb npe-flCTaBjieHHH 7p, a, cjie-flOBaTejibHO, toh- 

HOCTb 7j H HHTjeKTHBHOCTb rOMOMOp(J)H3Ma T flOKa3aHbI. □ 

Cjieflyroinee npefljiojKeHHe BbiTexaeT H3 Toro, hto ajire6pa C[G] g HBjineTCH 
o6jiacTbio u,ejiocTHOCTH, cm. npefljio»:eHHe 3.2.7. 

CJlEflCTBHE 3.5.34 AAse6pa Po^p - )^ sieA^emcH o6Aacm'bK) v^eAocmnocmu. 

3AMEHAHHE 3.5.35 MHorne yTBep^KfleHHH nyHKTOB 3.4.1, 3.4.2, 3.4.3, 3.4.4 
6e3 Tpyfla nepeHOCHTCH Ha cjiynaii KOMnaKTHbix KBaHTOBbix rpynn. OrpaHH- 
hhmch H6KOTopbiMH onpe-flejieHHHMH h (popMyjiHpoBKaMH pe3yjibTaTOB. Ohh 
oGmhho HcnojTb3yiOTC5? npn cpaBHeHHH KBaHTOBbix aHajioroB KOMnaKTHOrO H 
HeKOMnaKTHoro CHMMeTpHnecKHx npocTpaHCTB, flBoftcTBeHHbix no KapTaHy. 
PaccMOTpHM ajire6py c eflHHHneft ¥xm(U) q D Fo\(U) q , nopo^KfleHHyio CBoeft 
noflajire6poft Fo\(U) q h sjieivieHTOM /o, yflOBjieTBopnioiHHM onpe-flejiHioiHHM co- 

OTHOIIieHHHM 

fo = /o, 1>fo = W/o, ^ G C[p-]„ /oV = W/o, ^ G C[p + ] g . (3.5.47) 

HaflejiHM ee HHBOjnoHHeH, nojiaran /q = /o- CyinecTByeT h e-flHHCTBeHHO Ta- 
Koe npo,a,oji>KeHHe *-npe,a,CTaBjieHHa Tp c noflajire6pbi Pol(t/) q Ha ajire6py 
Fwa(U) q , hto Tf(/o) - opToroHajibHbiii npoeKTop Ha oflHOMepHoe noflnpo- 
CTpaHCTBO Cfo- IlojiyHeHHoe npeflCTaBjieHne ajire6pbi F\m(U) q 6yfleM Tax>Ke 
Ha3bmaTb (poKOBCKHM. ^BycTopoHHHft Hfleaji D(U) q ajire6pbi F\m(U) q , no- 
po>KfleHHbift sjieMeHTOM /o, 6yfleM Ha3bmaTb ajire6poft (pHHHTHbix (pyHKHHft. 
06o6nj,eHHbiMH (pyHKHMMH 6yi],eM Ha3bmaTb (popMajibHbie pnflbi 

oo 

f=J2 fa G c [p + ]«,-* c [p"]w- 

BeKTopHoe npocTpaHCTBO D(t/)^ Bcex o6o6ineHHbix (pyHKUHft 6yfleM HaflejiHTb 
TonojiorHeft noHjieHHoft cxoahmocth (heiiiomhhm, hto dim(C[p + ] (?j -fcC[p _ ] (? j) < 
oo). Hhbojiioli,h5i ~k h fleftcTBHe ajire6pbi U q Q flonycKaiOT npoflOJDKeHHe no 
HenpepbiBHOCTn Ha D(U)' q h nocjie-flyioiHee cy»:eHHe Ha T)(U) q . *-Ajire6pa 
D(U) q HBjineTCH (U q g, *)-MO,a,yjibHoft. HaflejiHM Ji CTpyKTypoii U q c\~ -MOffyjISI 
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h BBefleM OTBenaioiHee STOMy U q q -MOflyjno npeflCTaBjieHne T c noMombio 6h- 

eKUHH 



riojio>KHTejibHbiH [/gg-HHBapHaHTHbiii HHTerpaji Ha D(U) q cymecTByeT, eflHH- 

CTBeH C TOHHOCTbK) flO HHCJIOBOrO MHO)KHTejI5I H paBeH 



rfle Hcnojib30BaHbi KOHenHOMepHOCTb jiHHeiffloro onepaTopa 7p(f), f £ D(U) q , 
h o6o3HaMeHne tr g Tp(/) = tr(TF(/)r(lf_2p)), BBe-fleHHoe b nyHKTe 3.4.1. 

Pa3yMeeTC5i, HHBapnaHTHbiH HHTerpaji Ha D(U) q mo>kho nojiyHHTb no- 
ApyroMy, BOcnojib30BaBiHHCb ecTecTBeHHbiM Bjio>KeHHeM *-ajire6pbi D(U) q b 
ajire6py HenpepbiBHbix (pyHKU,HH Ha KOMnaKTHoii KBaHTOBoii rpynne h pe3yjib- 
TaTaMH nyHKTa 3.2.5. 

3.5.7 t/qt-HHBapnaHTHbie nojiHHOMbi. BBefleM b paccMOTpeHne 
HeoflHOKpaTHO Hcnojib3yeMbie b flajibHeftnieM nonapHO KOMMyTHpyroiinie U q t- 
HHBapnaHTHbie 3JieMeHTbi yi, . . . , y r ajire6pbi C[p~] g . 3flecb r - paHr HenpnBO- 
flHMofl orpaHHHeHHoft o6jiacTH D, cm. nyHKT 3.5.9. 

JlEMMA 3.5.36 MnocHcecmeo 



MeAMemcM MHOCHcecmeoM ecex co6cmeeHHUx 3HaneHuu AuneuHozo onepamopa 
H§ e eenmopHOM npocmpaHcmee Lip^). Hucao co6cmeeHHUx SHauewuu paeno 
r + 1, sde r - pans ospanuHeHHOu cuMMempuuecKou o6Aacmu B. 

/JoKasaTejibCTBO. CTapniHH h MjiafliHHH Beca U q Q-MOJ\yjISl Lipi^) paBHbl 
h — uJi cooTBe-TCTBeHHO. CjieflOBaTejibHO, nepBoe yTBep>KfleHHe BbiTexaeT 
H3 npocTOTbi U q Q-Mopyjift ^(uJ/J h H3 onpe-flejieHHH 9JieMeHTa Hg G f). BTopoe 
yTBep»:fleHHe paBHOCHjibHO paBeHCTBy 



C[p + ] q f ^ K, 




(3.5.48) 



{u h (H s ) , u h (H s ) - 2 , . . . , -u h (H s ) + 2 , -uJ lo (H s ) } 



uj h (H s )+uj lo (H s )=2r. 



(3.5.49) 
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3to paBeHCTBO jierKO nojiyHHTb, Hcnojib3y5i KapTaHOBCKHft ciihcok HenpHBO- 
flHMbix orpaHHHeHHbix o6jiacTeft [85]. ^JeftcTBHTejibHO, paHrn o6jiacTeft 9Toro 
cnncKa xoponio H3BecTHbi [85, CTp. 387], a cjiaraeMbie b jieBoft ^acTH paBeH- 
CTBa (3.5.49) paBHbi KOScpcpHuneHTaM npn ai b pa3jio>KeHHH (pyHflaMeHTajib- 
hmx BecoB uJi 17 uJi no npocTbiM KopiMM ajire6pbi JIh g. KoscpcpHuneHTbi Taxnx 
pa3ji(»KeHHH npHBefleHbi b [14]. □ 

ByfleM Hcnojib30BaTb BBefleHHbie b nyHKTe 3.2.3 o6o3HaneHH5i 

fljiH sjieMeHTOB cneu,HajibHoro 6a3Hca BeKTopHoro npocTpaHCTBa ^(aJ/J h MaT- 
pHHHbix 9JieMeHTOB cooTBeTCTByK)iH6ro (pyHflaMeHTajibHoro npeflCTaBjieHHH b 
3TOM 6a3Hce. 

JlEMMA 3.5.37 /Jam ato6ozo MampuuHozo SAeMenma c^-Aj cymecmeyem u 
eduHcmeen manou SAeMenm z\j aAse6pu C[p~] q , umo 

i(zxj) = t- 1 ■ 

^OKa3aTejIbCTBO. EflHHCTBeHHOCTb CJieflyeT H3 HHTjeKTHBHOCTH TOMO- 

MopcpH3Ma T. ^oxa^KeM cym,ecTBOBaHHe ajieivteHTa z\j. PaccMOTpnM noflnpo- 

CTpaHCTBO t • XC[p~] g C C[G]q }X . OhO COflep^KHT SJieMeHT t H HBJI5ieTC5I U q b + - 

noflMOflyjieM U q b + -Mopyjisi C[G] gjX , nocKOJibKy npn Bcex j = 1,2,...,/ 

Kf(tl(f)) = (Kft)l(Kff), 
E^tltf)) = (Ejt)lf + (KfiHErf), f E C[p"] ff , 

h sjieMeHTbi K^H, Ejt npimafljie^KaT noflnpocTpaHCTBy t ■ XC[p~] 9 . 3HanHT, 

+ 



t>lC[p-] q DU q b + >t 



h ocTaeTCH Bocnojib30BaTbC5i TeM, hto Bee MaTpHHHbie ajieMeHTbi c ZJi coflep- 
m&TCsi b noflnpocTpaHCTBe U q b + ■ t. □ 

ByzjeM Hcnojib30BaTb coKpameHHoe oGosHaneHHe z\ bmccto z\,i, ecjin Be- 
coBoe noflnpocTpaHCTBO L(ui 1 )\ oflHOMepHO. 
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^OKaaaHHbie jieMMbi 3.5.36, 3.5.37 no3BOJiHioT bbccth b paccMOTpemie sjie- 

MeHTbl 

Vi= Zx J ' z Xv i = 1, • • • , r. (3.5.50) 

{(Aj)| \(H$)=-uj l0 (H § )+2i} 

OMeBHflHO, yi = y* npn Bcex z = l,2,...,r. BBefleM o6o3HaHeHHe yo = 1. 

IlPEflJIOKEHHE 3.5.38 i. dAeMenmu yi, yi, ■ ■ ■ , y r ajiee6pu Pol^ - )^ mbam- 
TomcM U q t-uHeapuaHmHUMU u we 3aeucMm om eu6opa opmoHOMupoeanHoso 
6a3uca {^Aj} 6 Lip^)- 

2. yiyj = yjVh hj = i,2,...,r. (3.5.51) 

,Z^OKa3aTejTbCTBO. IlepBoe yTBep>KfleHHe cjieflyeT H3 Toro, hto ajire6- 
pa Pol(p~) g HBjiaeTCfl (U q t, *)-MOflyjibHoft, spMHTOBa (popMa b L(uJi 1 ) - U q t- 

HHBapHaHTHOH, a 6a3HC \ ~ OpTOHOMHpOBaHHblM. 

BTopoe yTBep»:fleHHe BbiTexaeT H3 t/^-HHBapiiaHTHOCTH sjieMeHTOB yi h 
H3 cjieflyiomero pe3yjibTaTa, nojiy^eHHoro LLlKjT5ipoBbiM. 

JlEMMA 3.5.39 IlodaAze6palJ r q t-UHeapuaHmHux SAeMewmoe a,A2e6puI > o\(p~) q 
KOMMymamuena. 

^OKa3aTejibCTBO. PaccMOTpHM ?7 g ^-noflMOflyjib C[p~] q fo C D(3) q . Hc- 
nojib3y5i TeopeMy Xya-IIlMHfla 3.5.59, HeTpyznio flOKa3aTb, hto b KaTeropnn 
t/gf-MOflyjieft 

c[p-] ff / « e l(«,a), 

rzje *4 + C - BBefleHHoe b nyHKTe 3.5.9 noflMHO>KecTBO. SHaHHT, Ka»c- 
flbift 9HflOMopcpH3M C/gE-MOflyjiH C[p~] g CKajinpeH Ha Ka>Kfloft H3 ero U q t- 
HSOTHnHnecKHx KOMnoHeHT. CjieflOBaTejibHO, ajire6pa 9HflOMopcpH3MOB U q t- 

MOflyjI5I C[p~] g KOMMyTaTHBHa. 

B MacTHOCTH, KOMMyTHpyiOT onepaTopbi yMHO^KeHna Ha (p, ip 

f*-+<Pf, f ^ i/>f, 



325 



eCJIH SJieMeHTbl (p,1p G Po^p - )^ 5IBJI5nOTC5T [/ g ^-HHBapHaHTHbIMH. /^pyrHMH CJIO- 

BaMH, KOMMyTHpyiOT onepaTopbi (pOKOBCKoro npeflCTaBjieHM Tp((p), Tp(ip) aji- 
re6pbi Pol(p~) g b npeflrajibGepTOBOM npocTpaHCTBe TL = C[p~] q fo, cm. nyHKT 
3.4.3. OcTaeTCH Bocnojib30BaTbC5i jieMMoft 3.4.7 o tomhocth (pOKOBCKoro npefl- 
CTaBjieHHH. □ 

3AMEMAHHE 3.5.40 Kax BHflHO H3 flOKa3aTejibCTBa jieMMbi 3.5.39, b KaTero- 

pnn U q t-MOffyjieR 

h Ka^Kflbift f/gf-HHBapHaHTHbifi sjieMeHT ip G Pol(p~) q oflHOSHaMHO onpeflejia- 
eTca cbohmh "K09(p(pHH,HeHTaMH Oypbe" = Tf(iP)\hx- 

3.5.8 IIpeflCTaBjieHHa *-ajire6pi>i Po\(p~) q . B stom nyHKTe 6yfleT 
3aBepmeHO flOKa3aTejibCTBO cyinecTBOBaHM h eflHHCTBeHHOCTH tomhoto Henpn- 
BOflHMoro *-npeflCTaBjieHH5i ajire6pbi Pol(p~) g orpaHHMeHHbiMH onepaTopaMH 
b rnjib6epTOBOM npocTpaHCTBe. 

Bocnojib3yeMC5i sjieMeHTaMH yi, yi-> ■ ■ ■ , Vr, BBe-fleHHbiMH b npeflbiflym,eM 
nyHKTe. 

IlPEflJIOKEHHE 3.5.41 Cymecmeyem u eduHcmeen maKou SAeMenm y aji2e6- 
pu Pol(p _ ) g; nmo Xy = x^ 1 . 3mom SAeMenm U q t-UHeapuaHmeH u paeen 

r 

y = l + ^(-l)V (3-5.52) 

i=i 

^OKa3aTejibCTBO. EflHHCTBeHHOCTb ajieMeHTa y oneBHflHa. IloKa>KeM, 
hto ero cym,ecTBOBaHHe h paBeHCTBO (3.5.52) BbiTexaiOT H3 (3.2.23). ^eftcTBH- 
TejibHO, corjiacHO (3.2.23), 

(A,i) 

Ho 

^;X,j) =(-!) 2 K;A,,j > (3-5-54) 
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nocKOJibKy 



t* = t 




j = k, 



PT 



K/)* = wort, 



(£/)* = (5(0)7* 



npn Bcex £ G U q g, f G C[G] 9 . H3 onpeflejieHHH sjieivieHTOB yi h H3 paBeHCTB 
(3.5.53), (3.5.54) cjieflyeT, mto 



OcTaeTCH yMHO>KHTb o6e nacTH nocjieflHero paBeHCTBa Ha t _1 cjieBa h Ha (£*) 1 
cnpaBa. 

H3 (3.5.52) h H3 npefljicc-KeHHH 3.5.38 BbiTexaeT t/gt-HHBapHaHTHOCTb y. □ 
CJlEflCTBHE 3.5.42 fljiA ecex z G C[p _ ] gj i 



/]^OKa3aTejibCTBO. B nacTHOM cjiynae z = z\ ow KOMMyTannoHHbie cootho- 
HieHHa (3.5.42) jierxo nojiynnTb c noMombio paBeHCTBa Xy = x^ 1 h cjieflCTBna 
3.2.9. 06ihhh cjiyHaft CBOflHTca k STOMy nacTHOMy cjiynaio fleiicTBHeM U q t. □ 

PaccMOTpHM (poKOBCKoe npeflCTaBjieHHe Tp ajire6pbi Pol(p~) 5 b npefl- 
rHjib6epTOBOM npocTpaHCTBe TL h nonojiHeHHe TL SToro npe,a,rHjih6epTOBoro 
npocTpaHCTBa. Kax noKa3aHO b nyHKTe 3.4.6, onepaTopbi npeflCTaBjieHHH Tp 
orpaHH^eHbi h, cjieflOBaTejibHO, flonycKaiOT npoflOji^KeHne no HenpepbiBHOCTH 
j\o onepaTopoB npeflCTaBjieHna Tp b rnjib6epTOBOM npocTpaHCTBe TL. 

IlPEflJlOKEHHE 3.5.43 1. IIpedcmaeAeHue Tp MejiMemcM ijiohhum uenpueo- 
duMUM *-npedcmaejieHueM aAze6pu Po^p - )^ ospanuueHHUMU onepamopaMU 
e 2UJib6epmo60M npocmpaHcmee. 

2. IIpedcmaeAeHue, o6AadaTow,ee eceMU smuMU ceoucmeaMU, eduHcmeen- 
ho c moHHOcmbw do ynumapHou dKeueaAenmHocmu. 




zy = % 2 yz 



z y 



2 * 



(3.5.55) 
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,HoKa3aTeji£>CTBO. 1. ToMHOCTb npeflCTaBjieHHa Tp BbiTexaeT H3 flOKa- 
3aHHoft b nyHKTe 3.4.1 tohhocth npeflCTaBjieHna Tp. riepeftfleM k flOKa3aTejib- 

CTBy HenpHBOflHMOCTH. 

H3 (3.5.50) cjieflyeT, hto caMoconpa^eHHbin jinHeftHbift onepaTop Tp(y) 
KOMnaKTeH n ero cneKTp HBjiaeTCH 3aMbiKaHneM reoMeTpnnecKoft nporpeccnn. 
ToHHee, 

T F (y)\n k = qf k -h keZ + , (3.5.56) 

rfle TLk = ^[p - ]^ • ^o- IlycTb 21 3aMbiKaHne ajire6pbi onepaTopoB 
{T_f(/)| / G Pol(p~) g } no onepaTopHoii HopMe. Ajire6pa 21 coflep^KHT opTO- 
roHajibHbie npoeKTopbi Ha Bee noflnpocTpaHCTBa Tik, Kax cjie^yeT H3 (3.5.56). 
3th noflnpocTpaHCTBa nonapHO opToroHajibHbi, KOHenHOMepHbi, n hx cyMMa 
njioTHa b 7i. 3HannT, H3 jieMMbi 3.4.6 cjie^yeT, hto ajire6pa 21 coflep>KHT Bee 
KOMnaKTHbie jiHHeftHbie onepaTopbi b Tt. 9to BjieneT HenpnBOflHMOCTb npefl- 
CTaBjieHHH Tp. 

OneBHflHO, Tp 5iBji5ieTC5i *-npeflCTaBjieHHeM. 

2. IlycTb T' - TOHHoe HenpnBOflHMoe *-npeflCTaBjieHne ajire6pbi Po^p - )^ 
orpaHHneHHbiMH jinHenHbiMH onepaTopaMH b rnjib6epTOBOM npocTpaHCTBe. Ilo- 
Ka>KeM, hto npeflCTaBjieHHs T' n Tp yHHTapHO SKBHBajieHTHbi. 

H3 tohhocth T' cjieflyeT, hto T'(y) ^ 0. 3to no3BOji5ieT Tax >Ke, xax b 
nyHKTe 2.2.3, ncnojib30BaTb KOMMyTannoHHbie cooTHOineHHH (3.5.55) fljra flOKa- 
3aTejibCTBa Toro, hto cneKTp caMOConpH>KeHHoro jinHeftHoro onepaTopa T'(y) 
HBjiHeTCH 3aMbiKaHneM reoMeTpnnecKon nporpeccnn. 

IlycTb v' - HopMnpoBaHHbift co6cTBeHHbift BeKTop, OTBenaiom,HH Han6ojib- 
nieMy no MOflyjno co6cTBeHHOMy 3HaneHHio. Tor^a, KaK cjieflyeT H3 (3.5.55), 
T'(z)*v' = 0, fljiH Bcex z G C[p-] qA . 3nanHT, (T'(f)v', v') = (T F (f)v ,v ), 
fljiH Bcex / G Pol(p~) ? . TaKHM o6pa30M, OTo6pa>KeHHe Vq \— > v' flonycxaeT 
npoflOji>KeHHe flo H30MeTpnnecKoro jinHenHoro onepaTopa, cnjieTaiomero npefl- 
CTaBjieHHH Tp n T' . 3tot onepaTop ciopT.eKTHBeH, nocKOjibKy npeflCTaBjieHne 

T' HenpHBOflHMO. □ 

3AMEHAHHE 3.5.44 Bo BTopoft nacTH flOKa3aTejibCTBa, to ecTb npn flOKa3a- 



328 



TejibCTBe eflHHCTBeHHOCTH, Hcnojib3yeTC5i He TOHHOCTb npeflCTaBjieHHH T\ a 
jinnib to, hto T'(y) ^ 0. 3to Ha6jiK)fleHHe HaxoflHT Heo>KHflaHHoe npHjio>Ke- 
Hne: ecjiH J = J*- HeHyjieBoft flBycTopoHHHft Hfleaji ajire6pbi Po^p - )^ h earn 
(paKTop-ajire6pa Po\(p~) q / J o6jiaflaeT HenpnBOflHMbiMH *-npe,a,CTaBjieHH5iMH, 
pa3fleji5nom,HMH ee tohkh, to y G J. B nacTHOM cjiynae KBaHTOBoro MaTpHHHO- 
ro niapa h onpeflejinioiHero Hfleajia J ero rpaHHHbi UJajTOBa [337, CTp. 381-383] 
Tax flOKa3biBaeTC5i BKjnoneHHe (y) C J, 03HaHaioiHee, hto rpaHnna IIInjiOBa 
npHHafljie^KHT TonojiorHHecKoii rpaHnne. 3flecb (y)- flBycTopoHHHii Hfleaji, no- 
po>KfleHHbiii ajieMeHTOM y. 

MyjibTnnjiHKaTHBHoe noflMHO^KecTBO y + aBjiaeTca noflMHO>KecTBOM Ops 
o6jiacTH u,ejiocTHOCTH Po^p - )^, cm. (3.5.55) h cjieflCTBne 3.5.34. PaccMOTpnM 
jTOKajiH3au,HK) Po^p - )^ ajire6pbi Po^p - )^ no no,ii,MHo:>KecTBy y z+ . Pa3yMeeT- 
ch, Po^p - )^ PoIQj - )^. Bojiee Toro, ecTecTBeHHoe npoflOJDKeHHe npeflCTaB- 
jieHHa Tp Ha jiOKajiH3au,HK) Pol(p _ )g ; y ajire6pbi Pol(p _ ) g HBjineTCH tohhbim 
npeflCTaBjieHHeM Pol(p _ ) 3)2/ b 7Y. Paccy>KflaH Tax »:e, KaK npn flOKa3aTejibCTBe 
TeopeMbi 3.5.33, nojiynaeM 

IlPEflJlOKEHHE 3.5.45 EcmecmeeHHoe npodoAotcenue KanoHuuecKozo qao- 
otceHUH Po^p - )^ C[X§] gj2; jioKaAU3a%WK) Pol(p~) gj|/ AGAHemCM, BAODfCe- 
hucm aA2e6p 

Pol(p-) g , y C|Xs] g ^. (3.5.57) 

3AMEHAHHE 3.5.46 Tax »:e, KaK b npeflbiflyiHHx nyHKTax, flOKa3biBaeTC5i, 
hto CTpyKTypa (U q g, *)-MOflyjibHoft ajire6pbi KaHOHHHecKH npoflOJDKaiOTCH c 
Po^p - )^ Ha Pol(p~) 9)2/ h hto (3.5.57) - MopcpH3M (UqQ, *)-MOflyjTbHbix ajire6p 
(Hcnojib3yeTC5i to, hto ajieMeHTbi £,{fy n )y~ n , rfle <$; G U q Q, f G Pol(p _ ) g , 5TBJI51- 
iotc5i 3HaneHH5iMH cooTBeTCTByK)Hj,Hx nojiHHOMOB JlopaHa Ha reoMe-TpHHecKoii 
nporpeccHn). 

CoxpaHHM o6o3HaHeHne T fljra KanoHuuecKozo eAootcewuM (3.5.57) h onn- 
nieM o6pa3 ajire6pbi Pol(p~) g; y npn stom Bjio^KeHHH. 
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riycTt> K- CBS3Ha5i acpcpnHHan ajireGpaHHecKan nc-flrpynna c ajire6poft JIh 
cm. nyHKT 3.3.8, wq— sjigmght MaKCHMajibHoft fljiHHbi rpynnbi Beftjia W h 

Ki = w Kw Q \ (3.5.58) 

OneBHflHO, fljia sjieMeHTOB a, b G G paBeHCTBO wo • i^a = wo ' Kb paBHOcnjibHO 
paBeHCTBy K\ (wqo) = K\ (wob). 
PenieHHa CHCTeMbi ypaBHeHHii 

L r eg(Ei)f = L reg (Fi)f = 0, i ^ l u 

W^f)/ = /> i = 1,2,...,/ 

o6pa3yK)T noflajire6py L^g-MOflyjibHoft ajire6pbi C[G] 9 . 9to KBaHTOBbift aHajior 
ajire6pbi C[K\\G] peryjiapHbix (pyHKunii Ha acpcpHHHOM ajireGpannecKOM mho- 
roo6pa3HH Ki\G, cm. nyHKT 3.2.5 h npefljicxaceHiie 3.5.10. BBe-fleM o6o3HaHeHHe 
C[Ki\G] q fljiH paccMaTpHBaeMoft t/^-MOflyjibHoft ajire6pbi. 

Ajire6pa C[Ki\G] q nopo>KfleHa sjieMeHTaMH cJ i 1 . X j(c zo l i 1 .^ k )' k , cm. nyHKT 
3.2.5. 3HannT, ee mcokho onpeflejiHTb KaK HanMeHbinyio L^g-MOflyjibHyio no- 
flajire6py, coflep^Kainyio sjieMeHT x. Hmchho sto onpeflejiemie Hcnojib3yeTC5i b 
flajibHeiinieM. 

B nyHKTe 3.5.6 ajire6pa C[X§] g 6buia HaflejieHa rpaflynpoBKOH. Ilpofloji- 
)khm ee Ha jiOKajiH3anHio C[X§]q jX . 

JlEMMA 3.5.47 Cyu^ecmeyem u eduHcmeeHua manasi Z-spadyupoeKa aAse6pu 

CRsh*, Hmo de S (4!|;Aj) = li de S ( c \^,k) = - 1 - 

,Z^OKa3aTejTbCTBO. EflHHCTBeHHOCTb oneBHflHa, a nocTpoeHne rpaflynpoB- 
kh c Hy>KHbiMH CBoftcTBaMH ocyiHecTBjiHeTCH TaK me, KaK b nyHKTe 3.5.4. Hmch- 

HO, 

T ( ZJ \ LUl l T ( ZJ \ Wi 

^reg^/J^ i;A J - ^jAj' ^™g\ n h) C -<3 h -,ii,k ~ ~ C -u; h ;fi,k' 

n flHCpcpepeHnnpoBaHHe L reg (if; 1 ) ajire6pbi C[X§] g flonycKaeT npoflOji^KeHne flo 
fln(p(pepeHLi,HpoBaHH5i ee jiOKajiH3au,HH C[X§]g )X . OcTaeTca nojicoKHTb deg / = j 
/yra Bcex TaKHx sjieMeHTOB / G C[X§] 9)X , nTO L reg (iif/ 1 )/ = jf. □ 
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Otmcthm, hto jiOKajiH3au,H5i (C[Ki\G\ q:X ajire6pbi C[K\\G] q no MyjibTH- 
njiHKaTHBHOMy noflMHO>KecTBy x z+ ecTecTBeHHO Bjio>KeHa b C[X§]g )X . 

nPEflJTO>KEHHE 3.5.48 lPol(p-) q , y = C[K{\G\ q , x . 

^OKa3aTejibCTBO. BKjnoneHne U q g-Mop,yjibHbix ajire6p XPol(p~)g ;2/ C 
C[Ki\G]q iX oneBHflHO. J\jin flOKa3aTejibCTBa o6paTHoro BKjnoneHHH paccMOT- 
PHM noflnpocTpaHCTBO 

oo \ / oo 

e ip ■ jpoi(p-) g>tf e xpoi(p-) ff , y e © zpoioj-)™ • t* j 

i=i / y=i 

Oho hbjihctch £/ 9 0-MO,a,yjibHOH noflajire6poft h coflep>KHT sjieivieHTbi t, t*, x~ x . 
CjieflOBaTejibHO, oho coBnaflaeT c C[X§] gx . 3HannT, XPol(p~) 9)2/ coflep>KHT Bee 
ajieMeHTbi HyjieBoii CTeneHH oflHopoflHOCTH H3 C[X§] g x . OcTaeTCH BOcnojib30- 
BaTbca TeM, hto HeHyjieBbie sjieivieHTbi ajire6pbi C[i^i\G] gjX hbjihiotch OflHO- 
poflHbiMH CTeneHH 0. □ 

3.5.9 /JonojiHemie o ccpepHHecKHx (g, £)-MO,zi,yji5ix h o TeopeMe 
Xya-IIlMH/ja. B stom nyHKTe npnBefleHbi xopoino H3BecTHbie n nacTO nc- 
nojib3yeMbie pe3yjibTaTbi Teopnn spMHTOBbix CHMMe-TpnnecKHX npocTpaHCTB n 
orpaHnneHHbix cnMMeTpnnecKnx o6jiacTeii [303], [327]. 

PaccMOTpnM spMHTOBy CHMMeTpnnecKyio napy t), OTBenaioiHyK) nofl- 
MHO>KecTBy § = {1,2, ••• , /} \ {/o}, h sjieMeHT H§ G f), cm. nyHKTbi 3.3.4, 
3.3.1. 

MHO)KeCTBO $ c = {/? G <&\ (3(H§) = 0} Ha3bIBaK)T MHO>KeCTBOM KOMnaKT- 
HblX KOpHeft, a MHO>KeCTBO $ n = $\$ c MHOJKeCTBOM HCKOMnaKTHblX KopHeft. 

KoMnaKTHbie kophh o6pa3yiOT cncTeMy KopHeft nojiynpocToft KOMnjieKCHoft aji- 
re6pbi Jin £ ss C nopo^KfleHHoii mho^kcctbom {Ei, i^, i^}^ . Tpynna Beiijin 

W§ 9TOH CHCTeMbI KOpHCH BJIO^KCHa B W H flCHCTByeT Ha MHO>KeCTBe nOJIO^KH- 

TejibHbix HexoMnaKTHbix KopHeii. 

J\b& jiHHeiiHO He3aBncnMbix kophh 7', 7" Ha3biBaiOT CTporo opToroHajib- 

HblMH, eCJIH HH 7' + 7", HH 7' — 7" He HBJIHIOTC5T KOpHHMH. B 9TOM CJiynae 

7' h 7" opToroHajibHbi, KaK jierKO flOKa3aTb, paccMOTpeB mho^kcctbo KopHeft 
{7" + jY G$|j GZ} [14, ct P . 185-186]. 
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Cjieflya [154, CTp. 572], BBefleM b paccMOTpeHne ceMeiicTBO npocTbix 
KOMiuieKCHbix ajire6p Jin Qi, Q2, • • • , Qr, paccMaTpnBaeMbix c TonHOCTbio flo 

H30MOp(J)H3Ma, C CHCTeMaMH KOpHeft, BJIO)KeHHbIMH B Hx CTapiHHe KOpHH 

{715 725 • • • >7r} HBJI5HOTCH CTporO OpTOrOHajIbHBIMH nOJIO)KHTejIbHbIMH HeKOM- 

naKTHbiMH KopHHMH ajire6pbi JIh q h HrpaiOT Ba^KHyio pojib b Teopnn spmhto- 

BblX CHMMeTpHMeCKHX IipOCTpaHCTB. 

BbiflejiHM Ha flnarpaMMe /JbiHKHHa ajire6pbi J1h g BepniHHy, OTBenaioiiryio 
npocTOMy KopHK) ai . Ajire6pbi J1h 0i,02, • • • , 0r 6yflY T onpeflejiHTbcn cbohmh 
CHCTeMaMH npocTbix KopHeii, Bjio>KeHHbiMH b CHCTeMy npocTbix KopHeii ajire6- 
pbi J1h q h co,ii,ep}KaiHHMH ai . 

OnnnieM HHflyKTHBHoe nocTpoeHne sthx ajire6p J1h. IlepBOH H3 hhx 6y- 
fleT gi = Q. nepexofla ot Q n k Q n+ \ paccMOTpHM noflrpacp flnarpaMMbi 

^biHKHHa ajire6pbi J1h g n , OTBenaioiirHH ee kophhm, opToroHajibHbiM ee CTap- 
nieMy KopHK) j n . Ecjih 9tot no,i],rpa(p He coflep>KHT BbiflejieHHyio BepniHHy, to 
nocTpoeHne 3aBepnieHO. B npoTHBHOM cjiynae HMeeTCH KOMnoHeHTa cbh3hocth 
noflrpacpa, coflepjKainaa BbiflejieHHyio BepniHHy. OHa hbjihctch flnarpaMMoft 
/^biHKHHa h onpeflejineT npocTyio KOMnjieKCHyio ajire6py J1h Q n +i C g n c ch- 
CTeMoii KopHeii, bjio^kchhoh b CHCTeMy KopHeii ajire6pbi J1h g n . B pe3yjibraTe 
nojiynaeM jikhchho ynopHfloneHHoe mho^kcctbo nojicoKHTejibHbix HeKOMnaKT- 
hmx CTporo opToroHajibHbix KopHeii {71,72, • • • ,7r}, KOTopoe Hcnojib30Bajiocb 
b pa6oTax [181, CTp. 82], [274, CTp. 3776-3777], [327, CTp. 443]. 

Mhcjio r Ha3biBaeTCH paHroM HenpHBOflHMoii orpaHHHeHHoii CHMMeTpHne- 
ckoh o6jiacTH, CBH3aHHoft c spMHTOBoft CHMMeTpHHecKofi napoft (Qjt). 

riPHMEP 3.5.49 Ajire6pbi J1h 0i,02, • • • ,0r JierKO HaftTH, Hcnojib3yH npn bm- 

HHCJieHHH CKajIHpHblX npOH3BefleHHH HBHblft BHfl K09(|)(pHirHeHTOB pa3JIOJKeHHH 

MaKCHMajibHoro kophh 5 no (pyHflaMeHTajibHbiM BecaM U\,Uii ■ ■ - ^i, cm. Ta6- 
jinnbi b [14]. HanpHMep, ajih HCKjiiOHHTejibHbix ajire6p J1h Eq, Ej nojiynaeM: 

B nepBOM cjiynae paHr paBeH flByM, a bo btopom - TpeM. 
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3AMEMAHHE 3.5.50 B [303, CTp. 334] kophh {71, 72, • • • ,7r} HyMepyiOTca b 
o6paTHOM nop^flKe. MHorne aBTopbi [168, 235, 297, 190, 175] OT^aiOT npeflno- 
MTeHHe CHCTeMe CTporo opToroHajibHbix HeKOMnaKTHbix nojicc-KHTejibHbix Kop- 
Heft {u>o,§7i> ^o,§72 , • • • , ^o,§7r}, r fle wq$ - sjieivieHT MaKCHMajibHoft fljiHHbi 
rpynnbi Beftjia W§. 

ByfleM Hcnojib30BaTb BBi6paHHoe b nyHKTe 3.1.3 HeBbipcc-KfleHHoe CKajiap- 
Hoe npoH3BefleHHe b ()* ajih OTO>KflecTBjieHH5i f)* c f). ConocTaBHM Ka>KflOMy 
KopHK) j3 G $ 9Ji6MeHT ifg KapTaHOBCKoft noflajire6pbi [), OTBenaioiHHH jiHHeft- 
HOMy (pyHKD,HOHajiy /? G f)* npn H30Mop(pH3Me f) = f)*. KaK OTMenajiocb b 
nyHKTe 3.1.6, 



Cjieflyn [303], BBe^eM b paccMOTpeHne jiHHeftHyio oGojionKy f) sjieivieHTOB 
i7 7l , H l2 , . . . , i5f 7r h noflnpocTpaHCTBO 



HeTpyflHO flOKa3aTb, mto f) + aBjiaeTca opToroHajibHbiM flonojraeHHeM k f) b f) 
no OTHonieHHio k HHBapnaHTHOMy CKajinpHOMy npoH3BefleHHio b q: 



ITphmep 3.5.51 IlycTb N = m J rnnn>m. PaccMOTpnM spmhtobo chmmct- 
pnnecKyio napy 




2 = 1,2,...,/. 



(3.5.59) 



= SljV 



! = 5(0[ n x y. 



ri0JI0>KHTejIbHbie HeKOMnaKTHbie KOpHH HMeiOT BHfl 



ZG{1,2,... 



n}, j G {n + l,n + 2, . . . 



iV} 



rfle 



1 



i = k 




(3.5.60) 
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Tpynna W fleftcTByeT b f)* nepecTaHOBKaMH sjieMeHTOB S{. H3 onpeflejieHHft 
cjieflyeT, hto r = m h 

N-j 

7j = £j - e N+ i-j = j = l,2,...,m, (3.5.61) 

iV-j 

^ = Hi, H lo = ^ 
IloflnpocTpaHCTBO \}~ nopo>KflaeTC5i ajieMeHTaMH 

N-m 

Hj + Hjy-ji j = 1, 2, . . . ,m - 1; ^ 
PaccMOTpHM orpaHH^eHHe jiHHeftHbix (pyHKUHOHajiOB Ha f) : 

ff-orr, (3.5.62) 

Mhojkcctbo Bcex HeHyjieBbix sjieivieHTOB o6pa3a $ npn OTo6pa>KeHHH (3.5.62) 

C-GoSHaHHM $ res , H KpaTHOCTbK) SJieMeHTOB 9TOrO MHCC-KeCTBa 6yfleM Ha3BI- 

BaTb hhcjio sjieMeHTOB ero nojiHoro npoo6pa3a. H3BecTHO, hto nc-flMHCc-KecTBO 
$ res C (f) - )* aBjiaeTca CHCTeMoii KopHeii. Ee ajieMeHTbi Ha3biBaK)T orpaHH- 
MeHHbiMH KopH5iMH, a ee rpynny Beiijia W Tes - orpaHH^eHHoii rpynnoii Beiijia. 
HeHyjieBbie orpaHHMeHna nojio^KHTejibHbix KopHeii Ha fp o6pa3yK)T mho^kcctbo 
$^ s , Ha3biBaeMoe MHO^KecTBOM nojic»KHTejibHbix orpaHHneHHbix KopHeii. 

3AMEHAHHE 3.5.52 IIlnpoKO Hcnojib3yeMaH b TeopnH npeflCTaBjieHHft MaKCH- 
MajibHan a6ejieBa noflajire6pbi J1h ac C p + © p McxaceT 6biTb nojiyneHa H3 f) 
c noMOHj,bio npeo6pa30BaHHH Ksjih [235, CTp. 212], [303, CTp. 334]. 

ByzjeM OTOJKflecTBjiHTb jiHHeftHbie (pyHKinic-Hajibi {71, 72, • • • , 7r} H HX 
cy>KeHHH Ha f)~, hto flonycTHMO, nocKOJibKy sth cy>KeHHH jiHHeftHO He3aBH- 

CHMbl [168]. 

riPEflJIOKEHHE 3.5.53 ([235, cmp. 212]) rpynna W Tes nopootcdena nepecma- 
hobkclmu sjitMenmoe 6a3uca {71,72, • • • ,7r} u yMHOotcenuMMU ego SAeMenmoe 
na ±1. Mnoatcecmeo $ res cocmoum U3 Kopneu ±7j Kpamnocmu 1, Kopneu 
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±27^ i 2^3 Kpamnocmu a u, eo3MOQtcHO, Kopneu HemH °u Kpamnocmu 

2b. Ecau ifYi G $res; mo ^res xeAMemcM HenpueedenHou cucmeMou Kopneu mu- 
na BC , a e npomuenoM cjiyuae - npueedeuHou cucmejuou Kopneu muna C . 

HeTpyflHO onncaTb cy>KeHH5i npocTbix KOMnaKTHbix KopHeii Ha noflnpo- 
CTpaHCTBO f)~ [181, CTp.83]: 

- 72), 5(72 - 73), • • • , \(lr-i ~ 7r), \lr), b cjiynae BC, 

-72), \{l2 -73), ...,5(7r-i ~7r)}, BCJiy^ae C. 

3AMEHAHHE 3.5.54 Hcnojib3y5i KjiaccH(pHKanHio HenpnBOflHMbix orpaHHneH- 
hmx CHMMeTpH^ecKHx o6jiacTeft [85], HeTpyznio noxaaaTb, hto Taxaa o6jiacTb 
c TOHHOCTbio flo H30MopcpH3Ma onpeflejraeTca TpoftKoii HHceji r, a, 6 [235, CTp. 
213], [98, CTp. 16]. Mhcjio p = (r — l)a + 6 + 2 Ha3biBaiOT poflOM HenpHBOflHMoii 
orpaHHHeHHoii CHMMeTpHHecKoft o6jiacTH B [98, CTp.16], [235, CTp. 239]. 

B flajibHeiiiiieM fljia 0-MOflyjieii h ^-MOflyjieii mm ncnojib3yeM Taxne >Ke 
oGosHaMeHHH, Kax fljiH ^g-MOflyjieft h [/^-MOflyjieft, onycKaa HHfleKC q. 

Bee A G P+ Ha3biBaK)T ccpepHHecKHM, ecjin npocToft KOHenHOMepHbift g- 
MOflyjib L(X) co CTapniHM bccom A HBji5ieTC5i ccpepH^ecKHM, to ecTb o6jiafla- 
eT HeHyjieBbiM {?-HHBapHaHTHbiM BeKTopoM. B 9tom cjiyuae noflnpocTpaHCTBO 

^-HHBapHaHTHblX BCKTOpOB OflHOMepHO [85, CTp. 452], H, CJieflOBaTCJIbHO, Kop- 

peKTHO onpeflejieHbi OTBenaiomHe hm MaTpn^Hbie sjieMeHTbi ^fx(g) - 30HajibHbie 
ccpepH^ecKHe (pyHKUHH. 

IlpHBefleM xoponio H3BecTHoe onncaHne MHO>KecTBa p^ phcr c(pepHHecKHx 
BecoB h nopo^KfleHHoii hm a6ejieBoii rpynnbi p s P her c P. 

E[PEflJ10>KEHHE 3.5.55 ([86, cmp. 593]) Upocmou KOHeuHOMepnuu Q-ModyAb 
M6AMemcM ccjjepuuecKUM, ecjiu u moAhno ecAU ezo cmapmuu eec A ydoeAemeo- 
psiem CAedywmuM ycAoeuMM: 

1. X\ h+ = 7 

2. [ ' G Z dAM AK)6020 02paHUHeHH020 KOpHM 7. 
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riPHMEP 3.5.56 IlycTb n > 1. PaccMOTpHM spmhtobo CHMMe-TpHHecKyio napy 
(sl n+ i,s(gt n x qIi)). B 3tom cjiy^ae r = 1, 

n n 

7l = ^1 = y^Qti? #7i = XI ^ = ei ' 1 ~ e «+l,n+l, 

i=l i=l 

rfle {e^j} - CTaHflapTHbiii 6a3nc BeKTopHoro npocTpaHCTBa MaTpnu,. 3HaMHT, 
CHCTeMa orpaHHMeHHbix KopHeii HMeeT bha $ rcs = {—71, — ^71, ^71,71}, a nofl- 
npocTpaHCTBO f) + nopo>KflaeTC5i sjieMeirraMH 

Hi-H n , H h j = 2,3,. ..,n-l. 

Ycjiobha A G P+, A|(j+ = osHa^aioT, mto A G Z + (uJi + uJ n ). YcjioBHe uejioniic- 
jieHHOCTH BbinojiHeHO fljia Bcex TaKHx BecoB A, nocKOjibKy 

(7b 7i) = 2, (uJi + uJ n , 71) = (^ui + uJ n , X a)j = 2, 

xaK cjieflyeT H3 (3.1.13), (3.1.14). 
H3BeCTHO [178, CTp. 6], mto 

p+ pher = ez + ^, ^ sphcr = ©ZA*i, 

rfle Hi, /i2, • • • , /J>r ~ (pyHflaMeHTajibHbie ccpepH^ecKHe Beca. Hx HBHbift bha npn- 
Be-fle-H, HanpHMep, b [247, CTp. 478]. 

HaflejiHM p^ pher oTHoniGHHeM HacTHHHoro nop^flKa, nojiaraa X^j=i rn 'jt J 'j — 
Yl r j=i m jf i j ecjIH m 'j < m j n P H BCex 3 = 1,2, ...,r. HeTpyznro noKa3aTb 
[342], [340, ct P . 297], mto 

<P\'(9)<P\"(9) = ^2 Cv(X,X')<Pv(g), (3.5.63) 

v^X'+X" 

rfle Cj,(A', A") - HeoTpHu,aTejibHbie MHCJia h ca'+a"(A', A") 7^ 0. 

PaccMOTpHM ajire6py Pol(p~) nojiHHOMOB Ha OBemecTBjieHHOM BeKTop- 
hom npocTpaHCTBe p h noflajire6py ee ^-HHBapnaHTOB Pol(p~) e . Hcnojib3y5i 
MaTpHMHbie ajieMeHTbi KOHe^HOMepHbix ccpepHnecKHx g-MOflyjieft L(X) } oTBena- 
ioiHHe hx ^-HHBapHaHTHbiM BeKTopaM, HeTpyznro noiryHHTb 6a3HC BeKTopHoro 
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npocTpaHCTBa Pol(p~) 6 . IIpH btom nepexofl k nojiHHOMaM Ha p~ ocyinecTB- 
jineTCH c noMom,bK) KaHOHHnecKoro BjicmeHM C[p~] C[G]t). CjieflyioiHHH 
pe3yjibTaT flocTaBjineT onncaHne ajire6pbi Pol(p~) 6 . 

riPEflJlOKEHHE 3.5.57 ([190, cmp. 74]) Cyu^ecmeytom r odnopodnux nojiu- 
HOMoe Pi, P2, . . . ,P r e Pol(p~) e ; djisi Komopux 

1. degP l = 2i, i = l,2,...,r,. 

2. Pol(p~) e ceo6odnaM KOMMymamuenaM aA2c6pa c o6pa3ytow > UMU 
Pi, P 2 , . . . , P r . 

AHajiorHMHbiii pe3yjibTaT HMeeT MecTO ajih noflajire6pbi J1h C 
t, nopo^KfleHHoii sjieivteHTaMH Ei, i 6 S. IlycTb C[p~] mv noflajire6pa 
n^-HHBapHaHTOB ajire6pbi C[p~] rojiOMopcpHbix hojihhomob Ha p . 

IlPEflJlOKEHHE 3.5.58 ([190, cmp. 73]) Cyu^ecmeywm r odnopodnux hoau- 

H0M06 Pi,P2, ■ ■ ■ ,p r 6 C[p"] mv , dAM KOtnopUX 

1. degpi = i, 

i 

2. eec pi paeen ^ 7^, 

k=l 

3. C[p~] mv ceo6odnaM KOMMymamuenasi aAzc6pa c o6pa3yK>w ) UMU 

Pl,p 2 ,...,p r . 

4- 06pa<3ywut l ue p\, P2, ■ ■ ■ ,p r a,Azc6pu C[p~] mv onpedeAMwmcM ceoucmea- 
mu 1 - 3 c mounocmbK) do hucaooux MHOofcumeAeu. 

B cpopMyjinpoBKe npefljio>KeHH5i 3.5.58 no,z],pa3yMeBaeTC5i, hto r - paHr P. 

CjieflyioiHHH pe3yjibTaT Ha3biBaeTC5i TeopeMoii Xya-KlMHfla. Oh BbiTexaeT 
H3 npefljio>KeHHH 3.5.58. 

IlPEflJIOKEHHE 3.5.59 ([190, cmp. 73], [327, cmp. 443]) B Kamezopuu !- 
ModyAcu 

C[p"]« L(t, A), 

sde 
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CJlEflCTBHE 3.5.60 Kpamnocmu exootcdenuu npocmux t-ModyAeu e C[p ] we 
npeeocxodsim eduHU%u. 

3.6 KoBapnaHTHbie ,zi,nc[)c[)epeHii,najibHbie HCHHCJieHHa 
h HHBapHaHTHbie ,o;H(j)(j)epeHLi,HajibHbie onepaTopbi 

3.6.1 /JncpcpepeHijHajikHbie HCHHCjieHHa nepBoro nopsmica. 

BBefleM Heo6xoflHMbie onpeflejiemifl, cjieflya [214]. PaccMOTpnM ajire6py F, ko- 
Topaa 6yfleT npeflnojiaraTbca yHHTajibHoii, ecjin He oroBopeHO npoTHBHoe. 

^HcpcpepeHUHajibHbiM HCMHCJieHHeM nepBoro nop^flKa Hafl F Ha3biBaiOT 
-F-GHMOflyjib M h jiHHeiiHoe OTo6pa>KeHHe d : F — > M Taxne, mto 

1. fljiH Bcex /i, / 2 G F 

d(fi-f2) = df l -f 2 + f l -df 2 , (3.6.1) 

2. M 5iBji5ieTC5i jiHHeftHOH oGojiomkoh BeKTOpOB /i • • fa, Tfle /l, /2, /3 £ F. 

H3 (3.6.1) cjieflyeT, mto <il = 0. BTopoe ycjiOBHe paBHOCHjibHO TOMy, mto M 
aBjiaeTca jiHHeiiHOH o6ojiohkoh sjieMeHTOB fi ■ dfii rfle /i, _/*2 £ F. 

riycTb A - ajire6pa Xon(pa, h F aBjiaeTca yl-MOflyjibHoii ajire6poii. /JiKp- 
(pepeHD,HajibHoe HCHHCjiemie nepBoro nopaflxa (M, Hafl F Ha3biBaiOT KOBa- 
pnaHTHbiM, ecjin M aBjiaeTca ^-MOflyjibHbiM F-6nMOflyjieM ad Mop(pH3M 
A-MOflyjieii. 

ByzjeM Hcnojib30BaTb a66peBHaTypy CFODC ajih KOBapnaHTHbix ,z],H(p(pe- 
peHu,HajibHbix HCMHCJieHHft nepBoro nop^flKa. J\b& CFODC (M',d'), {M",d") 

Ha3bIBaK)T H30MOp(J)HbIMH, eCJIH CymeCTByeT TaKOft H30MOp(J)H3M ^-MOflyjIbHblX 

F-6HMOflyjieft i : M' M" mto d" = i • d' . 

OrpaHHMHMCH spmhtobo CHMMeTpH^ecKHM cjiy^aeM H nOCTpOHM CFODC 
Hafl t/ g 0-MOflyjibHoii ajire6poii Cfp - ]^. 

Kax H3BecTHO [113, CTp. 82], b KjiaccHnecKOM cjiynae q = 1 fliicpcpepeHUH- 
aji conp5i>KeH k MopcpH3My o6o6m,eHHbix MOflyjieft BepMa 

<f : iV(q + , -a, ) -> iV(q + , 0), d* : ?;(q + , -a, ) h-> F /q z;(q + , 0) (3.6.2) 
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b KaTeropHH rpaflynpoBaHHbix t/g-MOflyjieft. ilepeftfleM k KBaHTOBoft yHHBep- 
cajibHoii o6epTbiBaK)m,eH ajire6pe. 

IlycTb d* Mop(pH3M U ~ q Q-M.opy 'jieft, onpe,o,ejiaeMhift toh me (popiviy- 
jioft (3.6.2), mto h b KjiaccH^ecKOM cjiy^ae. CyinecTBOBaHne h eflHHCTBeH- 

HOCTb TaKOrO MOp(|)H3Ma OMeBHflHbl, cm. nyHKT 3.3.1. HanOMHHM, mto Bex- 

TopHoe npocTpaHCTBO A^(q + , — ai ) aBjiaeTca rpaflynpoBaHHbiM N(q + , — ai/ ) = 



oo 



(J) A^(q + , — a/ )_j. BBefleM b paccMOTpeHne conp5r>KeHHoe rpaflynpoBaHHoe 

.7 = 1 

BeKTopHoe npocTpaHCTBO 

oo 

^\p~) q = A AHP-Jgj = ^(q + , 

i=i 

h conp5i>KeHHbiH jiHHeftHbift onepaTop 

diClp-^A'fr),. (3.6.3) 

Il0Ka>KeM, HTO A^p - )^ HBJIHeTCH C/gg-MOflyjIhHhlM Cfp^jg-GHMOflyjieM. 

IlycTb A 6 P+. PaccMOTpHM cjieflyioiHHe MopcpH3Mbi 

A+ t;A :iV(q + ,A)^iV(q + ,0)®iV(q + ,A), 

A r t g ht,A = ^(q + , A) -> iV(q+, A) ® iV(q+, 0) 
b KaTeropHH C/ g fl cop -MOflyjieH, onpeflejiaeMbie hx fleftcTBHeM Ha o6pa3yioiHHe 

A+ t)A : ^(q + , A) » v(q + , 0) ® z;(q+, A), 

A r t ght ,A :^(q + ,A) - ^(q + , A) ® 7j(q + , 0). 
CjieflyK)Hj,He paBeHCTBa BbiTexaiOT H3 onpeflejieHHii 

(id ® A+ t>A )A+ t)A = (A+ ® id)A+ ftA , (3.6.4) 

(A r t gh t,A ® id)A+ ght)A = (id ® A + ) A r t ghtjA , (3.6.5) 

(s + ® id) A+ t>A = (id ® e +) A r t ghtjA = id, (3.6.6) 

(id ® A r + ght)A )A+ M = (A+ t)A ® id)A+ ght;A (3.6.7) 

(KoyMHO^KeHne A + h KoeflHHnna e + b A^(q + , 0) 6bijin BBefleHbi b nyHKTe 3.3.2.) 
HanpHMep, (3.6.7) cjie^yeT H3 

(id ® A+ ght A )A+ 1 jA 7j(q+, A) = v(q + , 0) ® v(q + , A) ® 7j(q+, 0), 
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(A£ft,A ® id)A+ ght ^(q + , A) = ?;(q + , 0) ® ?;(q + , A) ® ?;(q + , 0). 

PaccMOTpHM KaTeropnio rpaflyHpoBaHHbix BeKTopHbix npocTpaHCTB h co- 
npa>KeHHoe k iV(q + , A) npocTpaHCTBO r(p~,A) g b stoh KaTeroproi. HaflejiHM 
ero CTpyKTypoii UqQ-Mopyjisi, a T&Kme jieBbiM h npaBbiM fleftcTBHHMH C[p~] g c 
noMOinbio onepaTopos 

mief t ,A = f (A+ ft A )*, m ri g htjA = f (A+ ght A )*. 
H3 paBeHCTB (3.6.4) - (3.6.7) BbiTexaeT cjieflyioinee yTBep^KfleHne. 

IlPEflJlOKEHHE 3.6.1 JJam ak)6o20 A (E P+ zpadyupoeaHHoe eeKmopnoe npo- 
cmpaHcmeo I\p , X) q MejiftemcM UqQ-ModyAtHUM C[p~] q -6uModyjieM. 

3AMEHAHHE 3.6.2 OneBHflHO, 

r(p", A), = | / G Hom [/?q+ (^ fl ,L(q + ,- W ;oA)) | dim(^f) • /) < oo} . 

IlycTb iV(q + , A) highest - CTapinaH OflHopoflHaa KOMnoHeHTa rpaflynpoBaH- 
Horo BeKTopHoro npocTpaHCTBa iV(q + , A) h Phighest - npoeKTop b A^(q + , A) Ha 
noflnpocTpaHCTBO N(q + , A) highest napajuiejibHO cyMMe ocTajibHbix oflHopoflHbix 

KOMnOHeHT. 

JlEMMA 3.6.3 Jluneunue onepamopu 

(id ® Phighest) A+ t)A : 7V(q+, A) -> 7V(q+, 0) ® 7V(q+, A) h i g hest, 
(^highest ® id)A r t ght ,A : W(q+ A ) W(q+ A )highcst ® ^V(q + , 0) 

^OKa3aTejibCTBO. Bocnojib3yeMC5i TeMH me oGosHaneHHHMH, hto b cpop- 
MyjinpoBKe npefljio»:eHH5i 3.3.1. HHteKTHBHOCTb paccMaTpHBaeMbix jiHHeftHbix 
onepaTopoB BbiTexaeT H3 SToro npefljio>KeHH5i, H30MopcpH3Ma A^(q + , A)hi g hest — 
L(q + , A) h H3 Toro, hto ajih jno6oro BecoBoro BeKTopa v G AT(q + , A)hi g hest HMe- 
tot MecTO paBeHCTBa 

(id ® w^t; • • • Ci, 1 ") = 
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= const'- F£F£ : ;...^»;;v(q+,o)®«, 

(p MghC8t ® id)A; ghW (F£F» : ; . . . = 

= const" • v ® F' a M Fi"-' . . . F' M '+ 1 v(q+,0), 

Pm Pm-1 Pm'+i V 7 

rzje nncjiOBbie MHO>KHTejiH const', const" otjihhhm ot Hyjia. □ 

IlPEflJlOKEHHE 3.6.4 1. BuModyAhT{p~ ,\) q nad a A2e6p oil C[p~] q ABAMemcM 
nan ceo6odHUM AeeuM, man u c6o6o3hum npaeuM <C[p~] q -ModyAeM. 
2. Ecau r(p _ , A) ^lowest ~~ MAadmaa odHopodnasi KOMnoHenma T(p , X) q , mo 
UMewm Mecmo usoMopcfiusMU U q t-ModyAeu 

C[p-] q <g> r(p" A),,i owcst z T(p~, X) q , f®v^fv, (3.6.8) 

r(p", A),,iowest ® C[p"] 9 5 r(p", A)„ v®f»vf. (3.6.9) 

^OKa3aTejibCTBO. IlepBoe yTBep^Kflemie cjie-flyeT H3 BToporo. Mopcpro- 
Mbi Uqt-Mopjjiem (3.6.8), (3.6.9) hbjihiotch MopcpH3MaMH rpaflynpoBaHHbix Bex- 
TopHbix npocTpaHCTB. H3 npefljio»:eHH5i 3.3.1 (no flBOHCTBeHHOCTn) cjie-flyeT, 

HTO pa3MepHOCTH COOTBeTCTByK)n],HX HX OflHOpOflHblX KOMnOHeHT KOHenHbl H 

paBHbi. 3HannT, 6neKTHBHOCTb MopcpH3MOB (3.6.8), (3.6.9) cjie-flye-T H3 ciopTDeK- 

THBHOCTH, a HX CIOptCKTHBHOCTb BblTCKaGT H3 JieMMbI 3.6.3. □ 

Pa3yMeeTC5i, r(p~,A) g He hbjihctch cboGoahmm C[p~] q -6HMO/],yjieM. Haii- 
fleM cooTHonieHHH Me^yry o6pa3yiom,HMH H3 r(p~, A) (?j i owest . Tax xax r(p~, X) q 

HBJIHeTCH UqQ-MOffyjieM C MJiaflHIHM BeCOM, TO KOppeKTHO OnpeflejieH MOp(|)H3M 

U q Q-MopyjiefL 

R„,x = ^r( P -, M ) 9 ,r(p-,A) 9 : r(p", fi) q I\p , X) q -> r(p , A), ® r(p", n) q , 

BBefleHHbift b nyHKTe 3.1.4 c noMom,bio yHHBepcajibHoft i?-MaTpnu,bi. B nacTHO- 
cth, 

Ro,x : C[p~] q ® r(p" A), -> r(p", A), ® c[p-] ? , 
nocKOjibKy b KaTeropnn [/^-MOflyjibHbix Cfp^jq-GnMOflyjieii 

c[p-], = r(p-,ov 
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IlepBoe yTBep>KfleHHe cjiejjyioiHero npe;iJio:>KeHH5i 03HaHaeT, hto paccMaT- 
pHBaeMbie 6HMO,zryjiH Hafl KOMMyTaTHBHoft ajire6poft C[p~] g b KaTeroproi C 

HBJI5HOTCH JIOKajIbHblMH, CM. nyHKT 2.3.8. 

riPEflJIO>KEHHE 3.6.5 1. mieft.A = m rightjA • #0,A, ™riglit, M = m M t^ ' R»fl. 

o, lowest -r(p- a) o, lowest 

^OKa3aTejibCTBO. IlepBoe paBeHCTBO ;j,OKa3biBaeTC5T nepexoflOM k conpn- 
}KeHHt>iM onepaTopaM. /JeiicTBHTejibHO, oho paBHOcnjibHO paBeHCTBy MopcpH3- 

MOB U q Q COp -MOffy jie& 

(Ro,xTK s h,x = ^ left, a- (3-6.10) 
B cbok) onepeflb, (3.6.10) cjie,zryeT H3 toto, hto BeKTop f(q + ,A) nopo>KflaeT 
U q Q cov '-mo fly 'Jib iV(q + ,A) h h3 paBeHCTB 

A rt g ht,A^(q + 5 A ) = A ) ® 0), A+ ftjA v(q + , A) = ?;(q + , 0) ® ^(q + , A), 
i?* jA i;(q + , A) ® ?;(q + , 0) = v(q + , 0) ® ?;(q + , A). 

BTopoe paBeHCTBO jj,OKa3biBaeTCH aHajiornnHO nepBOMy. 

IlocjieflHee H3 yTBep>Kjj,eHHH nepejj,jio>KeHH5i 3.6.5 hbjihctch cjieflCTBneM 

TOrO, HTO i?o,A HBJIHeTCH MOpCpH3MOM t/qg-MOflyjieft H, CJieflOBaTejIbHO, 9TOT 

jiHHeHHbiii onepaTop nepecTaHOBoneH c fleiicTBHeM H§ ® 1 + 1 ® iif§. □ 

CJlEflCTBHE 3.6.6 nycmt {zi} - 6a3uc KOHeuHOMepnozo eeKmopnozo npo- 
cmpaHcmea C[p~] Qi i, a {7^} - 6a3uc KoneHHOMepHoso eeKmopnoso npo- 
cmpaHcmea I\p , A) ^lowest- Cyu^ecmeyem u eduHcmeeHua manasi Mampu%a 
(Rfp(X)), HMO 

Ro,\(zi ® 7i) = I] ^, m ( A ) 7* ® *m, (3-6.11) 

fc,m 

gde i,m e 1,2, . . . , dimC[p"] g ,i, j, A; G 1, 2, . . . , dimr(p _ , A) (?j i owest . 

3AMEHAHHE 3.6.7 OTbiCKaHHe (pyHKunii ^ TO (A) Ka^KeTCH HenpocToii 3a- 
flaHeii, nocKOjibKy b hx onpeflejieHHH ynacTBye-T fleiicTBHe yHHBepcajibHoii 

i?-MaTpHU,bI B TeH30pHbIX npOH3BejJ,eHH5IX GeCKOHeHHOMepHblX UqQ-MOffyjiew.. 
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IloKa>KeM, hto Ha caMOM flejie npo6jieMbi HeT. Tax »:e, KaK b nyHKTe 3.3.7, 
paccMOTpHM noflajire6py Xoncpa U q t ss C U q Q, nopo^KfleHHyio 9JieMeHTaMH Kf 1 , 
Ei, Fi c i Iq. ^cficTBHe yHHBepcajibHon .R-MaTpnnbi ajire6pbi Xoncpa U q g Ha 
BeKTopbi H3 C[p~] g) i (g) X)q 7 \ owest OTjin^aeTCfl ot fleiicTBH5i yHHBepcajibHoii 
i?-MaTpHu,bi ajire6pbi Xoncpa U q t ss jinnib nncjiOBbiM MHO^KHTejieM 

const = qiy Wl °\ (3.6.12) 

flOKa3aTejibCTBa (3.6.12) flocTaTOHHO Bocnojib30BaTbCH cpopMyjioft (3.1.23), 
npHBefleHHbiM pa3Jico>KeHHeM sjieivieHTa wq, onncaHHbiM b nyHKTe 3.3.1, h pa- 
BeHCTBaMH (3.1.24), 

1^05 x ) = l a z Ifine, A |f)n«J H 7= — — v > (a/ > W V = «i > 

no3BOji5iiOHj,HMH cpaBHHTb KapTaHOBCKHe MHCOKHTejiH (cm. (3.1.23) h 3aMenaHne 
3.3.22). Tax KaK i? M; A ^BjiaeTca MopcpH3MOM (Tgg-MOflyjieft, to 

g, lowest o, lowest -r(p- A) o, lowest , lowest- 

Tax me, KaK npe>Kfle, HaxoflHTca hhcjioboh MHO^KHTejib, CB5i3biBaioinHH fleft- 
CTBH5I i?-MaTpHD, ajire6p Xoncpa U q Q n U q t ss : 

const = 9 V'o' . (3.6.13) 

Cjieflyioinee yTBep>KfleHne BbiTeKaeT H3 npefljio>KeHHH 3.6.4, 3.6.5. 

IlPEflJlOKEHHE 3.6.8 Mnootcecmeo {7i}j=i,2,...,dimr(p-,A) <z ,i owest nopootcdaem 
C[p~] q -6uModyA'b r(p~,A) g; u coomHoweHUM 

z nj = Y,RiP^hkZ m (3.6.14) 

k,m 

siejiMwmcM onpedeAMOUL^UMU. 

Ilo nOCTpOeHHK), A 1 (p~) q = T(p , —ai ) q . 3HaHHT, A 1 (p~) g HBJIfleTCH U q Q- 

MOflyjibHbiM C[p _ ]q-6HMOflyjieM. 
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CJlEflCTBHE 3.6.9 IIpu ecex i,j = 1,2,..., dim p 

dim p~ 

Zidzj= J2 RiPdz k z m , (3.6.15) 

k,m=l 

zde R^j 2 = i?^ m (— ai ), u (3.6.15) - onpedeAMtomuu cuucok coomHomenuu 
Meotcdy o6pa3yjouj i UMU C[p~] q -6uModyAM A 1 (p~) q . 

3AMEMAHHE 3.6.10 riycTb 7i ow - MjiafliiiHH BeKTop t/gg-MOflyjia T(p~,X) q h 
{zi} - 6a3HC BecoBbix BeKTopoB Uqt-MORyjisi C[p~] 9) i: HjZi = /ii(Hj)zi. Tor^a, 
Kax cjieflyeT H3 (3.6.14), (3.1.23) h (3.1.25), zcf\ ow = g^'^Tiow^- B MacTHOCTH, 

^low dz\ ow = q h 2 dz\ ow z\ ow . (3.6.16) 

3to - o6o6m,eHHe cooTHOineHira (2.5.5). 

riepefifleM k ,a,OKa3aTejibCTBy Toro, mto (A^p - )^, d) HBji5ieTC5i flncpcpepeH- 
D,HajibHt>iM HCMHCJieHHeM nepBoro nop^flKa Hafl Cfp - ]^. ripaBHjio Jleft6HHii,a 
(3.6.1) HeTpyflHO nojiy^HTb, nepeftflH k conp5i:>KeHHbiM jiHHeftHbiM onepaTopaM 
b cjieflyiomeM paBeHCTBe Mop(pH3MOB U q g cov '-MOfly Jieft. 

JTemma 3.6.11 A+<f = (<f ® id)A+ ght) _ % + (id®d*)A+ {t _ aio . 

,Z^OKa3aTejTbCTBO. ^OCTaTOHHO BOCnOJIb30BaTbC5I paBeHCTBaMH 

A + d*v(q + , -a lo ) = A+(F^(q+,0)) = FjA + ^(q + ,0)) = 
= F /o (^(q+, 0) ® ^(q + , 0)) = F^(q + , 0) ® ^(q + , 0) + v(q + , 0) ® F^(q + , 0), 
((d* (g) id)A+ ght _ a;o + (id ® d*)A+ t) _ ttIo )v(q + , -a*,) = 
= d^(q + , -a /o ) ® v(q + , 0) + v{q + , 0) ® d*v(q + , -a lo ) = 

= F lo v(q + , 0) ® ^(q+, 0) + ?;(q + , 0) ® F^(q+, 0). □ 

OcTaeTca noKa3aTb, mto ajieMeHTbi df, r^e / 6 C[p~] 9 , nopcxacflaiOT 
C[p _ ] g -6HMOflyjib A 1 (p _ ) (? . Mbi nojiy^HM 6ojiee cnjibHoe yTBep^KfleHne. 
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IlPEflJIOKEHHE 3.6.12 Ecau {zj} - 6a,3uc eeKmopnozo npocmpaHcmea 
C[p"] g ,i, mo 

dimp~ dimp~ 

^(p-) q = © C[p~] q dzj= dzjC[p-} q . 

3 = 1 .1 = 1 

/]^OKa3aTejibCTBO. Kax cjieflyeT H3 npefljio^KeHHsr 3.6.4, flocTaTOMHO no- 
Ka3aTb, hto jiHHeftHoe OTo6pa»:eHHe 

6HeKTHBHO. Ho COnpHJKeHHOe JIHHeftHOe 0T06pa>KeHHe 5IBJI5ieTC5I MOp(|)H3MOM 

npocTbix BecoBbix C/^-MOflyjieft h otjihhho ot Hyjra, nocKOJibKy 

3.6.2 yHHBepcajibHfcie o6epT£>iBaioiii,He /i,HcpcpepeHii,Hajii>H£>ie 
HCHHCjieHHa. ByfleM ncnojib30BaTb noH5TTH5i, BBefleHHbie b nyHKTe 2.5.1. 
HanoMHHM, mto flH(p(pepeHu,HajibHbiM HCMHCjieHneM Hafl ajire6poii F Ha3biBa- 
iot Taxyio flH(p(pepeHLi,HajibHyio rpaflynpoBaHHyio ajire6py (D,,d), fljra KOTopoii 
Qo = F h KOTopaa nopo^KflaeTca sjieivteHTaMH H3 F <iF. 

Kax H3BecTHO [214, CTp. 463], Ka>KflOMy flH(p(pepeHi],HajibHOMy HCHHCJie- 
hhio nepBoro nop^flKa (M, Hafl ajire6poft F mwkho conocTaBHTb flH(p(pe- 
peHu,HajibHoe hchhcjighhg (£l umv , d umv ) Hafl stoh ajire6poft, oGjiaflaiomee cjie- 

flyiOIHHMH CBOHCTBaMH: 

1. nr iv = M ; 

2. d xmi J F = d; 

3. fljiH jiK)6oro flH(p(pepeHii,HajibHoro hchhcjighhh (Q', d') Hafl ajire6poft F, 
yflOBJieTBopfliomero flByM npeflbiflyiHHM Tpe6oBaHH5iM (p,[ = M, d'\ F = d), 
cym,ecTByeT roMOMopcpH3M flH(p(pepeHi],HajibHbix rpaflynpoBaHHbix ajire6p 

Quniv _^ Qf TOJKfleCTBeHHblft Ha F © M. 

Taxoe flH(p(pepeHu,HajibHoe HCMHCjieHne eflHHCTBeHHO c TOMHOCTbio flo H30Mop- 
(pH3Ma, TO>KflecTBeHHoro Ha F(&M } h Ha3biBaeTC5i yHHBepcajibHbiM o6epTbma- 
ioihhm flH(p(pepeHu,HajibHbiM HCHHCJieHHeM. Oho cymecTByeT h 5iBji5ieTC5i KOBa- 
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pnaHTHMM, ecjiH KOBapnaHTHbiM 6bijio ncxoflHoe flHcpcpepeHnHajibHbiM hcmhc- 
jieHHe nepBoro nop^flKa [214, CTp. 463, 464]. 

3AMEMAHHE 3.6.13 B [214] Hcnojib3yeTC5i flpyraa TepMHHOjiorHa h He^BHO 
npeflnojiaraeTca, hto Bee paccMaTpnBaeMbie U q Q-MORyjm 5tbji5tiotc5i jiOKajibHO 
KOHeMHOMepHbiMH. 9to He CKa3biBaeTC5i Ha npnBefleHHOM b [214, CTp. 464] flo- 
Ka3aTejibCTBe KOBapnaHTHOCTH yHHBepcajibHoro oGepTbiBaromero flncpcpepeH- 

UHajIbHOrO HCMHCJieHHH. 

IlpHBefleM Tpn npHMepa nocTpoeHHH yHHBepcajibHoro flHCpcpepeHHHajibHO- 
ro HCMHCJieHHH. Ka»:floe cjieflyiomee flHcpcpepeHiniajibHoe HCHHCJieHHe nepBoro 
nop^flKa 6yfleT nojiyMaTbCH H3 npeflbiflymero "yBejiH^eHHeM cnncKa onpeflejra- 

lOIHHX COOTHOHieHHft". 

riPHMEP 3.6.14 (HeT COOTHOHieHHH.) PaCCMOTpHM BeKTopHoe npOCTpaHCTBO 

V h nocTpoHM flH(p(pepeHu,HajibHoe HCHHCjieHne Hafl ero TeH3opHOH ajire6poii 

T{V). Bbl6epeM BeKTOpHOe npOCTpaHCTBO V, H30MOp(J)HOe V, H H30MOp(|)H3M 

d : V — > V . HaflejiHM TeH3opHyio ajire6py Q! = T(V © V) cjieflyromeii 
rpaflynpoBKoft 

degf = 0, v G V, degv' =1, v' G V . 

O^eBHAHO, Q' = Q'j, rfle Qfj = {t G Of | deg t = j}. OnpeflejiHM jiHHeft- 
Hbift onepaTop d' b Q' peKypcHBHo: d'l = 0, 

d'v = dv, v G V, d'v' = 0, v' G V' 

d'fy ®£)=ch;<g)£ + t;<g> cfa, u G V, t G fi', 

<g> 1) = - v > ® d'i, v ' eV, te tt'. 

PaBeHCTBa (d') 2 = h (2.5.1) jierxo cjie,zryiOT H3 onpeflejieHHit Ilapa (Q' 1: d'^,J 
aBjiaeTca flH(p(pepeHu,HajibHbiM HCHHCjieHneM nepBoro nopaflKa Hafl TeH3opHOH 
ajire6poH T(V), a napa d') - ero yHHBepcajibHbiM oGepTbmaioiHHM flncp- 
(pepeHD,HajibHbiM HCHHCjieHneM. 



346 



riPHMEP 3.6.15 (BBOflflTCfl COOTHOHieHHfl Me>Kfly KOOpflHHaTaMH.) IlyCTb Jo - 

flBycTopoHHHft Hfleaji TeH3opHoft ajire6pt,i T(V) h Jq = ©(Jon F®- 7 ). IIocTpo- 

hm flH(p(pepeHu,HajibHoe HCHHCjiemie Hafl ajire6poii F = T(V)/Jq. 

BBefleM flBycTopoHHHii Hfleaji Jp ajire6pbi Q', nopo^KfleHHbiii Jo h d'Jo. 
Ajire6pa Q = Q! / Jp HacjieflyeT rpaflynpoBKy Q F = (J) Qj. 

OMeBHflHO, V ^ F. Tax xax d'Jp C Jp, to fleiicTBHe flncpcpepeHniiajia 
d' nepeHOCHTC5i b Q f = Q'/ Jf. riojiynacM jiHHeiiHbiH onepaTop 4 h flncp- 
(pepeHD,HajibHoe HCHHCJieHHe (fl F ,d F ) Hafl ajire6poft J 1 = ^q. Oho 5iBji5ieTC5i 
yHHBepcajibHbiM o6epTbiBaioiHHM fljiH flHCpcpepeHiniajibHoro hchhcjighhh nep- 
Boro nop^flKa (fif, h xopoino h3bcctho b Teoproi KBaHTOBbix rpynn [302, 

CTp. 462]. 

riPHMEP 3.6.16 (BBOflHTca KOMMyTau,HOHHbie cooTHOineHHH Me>Kfly KOopflHHa- 
T&MH h flH(p(pepeHu,HajiaMH.) PaccMOTpHM o6paTHMbift jiHHeftHbift onepaTop 
7Z : V <S> V — > V ® V. IlycTb Ji - nofl6HMOflyjib F-6HMO,zryji5i f2f , nopo»c- 
fleHHblft noflnpocTpaHCTBOM 

{W-v'vIv®^^®!/), v € V, v' e V'} C ftf . (3.6.17) 

OaKTopH3au,H5i (£lf,d F |^) no Ji npnBOflHT k flH(pcpepeHn,HajibHOMy hchhc- 
jieHHio nepBoro nopaflxa Hafl ajire6poii F. /Jjra Toro, htoGm nojiynnTb co- 
OTBeTCTByiomee yHHBepcajibHoe oGepTbiBaioinee flHCpcpepeHnnajibHoe Hcnncjie- 
Hne, paccMOTpHM flBycTopoHHHii Hfleaji Jm ajire6pbi Qp, nopo^KfleHHbiii mho- 
>KecTBaMH Ji, d F Ji, h npo(paKTopH3yeM Qp no Jm- Ha Qf/Jm nepeHocnTcn 
rpaflynpoBKa h fleftcTBHe flH(p(pepeHu,Hajia, nocKOJibKy Hfleaji Jm oflHopofleH h 
d F Jm C Jm- 

PaccMOTpHM BBefleHHoe b nyHKTe 3.6.1 KOBapnaHTHoe flHCpcpepeHuriajib- 
Hoe HcnncjieHHe nepBoro nopn^Ka (A (p~) q ,d) Hafl ajire6poft C[p~] 9 . IlycTb 
(A(p~) g , d) - OTBenaiomee eMy yHHBepcajibHoe JXHCpcpepeHnnajibHoe HCHHCJie- 
Hne Hafl Cfp - ]^ h A - yMHO>KeHHe b A(p~) q = (J) A J (p~) q . 

HeTpyflHO onncaTb flHCpcpepeHnnajibHyio ajire6py A(p~) q b TepMHHax 06- 
pa3yK)m,Hx h cooTHomeHHH, Hcnojib3yn pe3yjibTaTbi nyHKTa 3.6.1 h npHMep 
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3.6.16. J^jisi SToro flocTaTOHHO nonojiHHTb cnncoK onpefleji5iioiii,Hx cooTHOine- 
hhh KBaflpaTHHHoft ajire6pbi p cooTHOineHH5iMH (3.6.15) h paBeHCTBaMH, no- 
jiyMaeMbiMH fliicpcpepeHiriipoBaHiieM (3.6.15). HMeHHO, 

dim p~ 

dzi A dzj = - ^2 ^T dzk A dz m- (3.6.18) 

k,m=l 

3AMEHAHHE 3.6.17 IlojiyMHM c noMom,bio pe3yjibTaTOB nyHKTa 2.3.8 flpyroe 
onncaHne flncpcpepeHipiajibHoro HCHHCjieHM (A(p~) g ,d). H3 Hero 6yneT one- 
BHflHa KOBapnaHTHOCTb paccMaTpHBaeMoro flHCpcpepeHunajibHoro HCHHCjieHira. 
Bo-nepBbix, ajire6pa F = Cfp^j^ KOMMyTaTHBHa b KaTeropnH C . 3to 03HaMa- 
eT, mto F aBjiaeTca oG^eKTOM C~ , yMHO^KeHne m : F®F — > F - MopcpH3MOM b 

C II Tfl = 171 R FF . Bo-BTOpbIX, M = A 1 (p _ ) g 5IBJI5ieTC5I JIOKajIbHbIM 6HMOfly- 

jieM Hafl F, to ecTb M 5iBji5ieTC5i oG^eKTOM C~ , fleftcTBM mieft : F<g) M — > M, 
m r ight : M (g) F — > M - Mopcpii3MaMii b C~ ii 

bright = ^lcft Rmf rriMt = bright Rfm- (3.6.19) 

B-TpeTbHx, d : F ^ M - Mop(pH3M b C~ h (M, 5iBji5ieTC5i flH(p(pepeHD,Hajib- 
hmm HCMHCJieHHeM nepBoro nop^flKa Hafl F. 

CorjiacHO npefljiojKeHHio 2.3.39, aBTOMop(pii3M Rmm b M <g> M nopo:>K- 
flaeT aBTOMop(pH3M Rmm b M ®f M. HMeHHo, Rmm ' j = j • Rmm, r fle j - 

KaHOHHHeCKHH 9IIHMOp(pH3M M (g) M — > M (g) ^ M . 

PaccMOTpHM TeH3opHyio ajire6py 
T F (M)= T F (M)j, T F (M) J = M® F M® F ---® F M . 

' 5 ' 

3flecb T F (M)o = F, T F (M)i = M. IlycTb J - flBycTopoHHHft Hfleaji 9toh 
ajire6pbi, nopo:>K,zieHHbiH mhojkgctbom 

{Ui ® F UJ 2 + Rmm(ui ®f W 2 ) I U)i,U2 € M}. 

H3 onpeflejieHHii cjie^yeT, mto A(p _ ) g = T F (M)/ J, h, cjieflOBaTejib- 
ho, A(p _ ) (? HBjiaeTCfl t/ g 0-MOflyjibHoii ajire6poft. OcTaeTCH 3aMeTHTb, mto, bo- 
nepBbix, d 5iBji5ieTC5i Mop(pH3MOM U q g-Mopjjiem, nocKOJibKy 

d (/o A d/i A d/ 2 A • • • A df n ) = d/ A d/ 1 A d/ 2 A • • • A d/ n 
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npn Bcex n G Z+, /o, . . . , / n G F, h, BO-BTopbix, flHCpcpepeHipiajibHoe HCMHCJie- 
HH5i nepBoro nop^flKa (M, KOBapnaHTHO. 

^OKa^ceM, mto A- 7 (p _ ) g 5iBji5ieTC5i CBo6oflHbiM jieBbiM Cfp^jg-MOflyjieM paH- 
ra ( d ™. p ) h CBo6oflHbiM npaBbiM Cfp^-MOflyjieM paHra ( d ™P ) ; xax b Kjiac- 
CHMecKOM cjiy^ae q = 1. 

OTMeTHM, MTO JIHHeHHaa 060JI0MKa J-CpOpM C nOCTOflHHblMH K09(p(pHI],H- 

eHTaMH 

cfe Zl A dz l2 A • • • A cfe^., Zi, i 2 , • ■ • , i 3 G {1, 2, • • • , dimp }, 
HBjiHeTca Uqt-MORyjieM. BBefleM fljra Hee o6o3HaMeHne A J (p~)^ on8t . 
riPEflJlOKEHHE 3.6.18 HMetom Mecmo u30Mop$u3MU U q t-ModyAeu 

C[p-] q ® A-^(p-)5 onst ~ A^(p-) ff , f®u~fu, (3.6.20) 

^'(Pir®*"]?-^ LU®f^Luf. (3.6.21) 

^OKa3aTejibCTBO. ^ocTaTOMHO Bocnojib30BaTbC5i npefljio>KeHHeM 3.6.4 h 
onpeflejieHHeM ajire6pbi A(p~) q . □ 



riepeiifleM k BbiMHCjieHHK) dimA J (p ) 



const 



JlEMMA 3.6.19 PasMepnocmb eeKinopnozo npocmpaHcmea A (p )const Mg 
eocxodum ceoeso 3HaueHUM e KJiaccuuecKOM CAyuae q = 1: 

.2^-Aconst / dimp-(dimp- - 1) 

2 



dimA 2 (p-) c ? onst < ^ ^ ^. (3.6.22) 



^OKa3aTejibCTBO. PaccMOTpHM jiHHeftHbift onepaTop 

dim p~ 

R: dzi® dzj — > ^ R^dz k dz m 

k,m=l 

b npocTpaHCTBe A 1 (p~)^ onst ® A 1 (p _ )^ onst . HMeeT MecTO ecTecTBeHHbiii H30Mop- 

(|)H3M 

A 2( p -)const ^ | v G A 1 (p-)J HHrt (8) A 1 (p-)J mBt I 5v = -«} . 
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Hcnojib3y5T 3aMeHaHHe 3.6.7 h paBeHCTBO (3.1.46), HeTpyzrno noxaaaTb, mto Bee 
co6cTBeHHt>ie SHaneHHH 9Toro JiHHeftHoro onepaTopa BeinecTBeHHbi h otjihhhbi 
ot HyjiH. Paccy>Kfla5i Tax >Ke, KaK npn flOKa3aTejibCTBe jieMMbi 3.3.39, CHHTaeM 
(pyHKD,HH R^j n nepeMeHHoft q aHajiHTH^ecKHMH h, cjieflOBaTejibHO, HenpeptiB- 
hmmh Ha (0,1]. IlpH Bcex q 6 (0,1] KOJinnecTBO OTpimaTejibHbix co6cTBeH- 
hmx SHaneHHH onepaTopa R, paccMaTpHBaeMbix c yneTOM KpaTHOCTeii, paBHO 

dim«~(dimp~ — 1) ^ r 

— 2 CjieflOBaTejibHO, pa3MepHOCTb coocTBeHHoro noflnpocTpaHCTBa, 

f -i dimp~(dimp~ — 1) i — . 

OTBenaioiHero coocTBeHHOMy 3HaHeHHio —1, He npeBoexoflHT — 2 '-. U 

HepaBeHCTBO, npoTHBonojio:>KHoe (3.6.22), 6y^eT nojiyneHO, ecjiH yzjacTCfl 
flOKa3aTb, mto -1 5iBji5ieTC5i co6cTBeHHbiM SHaHemieM onepaTopa R KpaTHOCTH 

dim»~(dimp~ — 1) t-t 

He MeHee — 2 '-. /^ocTaTOHHO nojiy^HTb TaKyio ou,eHKy fljia jiHHeHHoro 

onepaTopa (R*)^ 1 . Ero mojkho OTO»:flecTBHTb co cy»:eHHeM JiHHeftHoro onepa- 
Topa RN(q+-a h )N(q+-a lo ) Ha TeH30pHOe npOH3BefleHHe CTapiIIHX OflHOpOflHblX 

KOMnoHeHT N(q + , -a? ) highest ® N(q + , - a/ ) highest- 

06paTHMCH k KjiaccH^ecKOMy cjiynaio q = 1. CjieflyioiHHH pe3yjibTaT npn- 
Hafljie>KHT KocTaHTy [239, CTp. 359-360], [292, CTp. 348]. 

JlEMMA 3.6.20 PaccMompuM Ut-ModyAb (p~) Ar , 2de r = 1, 2, . . . , dimp - . E20 
usomunuuecKue KOMnoHenmu sieAsiwrncH npocmuMU Ut-ModyAHMU, eecoeue 
nodnpocmpancmea odnoMepnu, u MHoatcecmeo eecoe UMeem eud 

{wp - p | w e W s k l(w) = r}, 

zde§ = {l,2,...,l}\l , = ^W)' 1 ), a s W 6uao eeedeno e nynnme 3.2.5. 

JlEMMA 3.6.21 Pa3MepHocmb eeKmopnozo npocmpancmea A 2 (p~)^ onst 6oAt>me 
uau paena ceoejuy SHaueHuw npu q = 1. mo ecmt> 

dimA 2 (p-) r ' > dimp-(dimp- - 1) 

/]^OKa3aTejibCTBO. Ilpn q = 1 HepaBeHCTBO (3.6.23) OMeBHflHO. CorjiacHO 
jieMMe 3.6.20, H3 Hero cjie^yeT, hto CTapnine Beca npocTbix £/t-MO,a,yjieft, flonyc- 
KaiomHx Bjio^KeHHe b p~ Ap , npHHafljiejKaT Wp — p, h cyMMa hx pa3MepHOCTeft 

dim p~ (dim p~ — 1 ) 

paBHa — 9 -. 
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IlpH nepexofle ot KJiaccHnecKoro cjiynan k KBaHTOBOMy He hsmchhiotch 
hh CTapinne Beca, hh pa3MepHOCTH npocTbix C/g^-noflMOflyjieft KOHeHHOMepHO- 
ro U q Z-MORyjm N(q + , -ai ) highest <S> N(q + , -a/ ) highest- He mchhiotch h KpaT- 

HOCTH B pa3JIO>KeHH5IX TeH30pHbIX npOH3BeiJ,eHHH KOHeHHOMepHblX npocTbix 

Uqt-MOffyjieft. 

OcTaeTca yGeflHTbca b tom, hto Ha o6pa3e jno6oro Mop(pH3Ma U q Q- 
MOflyjieii 

N(q + , wp- p) -> iV(q + , -a /o ) <g> N(q + , -a lo ), w e W s & l{w) = 2 

JIHHeifflblH OnepaTOp RN(q+-oti ),N(q+,-ai ) pabeH MHHyC eflHHHU,e. /^OCTaTOHHO 

flOKa3aTb, hto oh paBeH ±1, nocKOJibKy H3 (3.1.46) h HenpepbiBHOCTH no napa- 
MeTpy q cjie/jyeT, hto mm He noKHflaeM cneKTpajibHoe noflnpocTpaHCTBO, OTBe- 
Haioinee OTpnnaTejibHOH nacTH cneKTpa. 

Bocnojib3yeMC5i paBeHCTBOM (3.1.46). H3 ero iJ,OKa3aTejibCTBa, npHBefleH- 
Horo b [46, CTp 39], bhij,ho, hto Ha o6pa3e MopcpH3Ma iV(q + , v) — > iV(q + , A) <S> 

N(q + , /l) JIHHeifflblH OnepaTOp RN{q+,n),N{q+,X)RN(q+,X),N(q+,p J ) CKajinpeH h paBeH 
-(/i,/i+2p)-(A,A+2p)+(i/,i/+2p) _ q -{v+p,ti+p)-{\+p,\+p)+{v+P,v+p)+{p,p) _ 

IloflCTaBjiHH A = p, = —ai , v = wp — p, nojiynaeM eflHHHuy, nocKOJibKy Beca 
— ai + p, v + p, p npHHafljie^KaT oij,hoh \V-op6nTe h, cjieflOBaTejibHO, HMeiOT 
paBHbie fljiHHbi. □ 

riepeftfleM k ij,H(p(pepeHHHajibHbiM cpopivtaM 6ojiee BbicoKoro nopnflKa. 

JlEMMA 3.6.22 IIpu ecex j > 3 

dimA^(p-)^ onst < ^ d ™ P ^. (3.6.24) 

^OKa3aTejit>CTBO. Bbi6epeM 6a3nc BecoBbix BeKTopoB 

{dz h dz 2 , . . . ,dz dimp -} C A 1 (p-)S° n8t , (3.6.25) 

cjieflyn 3aKjiiOHHTejibHOMy 3aMeHaHHio nyHKTa 3.3.7. BBefleM jieKCHKorpacpH- 
necKoe OTHonieHHe nopnflKa Ha MHO>KecTBe {dzi ® ^fc}i,fc=i,2,...,dimp-- B stom 
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6a3Hce fleftcTBHe yHHBepcajibHoft i^-MaTpnnbi ajire6pbi Xoncpa U q t onncbiBaeT- 
ch TpeyrojibHoft MaTpnneft c nojiO)KHTejibHbiMH 9JieMeHTaMH Ha rjiaBHoft flna- 
roHajiH, cm. (3.1.23). 3HanHT, HeHyjieBoii BKjiafl b npaByio nacTb paBeHCTBa 

dim p~ 

dzi <g) dzj = - ^2 RiP dz k ®dz m , i>j (3.6.26) 

k,m=l 

bhocht TOJibKO cjiaraeMbie dz^ <S> dz m c k < m. CjieflOBaTejibHO, Kamp^m sjie- 
MeHT npocTpaHCTBa A J (p _ )^° npHHafljre^KHT jiHHeftHoft o6ojiOHKe mohomob 

dzi x A dzi 2 A • • • A dzi p 1 < %\ < %2 < ■ ■ ■ < ij < dimp . □ 

3AMEMAHHE 3.6.23 BbiflejieHHbiii 6a3nc (3.6.25) mcokho ncnojib30BaTb ,h,jih 
OTOxcflecTBjieHHa TeH3opHoii ajire6pbi T((p - )*) co cboGoahoh HeKOMMyTaTHB- 
Hoft ajire6poft <C(dzi, dz2, . . . , dz^ m p-). PaccMOTpnM flBycTopoHHHft Hfleaji I 
CBo6oflHoft ajire6pbi, nopco-KfleHHbift mhtokgctbom G pa3HOCTeft jieBbix h npaBbix 
nacTeft paBeHCTB (3.6.26). B 3aKjiioHHTejibHOH nacTH flOKa3aTejibCTBa jieMMbi 
3.6.22 9th paBeHCTBa nrpaiOT pojib npaBHji noflCTaHOBKH: jieBaa nacTb paBeH- 
CTBa, rfle 6bi OHa hh BCTpeTHjiacb, 3aMeHHeTCH ero npaBoft nacTbio. 

/JoKasaTejibCTBO cjieflyroiHeii JieMMbi noBTopneT flOKa3aTejibCTBO aHajio- 
rHHHoro pe3yjibTaTa H. reKKeH6ep>Ke h C. Koji6a [172]. 



JlEMMA 3.6.24 IIpu ecex j > 3 



'dimp 



dimA^(p-)™ > ^ r ). (3-6.27) 

,ZJoKa3aTejibCTBO. Ecjih HepaBeHCTBO (3.6.27) BbinojiHHe-TCH npn j = 3, 
to, Kax cjieflyeT H3 flaiiMOHfl-jieMMbi 3.3.52, mhojkcctbo G hbjihctch 6a3HCOM 
rpe6Hepa flBycTopoHHero Hfleajia /, cm. 3aMenaHHe 3.6.23, h OTCiofla cjieflyeT 
HepaBeHCTBO (3.6.24). 

3HanHT, npn flOKa3aTejibCTBe npefljio^KeHHa mo>kiio orpaHHHHTbcn nacT- 
hmm cjiynaeM j = 3. OTO>KflecTBHM (p~)* c A 1 (p _ )^ onst h BBefleM o6o3HaneHHe 
(p~)* A2 fljT5i noflnpocTpaHCTBa |i> G (p - )*® 2 Rv = — vj, cp. c (3.6.26). Kax 
cjieflyeT H3 jicmm 3.6.19, 3.6.21, 

, iA% dimp~(dimp~ — 1) . 
dim((p-)* A2 ) = -• (3.6.28) 
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PaccMOTpHM noflnpocTpaHCTBa L\ = (p )* A2 ®(p )*, L 2 = (p )*<8>(p )* A2 

BeKTOpHOrO npOCTpaHCTBa (p - )*® 3 h KOMIIJIGKC JIHHeftHblX OTo6pa>KeHHH 

- Li n L 2 -> Lj L 2 i (p-)*® 3 -> C[p-] 3 , 3 -> 0, 

j : ui v 2 ^ - u 2 , e Lj C (p~)* 03 , 

TOMHbiii bo Bcex MjieHax, KpoMe, 6biTb mo^kst, HjieHa (p - )*® 3 . BbiMHCjiaa sftjie- 
poBy xapaKTepncTHKy SToro KOMnjiexca [58, CTp. 91], [63, CTp. 119], npnxoflHM 
k cjieflyiomeMy HepaBeHCTBy: 

- dim(Li n L 2 ) + dim(Li L 2 ) - dim((p-)*® 3 ) + dimC[p-] 5 , 3 < 0. 

Hcnojib3y5i (3.6.28), (3.3.11), nojiynaeM 

_ , rx 2/ ^ x o rc(rc + l)(rc + 2) rc(n-l)(n-2) 

dim L x n L 2 ) > n 2 (n - 1) - n 3 + ^ '- = ^ ^ 

6 6 

rfle n = dimp = dim(p~)*. H3 npHBC-fleHHoro b npnivtepe 3.6.15 onncaHira 
yHHBepcajibHoro flH(p(pepeHirHajibHoro hchhcjichhst BbiTexaeT HepaBeHCTBO 



dim A 3 (p-)J onst > dim(Li n L 2 ) > ( ™ r ) . □ 



/ dimp 



'g 



Cjieflyiomee yTBep>KfleHHe BbiTexaeT H3 flOKa3aHHbix b stom nyHKTe jieMM. 

ElPEflJlOKEHHE 3.6.25 Odnopodnue KOMnoHenmu A J (p~) g dutfitfiepem^uaAb- 
hou spadyupoeanHou ajiee6pu A(p~) q otuauhhu om hijam npu j < dimp - . 
KaotcdaM U3 hux sieAsiemcH nan c6o6o3hum jieeuM, man u c6o6o3hum npaeuM 
C[p~] q -ModyAeM pama ( d ™. p ). 

B Ba>KHOM nacTHOM cjiynae g = sIn nojiyneHHbift pe3yjibTaT xoponio H3- 
BecTeH [261, CTp. 296]. 

3AMEHAHHE 3.6.26 B npeflnojio>KeHHH o TpaHCueHfleHTHOCTH q HeTpyzm~o flo- 
Ka3aTb TOMHOCTb KOMnjiexca fle PaMa h to, hto nojiynaeMaa H3 Hero no flBoii- 
CTBeHHOCTH pe30jibBeHTa TpHBnajibHoro U q Q-MOffyjifi H30Mop(pna o6o6m,eHHOH 
pe30jibBeHTe BepHmTeHHa-TejibcpaHfla-rejibcpaHfla, cm. [315]. He-flaBHne pe- 
3yjibTaTbi TeKKeH6ep>Ke h Koji6a yKa3biBaiOT Ha to, hto ot npeflnojio>KeHH5i 

O TpaHCU,eHfleHTHOCTH q MO^KHO 0CB060flHTbC5I, CM. [174, 173]. 
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3.6.3 /jHcpcpepemjHajibHbie cpopMbi c nojiHHOMHajibHMMH Koacp- 
cpHii,HeHTaMH. B 3tom h b cjie,a,yioiH,eM nyHKTe 6yflyT nojiy^eHbi o6o6ineHH5i 
pe3yjibTaTOB nyHKTOB 2.5.1 h 2.5.2 cooTBeTCTBeHHO. 

Ha^HeM c nocTpoeHHa KOBapnaHTHbix flH(p(pepeHnHajibHbix HCMHCjieHHii 
nepBoro nop^flKa Hafl ajire6poii Po^p - )^. HanoMHHM, mto b KaTeropnH U q Q- 
MOflyjieft Pol(p-) g = C[p~] q <8> C[p + ] q . 

PaccMOTpHM U q Q-MOffyjib Q 1,0 (p~) q = f A 1 (p~) q <giC[p + ] q . Hcnojib3y5i yHH- 
BepcajibHyio i?-MaTpHu,y Tax >Ke, KaK b nyHKTe 3.3.3, HaflejiHM Q l,0 (p~) q CTpyK- 
Typoft UqQ-MOffyjibKoro Pol(p~) g -6HMO,z],yji5i: 

Poi(p-), ® n^(p-) q 

Clp-}q®(C[p+}q®A l (p-)q)®Clp+} q 

id®E®id 

C[p-] q ® (A 1 ^-), ® £[P + ]q) ® C[P + ], 

(C[p-],®A 1 (p-),)®(C[p + ] (? ®C[p + ] (7 ) 

n^(p-) q 

BBefleM flH(p(pepeHLi,Haji 

d : C[p-] q <g> C[p + ] 9 -> A^P - )* ® C[p + ]„ 5 = d ® id . 

Hcnojib3y5i pe3yjibTaTbi nyHKTa 3.6.1 h npefljicoKeHHe 3.1.9, HeTpyznio flo- 
Ka3aTb cjieflyiomee yTBep^KfleHne. 

riPEflJlOKEHHE 3.6.27 1. Q lfi (p~) q MeAMemcM KaK c6o6o3hum AeeuM 
Pol(p~) q -ModyAeM, maK u c6o6o3hum npaeuM Pol(p~) q -ModyAeM. 

2. (Q 1,0 (p~) q , d) - KoeapuanmHoe ducfjcfjepeni^uaAtHoe ucuucAenue nepeo- 
20 nopadKa Had Po^p - )^. 

AHajiorHHHO bboahtch KOBapnaHTHoe flHcpcpepeHiniajibHoe HCHHCJieHHe 
nepBoro nop^flKa (Q 0,1 (p~) q , d) Hafl Pol(p~) ? . OnnrneM Tpe6yeMbie nocTpoe- 
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HH5T. Ha^HeM c ajire6pbi C[p + ] (? . Bocnojib3yeMC5i aHTHjiHHeiiHbiM OTo6pa^KeHH- 
eM 

* : C[p-] q -> C[p + ]„ * : / - /* 

H COnpHJKeHHbIM K HeMy aHTHJIHHeHHbIM OTo6pa>KeHHeM 

* : N(p + , 0) - N(p~, 0), * : £ v (p+, 0) -> (5- 1 (0)*v(p-, 0). 
Otmcthm, mto 

(F^(p + ,0))* = (5- 1 (F Zo ))* V (p-,0) = (-K lo F lo yv(p-,0) = E lo v(p~,0). 

3aMeH5i5i b nocTpoeHH5ix pa3flejia 3.6.1 MopcpH3M U q Q-Mopy jieii 

N(p + , -a lo ) -> iV(p + , 0), *;(p + , -a J -> F^(p + , 0) 

MOp(|)H3MOM t/gg-MOflyjieft 

W(p" a /o ) - AT(p-, 0), u(p", h-> ^(p" 0), 

nojiy^aeM KOBapnaHTHoe flHCpcpepempiajihHoe HCHHCjiemie nepBoro nopaflxa 
(A 1 (p + ) q , d) Hafl [/ g 0-MOflyjibHoft ajire6poft C[p + ] g . Tax me, k&k npefljio»:eHHe 
3.3.17, flOKa3biBaeTC5i 

ElPEflJIOKEHHE 3.6.28 Ilycmh * : A 1 (p~) q — > A 1 (P + )g anmuAUHeuHoe 
omo6pa9tceHue, conpaotceHHoe k anmujiuHeuHOMy omo6paotceHUJO 

* : AT(p-, a /o ) -> JV(p+, -a, ), * : £ v (p- a J h-> (5- 1 «))*v(p + , -^ )- 

TWa npw ecea: /, / b / 2 , / 3 € C[p~] q 

(h df 2 f 3 y = mhYfl (dfy = df. 

Ecjih {zi} - 6a3HC BeKTopHoro npocTpaHCTBa C[p _ ] g; i, to, xax cjie^yeT H3 
paBeHCTBa (3.6.15) h H3 npefljio>KeHH5i 3.6.28, 

dim p~ 

dz)z\ = RiP^mdzt (3.6.29) 

k,m=l 
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PaccMOTpHM UqQ-Mopyjib Q 0,1 (p ) q = C[p ] q <g) A 1 (p + ) q . Kax h npe>Kfle, 



Cjieflyiomee yTBep^KfleHne flOKa3biBaeTC5i Tax »:e, Kax npefljicoKeHHe 3.6.27. 
IlPEflJIOKEHHE 3.6.29 1. Q 0,l (p~~) q JieAMemcM nan cgo6o3hum AeeuM 



h flH(p(pepeHD,Haji d = d + d. 

CJlEflCTBHE 3.6.30 1. £l l (p~) q MBAMemcM kclk c6o6o3hum AeeuM Po^p - )^- 
ModyAeM, man u c6o6o3hum npaeuM Pol(p~) q -ModyAeM. 

2. (Q 1 (p~) q , d) - KoeapuanmHoe ducfjcfjepeHi^uaAtnoe ucnucAenue nepeozo 
nopadKa Had Po^p - )^. 

HeTpyflHO noKa3aTb, mto yu = uy npn scex u £ A 1 (p _ ) (?j i © A 1 (p + ) 9j _i, 
cm. flOKa3aTejibCTBO npHBefleHHoft nmme jieMMbi 3.6.34. C noMom,bio jiOKajiH3a- 
d,hh Pol(p _ ) (? -6HMOflyji5i fl 1 (p~) q no MyjibTHnjiHKaTHBHOMy noflMHCG-KecTBy y z+ 
h paccy>KfleHHft, onHcaHHbix b nyHKTe 3.5.4, nojiynaeM KOBapnaHTHoe flncp- 
(pepeHD,HajibHoe HCHHCJieHHe nepBoro nopaflKa Hafl L^g-MOflyjibHoft ajire6poft 



riepeiifleM ot flHCpcpepeHnnajibHbix HCMHCjieHHii nepBoro nop^flKa k noji- 
hmm flH(p(pepeHLi,HajibHbiM HCMHCjieHHSM Hafl ajire6poii Po^p - )^. PaccMOTpHM 
flH(p(pepeHLi,HajibHoe HCMHCjieHne nepBoro nop^flKa (A 1 (p + ) (? , d) Hafl ajire6poii 
C[p + ] (? h OTBenaroinee eMy yHHBepcajibHoe flHCpcpepeHnnajibHoe HCMHCjiemie 



CBo6oflHbiM jieBbiM, Tax h CBo6oflHbiM npaBbiM C[p + ] (? -MOflyjieM paHra 





Pol(p-) 



(A(p + ) g , <i). H3 pe3yjibTaTOB nyHKTa 3.6.2 cjie^yeT, mto A J (p + ) q aBjiaeTca Kax 
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IlyCTb (Q*'°(p~) q ,d), (n°'*(p~) q ,d) H (fi(p~) g , d) - yHHBepCajIbHbie flHCp- 

cpepeHipiajibHbie hcmhcjighhh, OTBe^aiomHe flHcpcpepeHipiajibHbiM hchhcjighh- 
hm nepBoro nop^flKa (n 1,0 (p~) 9 , 5), d) h rf) cooTBeTCTBeH- 

ho. B KaTeropHH L^g-MOflyjieft 

n*'°(p-) g ^ A(p") g <g> C[p + ] ? , 5 = d <g) id, 

n°«*(p-) g ^ C[p"] g (8) A(p+)„ d = id®d, 

ft(p-), = tT>°(p-) q ® Pol{p - )q n°'*(p-) g = A(p") g ® A(p+)„ 

npn^eM b nocjieflHeM cjiy^ae flHcpcpepempiaji paBeH d ® id © id <S>d. 

CoxpaHHM oGoaHaMeHHH d } d fljia onepaTopoB d <S> id, id(g)<i b Q(p~) q . 

dimp~ 

Ajire6pa ^(p - )^ 5iBji5ieTC5i rpaflynpoBaHHoii: Q(p~) q = (J) Q fc (p~) g , h 

fe=i 

n*(p") ff = © « <J '(P")«, n <J "(p-) ff ^A i (p-) ff ®A^(p + ) g , 
a : n^'(p-) g - ^ +1J (p-) 3 , a : n iJ '(p-) g - n iJ ' +1 (p-) ff . 

PaBeHCTBO <i 2 = osHa^aeT, mto HMeiOT MecTO cjieflyK)m,He paBeHCTBa: 

6> 2 = d 2 = 0, dd=-dd. (3.6.30) 

Paccy>Kfla5i Tax >Ke, Kax b nyHKTax 3.3.3, 3.3.3, HeTpyzjHO HaflejiHTb Q(p~) q 
CTpyKTypoft (U q Q, *)-MOflyjibHoft ajire6pbi c noMom,bK) hhbojhod,hh 

* : u ® 1 1 <8>a;*, a; G A 1 (p~) g . 

H3 onpeflejieHHii BbiTexaeT paBeHCTBO 

du = {-i) k {dw*)*, u e tt k {p-) q . (3.6.31) 

IlpHBefleM HexoTopbie KOMMyTau,HOHHbie cooTHOineHira. IlycTb {zi} 
- 6a3HC BeKTopHoro npocTpaHCTBa C[p _ ] 3) i. Hcnojib3y5i yHHBepcajibHyio 
i?-MaTpHu,y ajire6pbi Xoncpa U q Q, BBefleM onepaTop nepecTaHOBKH TeH3opHbix 

COMHTOKHTejIGH 

C[P + ] q ,-l ® A 1 (p~) g> l - A 1 (p~)g j l <g> C[P + ] g ,_l, 
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dim p 



z* ® dzj i ► ^ fl*™*^ <g) 4 



fc,m=l 



H3 onpeflejieHHii cjie-flyeT paBeHCTBO 



dim p 



< dz j = 



(3.6.32) 



k,m=l 



B MaCTHOCTH 




(3.6.33) 



ripHMeH5i5i hhbojiioli,hk) *, nojiynaeM 




(3.6.34) 



(3.6.35) 



H3 onpeflejiemia yMH(»KeHH5T b Pol(p ) q h H3 (3.1.23) cjieflyeT paBeHCTBO 



rfle (•, •) - CTaHflapTHaa spMHTOBa (popMa b C[p ] q , cm. nyHKT 3.3.3. 
3AMEMAHHE 3.6.31 IlycTb (^,2;j) = Jjj. KoMMyTau,HOHHbie cooTHOHie-Hira 

(3.6.36) 5TBJI5TIOTC5I g'-aHajIOraMH KaHOHHMeCKHX KOMMyTaBHOHHblX COOTHOIIie- 

hhh h onpeflejiaiOT BHKOBCKyio ajire6py [192, 191]. KpoMe Toro, b (popMajib- 
hom npeflejie q — ► 1 sjieivieHTbi {^}i = i 7 2,- -,dimp- nonapHO KOMMyTHpyiOT. 3Ha- 
hht, ajire6pa Pol(p~) g 5iBji5ieTC5i g-aHajioroM ajire6pbi BeftjiH flHcpcpepeHnHajib- 
hmx onepaTopoB c nojiHHOMHajibHbiMH K03(p(pHLi,HeHTaMH Ha p~, a CKaji5ipHoe 
npoH3BefleHHe (•, •) - g-aHajiorc-M CKaji5ipHoro npoH3BefleHH5i Onniepa-OoKa b 

BeKTOpHOM npOCTpaHCTBe TOJIOMOpCpHblX nOJIHHOMOB Ha p~ [98, CTp. 24]. 

3.6.4 ,ZjHcpcpepeHii,Hajii>Hi>ie cpopMbi c o6o6m,eHHbiMH KoacpcpH- 

U,HeHTa,MH . Ajire6pbl A(p~) q , A(p + ) q 5TBJI5TIOTC5I BeCOBblMH t/gg-MOflyjIHMH H, 

cjieflOBaTejibHO, rpaflynpoBaHHbiMH BeKTopHbiMH npocTpaHCTBaMH 



dim p 




(3.6.36) 



k,m=l 



oo 



oo 



A(p-)» = ©A(p-) 9 , ( , 



A(P + ), = ©A(P + ) 



Q-J- 
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3HaMHT, BBefleHHoe b npeflbiflyineM nyHKTe BeKTopHoe npocTpaHCTBO Q(p ) q 
HaflejieHO GnrpaflynpoBKOH 

fi(P")«= © V(p-) q ^ r (3.6.37) 

Kax cjieflyeT H3 pe3yjibTaTOB nyHKTa 3.6.3, dim{D,(p~) q ^ _j) < oo npn Bcex 
(*,J')GZ+- 

HanoMHHM, hto TonojiornMecKoe BeKTopHoe npocTpaHCTBO D(B)' 0606- 
inemibix (pyHKUHH b KBaHTOBoii orpaHH^eHHoii CHMMeTpnnecKOH o6jiacTH 6buio 
nojiyneHO b nyHKTe 3.4.2 nepexoflOM ot KOHe^Hbix cyMM (3.4.11) k (popMajib- 
hmm p^flaM. IlocTynHM aHajiornHHO. IlycTb 

n(B)' q = H <>(p )„,. , (3.6.38) 

- BeKTOpHOe npOCTpaHCTBO (|)OpMajIbHbIX pHflOB C HJieHaMH H3 Q(p~) q j-j H 

Tonojiorneii noKOMnoHeHTHoft cxoahmocth. OneBHflHO, Q(p~) q - njiOTHoe jih- 
HeiiHoe noflMHoroo6pa3ne Q(B))' q . /JpyrHMH cjiOBaMH, O(D)^ HBjineTcn nonoji- 
HeHneM BeKTopHoro npocTpaHCTBa Q(p~) q , HaflejieHHoro Tonojiorneii noKOMno- 

HeHTHoft cxoflHMOCTH. Pa3yMeeTC5i, = ® Q* J (P)^, rfle Q hJ (JB)y q - 3a- 

i,j=0 

MbixaHne jinHeiiHoro MHoroo6pa3nn Q l,3 (p~) q C Q(Ib)' q . 9jieMe-HTbi to G &(P) q 
6yfleM Ha3biBaTb flHCpcpepeHnHajibHbiMH (popMaMH. 

JlnHenHbie onepaTopbi d, d n aHTHjinHenHbiii onepaTop * flonycxaiOT 
npoflOji>KeHHe no HenpepbiBHOCTH c Q(p~) q Ha Q(D)^. Ilpn stom ocTaiOT- 
cn cnpaBefljiHBbiMH paBeHCTBa (3.6.30), (3.6.31). Ajire6pa £l(p~) q hbjihct- 
ch f/gg-MOflyjibHbiM n(p~) (? -6HMOflyjieM. CTpyKTypa [/^-MOflyjibHoro Q(p~) q - 
6nMOflyji5i pacnpocTpaH5ieTC5i c Q(p~) q Ha O(D)^ no HenpepbiBHOCTH. Ilpn stom 
paBeHCTso (2.5.1) ocTaeTCH cnpaBefljinBbiM, ecjin xoth 6bi oflHa H3 flncpcpepeH- 
D,najibHbix (popM u' \u" npHHafljieoKHT Q(p~) q . 

^H(p(pepeHii,HajibHyio (popMy u G ^(E^ Ha30BeM (pHHHTHoft, ecjin npn 
HeKOTOpOM N(u) G N 

oo oo 

C[p + ] g ,_ r a; = 0, u- C[p-] w - = 0. 

j=N(u) j=N(u) 
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(cp. c npefljio^KeHneM 3.4.14). IIoflnpocTpaHCTBO (phhhthmx flHCpcpepeHnnajib- 

HblX (|)OpM OJ G £l(J$) q 0603HaHHM Q(D) g . 

dimp~ 

OMeBHflHO, n(B) q = n^{B) q} r fl e n^{B) q = Q^{B)' q n Q(B) q . 

i,3=0 

nPEflJlo>KEHHE 3.6.32 d : tt{B) q -> n(D) g , d : fi(D) g -> fi(D) g . 
/]^OKa3aTejibCTBO. JlHHeiiHbie onepaTopbi 

d : A(p") ? - A(p") ff , a : A(p + ) g - A(p+) 9 

5TBJI5TIOTC5I MOp(|)H3MaMH t/gg-MOflyjieft H, CJieflOBaTejIbHO, COXpaH5IK)T CTeneHb 
OflHOpOflHOCTH. 3HaMHT, 

5C[p"] w - c C[p"] w -_i • AVkb c A Vk-i • C[p + ] ? ,_C*-i) 

h paBeHCTBa 

C[p + ] 3) _ i -o; = a;-C[p-], J = 

BjiexyT 

C[p + ] q ,-V+i) • du; = du; • C[p"] w -+i = 0, 

• du = du ■ C[p-] w -+i = 0. □ 

rioKa>KeM, mto CTpyKTypa t/gg-MOflyjihHoro Pol(p~) g -6HMO,zryji5i b fJ(ID)) q 
h coo6pa>KeHH5i HenpepbiBHOCTH no3BOJi5iK)T HaflejiHTb n(ID ) ) (7 CTpyKTypoft 

UqQ-MOffyjlbROTO D(P) g -6HMOflyjI5I. 

OrpaHHHHMCH Ha BpeMH o6o6ineHHbiMH (pyHKurmMH KOHe^Horo THna, to 

eCTb (J)OpMajIbHbIMH pflflaMH BHfla 

{i,j\ \i-j\<N(f)} 

ByzjeM roBopHTb, hto nocjieflOBaTejibHOCTb f n , n G N o6o6ineHHbix (pyHKUHft 
KOHenHoro THna cxoahtch k Hyjiio, ecjin OHa cxoahtch k Hyjiio b D(D) q h nncjia 

N(f n ) MO)KHO Bbl6paTb TaK, HTO SUp N(f n ) < OO. OlIHCaHHyK) B npeflblflyiHHX 

n 

pa3flejiax CTpyKTypy t/gg-MOflyjibHOH ajire6pbi b Fun (ID) g mo>kho nojiyHHTb, 
HcxoflH H3 Pol(D) g , npoflOJi>KeHHeM no HenpepbiBHOCTH. (^eftcTBHTejibHO, ec- 

JTH f n — > /, p n — > t/, TO / n p n — > /^.) ToHHO TaK 7Ke BBOflHTCH SJieMeHTbl 
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u G 7 1 (D)g KOHe^Horo THna, cxoflHMOCTb cj n — > u h npoflOJDKeHHe no Henpe- 
pbiBHOCTH CTpyKTypw U q Q-MOffy JibRom ajire6pt»i c £l(p~) q Ha Q(p~) q Q(D) g . 

IlpH 9TOM COXpaH5ieTC5I paBeHCTBO (2.5.1). 

B flajibHeiinieM 6yo,eT noKa3aHO (cm. 3aMeMaHHe 3.6.37), mto dD(D) q no- 
po>KflaeT D(D) g -6HMOflyjib Q 1,0 (P) g , a 5D(P) g nopo5K,a,aeT D(B) g -6HMO,a,yjih 
Sl '^©)^ 3HaMHT, HMeeT Meero 

E[PE/],J10>KEHHE 3.6.33 Ilapu (Q lfi (B) q ,d), (ft 0,1 (]D)) g , d) MeAMwmcM Koea- 
puaHmHUMU du$$epeH%uajibHUMU ucnucAenuHMU nepeozo nopttdna Had 
UqQ-ModyAbHOU aAze6pou D(D) q . 

HaiifleM aBHbiii bha sjieMeHTa dfo, r^e fo - CTaHflapTHaa o6pa3yioiHa5i 
Pol(p _ ) (? -6HMOflyji5i V(3) q (cm. nyHKT 3.4.1). 

JlEMMA 3.6.34 fljix aw6o2o uj G A 1 (p~) gj i 

f -u = u ■ f . 

,Z^OKa3aTejTbCTBO. IlycTb 

R : V(B)' q A\p-) q -> A\p-) q ® D(D)J 

Mop(pH3M f/gg-MOflyjieft, onpeflejiHeMbift fleftcTBHeM yHHBepcajibHoft i?- 
MaTpHu,bi ajire6pbi Xon(pa U q g. Tor^a R : fo®u i— > u <S> fo, Kax cneflyeT 

H3 HBHOH (|)OpMyjIbI (3.1.23), paBCHCTBa Fi Q D = H H3 TOTO, HTO 

£;/o = 0, j^o, Ai/o = 0, i = l,2,. ..,Z, 

B CHJiy t/ -HHBapHaHTHOCTH sjieMeHTa /o. 

OcTaeTca OTMeTHTb, mto CTpyKTypy A 1 (p _ ) g -6HMOflyji5i b Q(D)^, xax h b 
fi(p~) g , mojkho onncaTb c noMOiHbio onepaTopa R. □ 

IlpHMeHflfl hhbojiiohhk) *, nojrynaeM paBeHCTBO u • fo = fo ■ uj fljiH Bcex 
u G A 1 (p + ) q -i. ByfleM Hcnojib30BaTb CTaHflapTHbie o6o3HaHeHH5i 

dz = dz, dz* = dz*, z G C[p~} q7 i 

h spMHTOBy (popMy b C[p~] g , BBefleHHyK) b nyHKTe 3.3.3. 
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riPEflJIOKEHHE 3.6.35 nycmt {zj} - opmosonaAhHuu 6a,3uc spjuumoea een- 
mopnoso npocmpancmea C[p~] q ^. Tosda 

dim p~ | 

df = - V t s zj ■ fo ■ dz*. (3.6.39) 

^OKa3aTejibCTBO. IlojiyMHM CHCTeMy ypaBHeHHii, o,i],H03HaHHO onpefle- 
jinioiiryio flH(p(pepeHu,HajibHyK) (popMy u = dfo, nocjie nero heim ocTaHeTCH 
npoBepHTb, hto npaBan nacTb paBeHCTBa (3.6.39) hbjihctch penieHHeM stoh 
CHCTeMbi ypaBHeHHii. IlycTb 



dimp 



*= E 



i= l \ z ii z i) 

Torfla dip = XX ^ z i)~ lz idz\. IIpHMeHeHHe onepaTopa d k o6enM nacTHM pa- 

i 

BeHCTBa tyfo = flaeT 

y^(^, z t y 1 z l dz* fo + y^(zj, z i y 1 Zi z* df = 0. 

i i 

riepecTaBjiHH dz* c fo, nojiynaeM nepBoe ypaBHeHne ajih u = dfo'- 

*u = -Y J ( z i, z iY lz ih dz t- (3-6-40) 

i 

BTopoe ypaBHeHne BbiTexaeT H3 Toro, hto onepaTop d KOMMyTHpyeT c 
onepaTopoM H§, npoflc-jDKeHHbiM no HenpepbiBHOCTH Ha T^' (D)^: 

H s u = 0. (3.6.41) 

^H(p(pepeHLi,HajibHaH (popMa — ^2,(zi,Zi)~ l Zifodz* hbjihctch penieHHeM 

i 

CHCTeMbi ypaBHeHHii (3.6.40), (3.6.41) b Q 0,1 (3)' . OcTaeTCH flOKa3aTb eflHH- 
CTBeHHOCTb penieHHH stoh CHCTeMbi ypaBHeHHii, to ecTb flOKa3aTb, hto coot- 
BeTCTByiOHJ,aH OflHopoflHan CHCTeMa ypaBHeHHii 

= H s u = 0, wefi 0,1 (D)' 5 (3.6.42) 

HMeeT jiHHib HyjieBoe penieHne. CorjiacHO cjieflCTBHio 3.4.13 

n >\B)' q <*l[Clp-] q j fo A 1 (p + ) g ,_ fc . 



362 

Ecjih cym,ecTByeT HeHyjieBoe penreHne CHCTeMbi ypaBHeHHii (3.6.42), to cyme- 
CTByeT HeHyjieBoft sjieMeHT 

/ e CftrWo, 3 ^ 0, (3.6.43) 

fljiH KOToporo tyf - On, cjieflOBaTejibHO, f*^f = 0. 3to npoTHBopenHT no- 
jio>KHTejibHOCTH CTaHflapTHoft spMHTOBoft (popMbi b C[p _ ]q (cm. npefljiojKeHHe 
3.3.23). □ 

dim p~ 

Cjieactbhe 3.6.36 df = - £ ^ dz, ■ f ■ z]. 

3AMEHAHHE 3.6.37 Hcnojib3yfl (3.6.36), nojiynaeM 

T>(p) q ■ df ■ D(D) g = ^ 1 '°(P) (Z , V(B) q • % • = ^(D),. 

IlojiyMeHHbie pe3yjibTaTbi no3BOjiHiOT onncaTb yHHBepcajibHbie flH(p(pe- 
peHu,HajibHbie HCHHCjieHHH Hafl ajire6poii Po^p - )^ © D(P) g , OTBenaioiirHe ko- 
BapnaHTHbiM flHCpcpepeHHHajibHbiM HCHHCjieHHHM nepBoro nopnflKa 

{n lfi (p-) q © ^ (d) 3 , a), (n°>\p-) q © Q 0,1 (p) g , a), (n\p-) q © n 1 ^),, d). 

3.6.5 HHBapnaHTHbie /nicpcpepeHUHajibHbie onepaTopti Ha K\G. 
PaccMOTpHM apMHTOBO-CHMMeTpHMecKyio napy (g, t) h t/gg-MOflyjibHyio ajire6- 

py 

C[^\G], = {fe C[G] q I L reg (£)/ = £ G W- 

Kax OTMe^ajiocb b nyHKTax 3.2.5, 3.5.8, OHa HBjineTCH KBaHTOBbiM aHajioroM 
ajire6pbi peryjinpHbix (pyHKUHH Ha acpcpHHHOM ajireGpannecKOM MHoroo6pa3HH 
K\G. 

BBefleM b paccMOTpeHHe ajire6py jiHHeftHbix onepaTopoB b C[K\G] q , hb- 
jifliomyiocfl KBaHTOBbiM aHajioroM ajire6pbi G-HHBapnaHTHbix flH(p(pepeHi],H- 
ajibHbix onepaTopoB Ha K\G. B KjiaccHnecKOM cjiynae q = 1 Hcnojib3yeMbift 
HaMH noflxofl onncaH b [149, 236]. 

Cjieflyn /^pHH(pejibfly [147], 6yfleM Ha3biBaTb ajire6py (U q g)* Bcex jiHHeii- 
hmx (pyHKu,HOHajiOB Ha U q g ajireGpoii (pyHKHHH Ha (popMajibHoii KBaHTOBoii 
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rpynne G. 9to U q Q-Mop,y Jibn&n ajire6pa: 

h ee [/ g 0-MOflyjibHyio noiJ,ajire6py 

Hom^(^ ,C) = (C^ e ^ )* 

mm 6ya,eM Ha3biBaTb ajire6pon (pyHKii,HH Ha (popMajibHOM KBaHTOBOM oflHopofl- 
hom npocTpaHCTBe K\G. 

Ylo onpeflejieHHio, C[G] g HBjineTCH Han6ojibinHM BecoBbiM jiOKajib- 
ho KOHe^HOMepHbiM noflMOflyjieM U q g-MOffyjisi (U q g)*. 3HanHT, <C[K\G] q - 
HaH6ojibniHii BecoBoii jiOKajibHO KOHenHOMepHbin noflMOflyjih U q Q-Mop,yjisi 
^om Uqt {U q g,C)- 

3HflOMopcpH3Mbi npaBoro U q Q-Mopyjift U q Q HyMepyiOTCH sjieMeHTaMH a G 
U q Q h HMeiOT BHfl 77 i — > (it]. Conp5i)KeHHbie jinHeftHbie onepaTopbi 

L reg (a) : (U q Q)* -> L Teg {a) : /M ^ /H> 

nrpaic-T pojib HHBapHaHTHbix flH(p(pepeHu,HajibHbix onepaTopoB Ha cpopMajib- 
hoh KBaHTOBoii rpynne G. 

AHajiornnHO, 9HflOMopcpH3Mbi npaBoro [/ g 0-MOflyjiH C ® Uqi U q Q HyMepyiOT- 
ch ero Uqt HHBapnaHTHbiMH sjieMeHTaMH 

End^(C ® Uqi U qQ ) * Hom^C, C ® Uqt U qQ ) * (C ® Uqt U qQ )) u «* 

n HMeiOT BHfl l(g)77 i— > (1 (2) a) (1 (2) 77) , rfle 1®oG (C<2) [/g[ U q Q) Uqi . Conp5DKeHHbie 
JiHHeiiHbie onepaTopbi 6yjj,eM Ha3biBaTb HHBapnaHTHbiMH iJTi(p(pepeHnHajibHbi- 
mh onepaTopaMH Ha cpopMajibHOM KBaHTOBOM ojj,hopojj,hom npocTpaHCTBe K\G. 
Ohh oGpasyiOT ajire6py B{K\G) q = End Uqs (C ® Uqt U q g) op . 

OnepaTOpbl H3 ~D(K\G) 5IBJI5IK)TC5I 9HIJ,OMOp(pH3MaMH U q Q-MOffyjlSl 

Hom Uql (U q Q, C), n, cjieflOBaTejibHO, OTo6pa»caK)T no/xripocTpaHCTBO <C[K\G] q 
b ce65i. KaK BbiTexaeT H3 onpeflejieHnn, "nHBapnaHTHbiii /jri(p(pepeHirHajibHbiH 
onepaTop", OTBenaioiniiH sjieivteHTy 

1 (2) a G (C ®^ = End^(C 0^, tf fffl ), 
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5TBji5ieTC5i cyjKemieM jiHHeiiHoro onepaTopa L reg (a) Ha noflnpocTpaHCTBO 
C[K\G] q . 

3AMEHAHHE 3.6.38 Hcnojib3y5i aHTHnofl S, HeTpyznro HCKjnoHHTb W3 pac- 
CMOTpeHHH npaBbie U q g-Mopjjim } 3aMeHHB hx jicbbimh U q Q-MopyjiftMm. Hmchho, 

B(K\G) q = End Uq3 (U q ^ Uqt C) op , 

h "HHBapHaHTHbiii flH(p(pepeHu,HajibHbiH onepaTop", OTBenaiODXHH sjieMeHTy 

10 a e (U qQ ® Uqi C) u «* = Hom^C, U q Q ® Uqt C) = End Uqa (U q g ® Uqt C), 

HBjineTCH cy>KeHHeM jiHHeiiHoro onepaTopa L Yeg (S(a)) Ha noflnpocTpaHCTBO 
C[K\G] q . 

riepeiifleM ot npocTpaHCTB (pyHKu,HH k npocTpaHCTBaM ceneHHii oflHopofl- 
Hbix BeKTopHbix paccjioeHHft Ha K\G. 

PaccMOTpHM KOHeHHOMepHbift BecoBoft U q $-MORyjib V. BeKTopHoe npo- 

CTpaHCTBO 

Hom^fl, V) = {V* ® Uqt U q $y (3.6.44) 

Ha30BeM npocTpaHCTBOM ceneHHH oflHopoflHoro BeKTopHoro paccjioeHHH Ha 
"(popMajibHOM KBaHTOBOM oflHopoflHOM npocTpaHCTBe K\G U . Oho ecTecTBeH- 
hmm o6pa30M HaflejineTCH CTpyKTypoii U q Q-MOffyjibRoro Hom Uqt (U q Q, C)- 
GnMOflyjiH: flocTaTOHHO BOcnojib30BaTbCH OTo6pa>KeHHeM 

Hom^(C^fl, Vi) x Rom Uqi (U q Q, V 2 ) -> Eom Uqt (U q Q, V 1 ® V 2 ), (3.6.45) 

rfle {fi(£,),f 2 (£,)) ^ (/i®/2)A(£), nojiaran CHanajia V\ = V, V 2 = C, a noTOM 

Vi = c, y 2 = v. 

Bbc/t,cm HHBapnaHTHbie flH(p(pepeHu,HajibHbie onepaTopbi Tax >Ke, KaK b 
nacTHOM cjiynae V\ = V 2 = C. Ecjih JiHHeHHbiii onepaTop ^4 : V^* 0^. ( — > 
Vi ® Uqi U q Q HBjiHeTCfl Mop(pH3MOM npaBbix t/gg-MOflyjieft, to conpHJKeHHbiii 
JiHHeHHbiii onepaTop 

A* : Hom^C/gfl, Vi) -> Kom Uqt {U q Q,V 2 ) 
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TaioKe 5iBji5ieTCfl MopcpH3MOM U q Q-MOffyjiem. TaKHe JiHHeftHbie onepaTopbi cjiy- 
jkeit KBaHTOBbiMH aHajioraMH HHBapHaHTHbix flH(p(pepeHi],HajibHbix onepaTopoB 
na K\G. 

3HaMHT, HHBapnaHTHbie jjri(pcpepeHnHajibHbie onepaTopbi HyMepyiOTca 
sjieMeHTaMH npocTpaHCTBa Hom^ (V2* ® Uqt U q Q, V{ (& Uqt U q g), to ecTb ajieMeH- 
TaMH npocTpaHCTBa 

Kom Uqt (V 2 \ V* ® Uqt U qQ ) - ((V* ® Uqt U qQ ) ® V 2 ) u <*. 

OnHHieM fleiicTBHe sthx onepaTopoB, cjie/jya [236]. Ka>KflOMy sjieivieHTy 

X} lj®ij®Vj G Vi <S>U q g<S>V2 conocTaBHM jiHHeHHbiii onepaTop H3 Hom(U q Q, V\) 

j 

b Hom(C/ ? fl, V2): 

f(v) -> '/))<> r/ G (3.6.46) 

i 

3tot jiHHeHHbiii onepaTop, oneBHjjHO, 5iBji5ieTC5T KBaHTOBbiM aHajioroM HHBa- 
pnaHTHoro flHCpcpepeHirnajibHoro onepaTopa Ha rpynne G. 
3jieMeHTaM 

A G (Vi* 0^, C^fl) ®F 2 = Hom(F 2 *, ^ C^ gt tf fffl ) 

OTBenaiOT JiHHeftHbie onepaTopbi : Hom y { (t/ 9 0, Vi) — > Hom([/ g 0, V2), sb- 
ji^ioiHHecH MopcpH3MaMH t/^-MOjjyjieft. npejjnojio;>KHM, HTO 

Torfla Z}^ • Hom^ E (f/ 9 g, Vi) C Ylova Uql {U q Q, V2). ^eftcTBHTejibHO, ecjin 7Tj - 
npeflCTaBjieHHH, OTBenaioiiriie [/^[-MOJjyjiHM V?-, h A = ^ ^ ^ (8) Vi, to jijih 

Bcex C G C/gt, 77 G U q Q HMeiOT MecTO paBeHCTBa 

D A f((ri) = ^U(*i(Of(to))vi = SW^MCM = MODaM, 

i i 

rfle / G Hom Uqt (U q Q, Vi). riojiynaeM MopcpH3M [/^-MOjjyjieft 

D A : Hom^C^, Vi) -> Hom^fl, V 2 ). (3.6.47) 

riepeftfleM ot cpopMajibHbix ceneHHft k peryjinpHbiM ceneHHHM paccMaT- 
pHBaeMbix oflHopoflHbix BeKTopHbix paccjioeHHft h hx KBaHTOBbix aHajioroB. 
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IlycTb Vi h V2 - HanGojibniHe BecoBbie jic-KajibHO KOHe^HOMepHbie noflMO- 
flyjiH UqQ-MORyjiem H.om u t (U q Q,Vi), Hom ut (U q Q, V2) cooTBeTCTBeHHO. 3to 
[/gg-MOflyjibHbie C[i^\G] g -6HMOflyjiH. Ohh hbjihiotch KBaHTOBbiMH aHajioraMH 
npocTpaHCTB (peryjiapHbix) ceneHHii oflHopoflHbix BeKTopHbix paccjioeHHii Ha 
K\G. OneBHflHO, Da '■ Vi — > V2, h mm nojiynaeM KBaHTOBbie aHajiorn HHBa- 
pnaHTHbix flH(p(pepeHu,HajibHbix onepaTopoB b npocTpaHCTBax ceneHHii oflHO- 
poflHbix BeKTopHbix paccjioeHHii. 

3AMEHAHHE 3.6.39 Tax >Ke, k&k b nacTHOM cjiynae V\ = V2 = C, c noMO- 
m,bK) aHTHnofla 5* mwkho HCKJiiOHHTb H3 paccMOTpeHHH npaBbie t/gg-MOflyjra, 

3aMeHHB HX JieBblMH f/gg-MOflyjISMH. 

3.6.6 HHBapnaHTHbie /nicpcpepeHUHajitHbie onepaTopbi Ha K\G: 
npo/jojrsceHHe. Xoponio H3BecTHO [86, CTp. 329], hto ajire6pa D(K\G) 
HHBapnaHTHbix flHCpcpepeHunajibHbix onepaTopoB Ha K\G KOMMyTaTHBHa. 
riojiyHHM g-aHajior 9Toro pe3yjibTaTa, iJ,OKa3aB KOMMyTaTHBHOCTb ajire6pbi 
B(K\G) q . 

EcTecTBeHHoe npeflCTaBjieHne stoh ajire6pbi b bcktophom npocTpaHCTBe 
C[K\G] q 5iBji5ieTC5i TOMHbiM, nocKOJibKy cnapHBaHHe 

C[K\G] q x (C ® Ugi U q9 ) - C, / x (1 ® -> /(£), 

HeBbipo»:fleHO (flOKa3aTejibCTBO cm., HanpHMep, b [171]). 3HaHHT, KOMMyTaTHB- 
HOCTb ajire6pbi ~D(K\G) q cjieflyeT H3 KOMMyTaTHBHOCTH ajire6pbi 9Hij,OMop- 

(|)H3MOB UqQ-MOffyjISl C[K\G] q , KOTOpaH, B CBOK) OHepeflb, BblTeKaeT H3 OT- 

cyTCTBHH KpaTHOCTeft b pa3Jio»:eHHH U q Q-Mopyjift < C[K\G] q b cyMMy npocTbix 
UqQ-MORyjie& 

C[K\G] q ^ L(A), (3.6.48) 

AeP; phor 

cm. npefljio>KeHHe 3.2.1 h nyHKT 3.1.8. 

IlpHBefleM onncaHHe ajire6pbi ~D(K\G) q , Hcnojib3yeMoe BajiflOHH h Opa- 
fl>Kpna b CTaTbe [108, CTp. 1187], h oGcyzniM ochobhoh pe3yjibTaT stoh pa6oTbi. 

HanOMHHM, HTO U q Q HBJIHeTCH C/^-MOflyjIhHOft ajire6pOH no OTHOHieHHK) K 
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npHCOeflHHeHHOMy fleftCTBHK) H MTO MOp(|)H3M Uqt-MOffyjiem 

m: U q t® U q p <g> U q p + , m : £ <g> 77 <g) ( 
GneKTHBeH, cm. nyHKT 3.3.6. Sh&hht, 

D(tf\G% = (C ^ UqQ)^ * (U qP - UqP + f«\ 

npnneM HHBapnaHTHbiH flH(p(pepeHirHajibHbiH onepaTop, OTBenaioiirHH sjieMeH- 
Ty a G (t^p - 5iBji5ieTC5T cy>KeHHeM jiHHeiffloro onepaTopa L reg (a) Ha 

HHBapnaHTHoe noflnpocTpaHCTBO C[i^\G] g . 

riPHMEP 3.6.40 OflHopoflHBie KOMnoHeHTbi (U q p + )i, (U q p~)-i hbji5?iotc5i npo- 

CTBIMH H KOHeMHOMepHBIMH BCCOBblMH t/^-MOflyjMMH, H OHH COnp5I)KeHbI. 3Ha- 

hht, dim ((t/ g p-)_i(^ (f p + )i)^ 1 = dim ((^p-)_i<8» (^P + )i)^ = 1. Cjie- 
flOBaTejiBHO, cym,ecTByeT h e-flHHCTBeH c tohhoctbio flo HHCJiOBoro mhojkhtg- 
jifl ajieMeHT ajire6pbi D(K\G) q , OTBenaioiHHH HeHyjieBOMy £/ g^-HHBapnaHTy H3 
([/ 9 p~)_i(£/ 9 p + )i. 9to KBaHTOBbiii aHajior HHBapnaHTHoro jianjiacnaHa. B npo- 
CTeiinieM cjiynae g = sjicmcht FE npHHafljieoKHT ((U q p~) -i(U q p + )i) Uqt h 
fljia Bcex / G C[if\SL 2 ] g nueeu:L Teg (FE)f = L TCg (C q )f = R TCg (C q )f, r^e C q - 
KBaHTOBbiii aHajior sjieMeHTa Ka3HMnpa, cm. (2.3.43). O ero CB5I3H c HHBapn- 
aHTHbiM jianjiacnaHOM b KBaHTOBOM Kpyre cm. nyHKTbi 2.5.4, 2.7.1. 

AHajiorHHHbie paccy>KfleHH5i, npHBC-fleHHbie b [108], no3BOji5TiOT bbccth b 
paccMOTpeHne BbiflejieHHbiii 6a3nc BeKTopHoro npocTpaHCTBa D(K\G) q . Pojib 
npocTbix Uqt-MOffyjieR (U q p + )i, (U q p~)-i nrpaiOT KOMnoHeHTbi pa3ji(»KeHHH 

uy = e (u qP + ) x , u q p = e (c^-)a, ( 3 - 6 - 49 ) 

b KaTeropHH U q t-MORyjie&, r^e (U q p + )\ « L(t, A), (U q p~)\ « L(!,A)*, a mho- 
^KecTBO A+ BBOflHTca paBeHCTBOM (3.5.64). Pa3jio^KeHH5i (3.6.49) jierxo nojiy- 
HHTb c noMombio H30MopcpH3Ma [7 g ^-MOflyjibHbix ajire6p U q p + = C[p~] g ( cm. 
nyHKT 3.3.5), pa3jio^KeHH5i Xya-IIlMHfla (cm. npefljicoKeHne 3.5.59) h pe3yjibTa- 
tob nyHKTa 3.1.8. 
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3AMEHAHHE 3.6.41 3aMeHa b npeflbiflyinnx paccy>KfleHH5ix TpnBnajibHoro 

Uqt-MOpjJlft C OflHOMepHbIM U q t-MOffyjieM 06lU,er0 BHfla npHBOflHT K KBaHTO- 

bbim aHajioraM onepaTopoB IHnMypbi [304]. 

B pa6oTe [108] flOKa3aHO, hto fljiH HencKjiioHHTejibHbrx ajire6p Jin g bcc 
HHBapHaHTHbie flH(p(pepeHii,HajibHbie onepaTopbi b C[K\G] q mo>kho nojiynnTb, 
fleiicTBHeM sjicmchtob neHTpa Z(U q g) ajire6pbi U q g. Kax H3BecTHO [177], orpa- 
HnneHne Ha g Hejib3n OT6pocHTb fla«;e b cjiynae q = 1. B npeflnojio>KeHHH o 
HencKjiiOHHTejibHOCTH ajire6pbi Jin g nojryneH m ochobhoh pe3yjibTaT pa6oTbi 
[108]- onncaH o6pa3 ajire6pbi ~D(K\G) q npn roMOMop(pn3Me Xapnin-HaHflpbi, 
KOTopbiii Hecym,ecTBeHHbiM cflBnroM OTjinnaeTC5i ot Bjio^KeHnn ~D(K\G) q b aji- 
re6py cpyHKijHH Ha p^ pher ; oTBenaioinero pa3jio^KeHHio (3.6.48). 

IlocTpoeHHH nyHKTa 3.6.3 flocTaBjiaioT KOBapnaHTHbie flncpcpepeHnnajib- 
Hbie mcmmcjiemmn nepBoro nop^flKa (£l 1,0 (p~) q , d) , (Q, 0,1 (p~) qj 3) map, U q g- 
MOflyjibHoft ajire6poft Pol(p~)g. OnnmeM b caMbix o6innx nepTax flpyroft nofl- 

XOfl K 9THM flHCpCpepeHUHajIbHblM HCHHCJieHHHM. ynpOHJ,eHH5I H3JI05KeHH5I 

orpaHHHHMC5i nepBbiM H3 hhx h 6yi],eM npeflnojiaraTb, hto D C p HBjineTCH 
orpaHHHeHHoii CHMMeTpnnecKOH o6jiacTbio Tpy6naToro Tnna, cm. nyHKT 3.3.8. 

PaccMOTpHM HHBapHaHTHbiii flH(p(pepeHLi,HajibHbiH onepaTop d\ OTBenaio- 
m\mm Mop(pH3My U qt-MOjxyjiem 

Kax noKa3aHO b [171], 

d\hf2) = d\h) h + fi C[K\G] q , 

to ecTb jiHHefiHbift onepaTop d' flocTaBjineT KOBapnaHTHoe flncpcpepeHnnajib- 
Hoe ncnncjieHne nepBoro nopnflKa Hafl ajire6poft C[K\G] q . IIpoflOJDKHM ero Ha 
jiOKajiH3au,HK) ( C[K\G] qiX ajire6pbi C[K\G] q no MyjibTHnjiHKaTHBHOMy MHO»:e- 
CTBy x z+ (cynj,ecTBOBaHHe npoflOji^KeHnn flOKa3biBaeTCH Tax >Ke, Kax npefljio- 
iKemme 3.5.16, c Hcnojib30BaHHeM KOMMyTannoHHbix cooTHOineHHH MeiKpy x m 

MaTpHHHblMH SJieMCHTaMH •, CM. nyHKT 3.2.2). 
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OcTaeTCH nepeHecTH nojryneHHoe KOBapnaHTHoe flncpcpepeHipiajibHoe hc- 
HHCJieHHe nepBoro nopnflKa c C.[K\G] q>x Ha jiOKajiH3au,HK) Po\(p~) q , y ajire6pbi 
Pol(p~) g no MyjibTHnjiHKaTHBHOMy MHO>KecTBy y I,+ c noMombio KaHOHiraecKoro 
H30MopcpH3Ma X : Po\(p~) q y C[K\G] q , x , cm. nyHKT 3.5.8. 

To, hto B03HHKaK)m,ee KOBapnaHTHoe flHCpcpepeHirnajibHoe ncnncjieHHe 
nepBoro nopnflKa Hafl noflajire6poii Pol(p~) g C Pol(p~) g H30MopcpHO 
(Q 1,0 (p~) q , d), HeTpyflHO flOKa3aTb Hcnojib3yji npefljio^KeHne 3.5.10 h coo6pa- 
^KeHHa flBoiicTBeHHOCTH, cm. nyHKTbi 3.4.5, 3.6.5, 3.6.1, 3.6.3. 

HanoMHHM oGosHaneHHe K\ = wqKwq 1 , cm. (3.5.58). Ilpefljio^eHHe 
3.5.48 HaBOflHT Ha Mbicjib o tom, hto Ka^KflOMy HHBapnaHTHOMy flncpcpepeH- 
u,HajibHOMy onepaTopy b C[Ki\G] q OTBenaeT HHBapHaHTHbift flH(p(pepeHu,Hajib- 
Hbift onepaTop b KBaHTOBoft orpaHHneHHoft CHMMe-TpHnecKoft o6jiacTH D. Onn- 
nieM 3tot jiHHeHHbiii onepaTop. 

PaccMOTpHM noflajire6py U q ti, nopo^KfleHHyio mho^kcctbom {Ej, F^j^U 
{A'^ 1 }^!^,...,;, rfle l\ onpeflejineTcn paBeHCTBOM = —wqUi q , cm. nyHKT 3.5.4. 
Pa3yMeeTcn, U q t\- KBaHTOBan yHHBepcajibHan oGepTbiBaioman ajire6pa, otbc- 
naioinan rpynne K\. 

PaccMOTpnM ajire6py C[G]*. Tax Kax wo G C[G]* n U q g bjio^kcho bC[G]*, 
to W()U q g C C[Cr]*. HanoMHHM, hto C[G]* HBjifleTCH L^-GiiMOflyjieM, a woU q g- 
ero nofl6nMOflyjieM 

(M : ^oC ^ w (wo ^wo)^, (3.6.50) 
cm. npefljio^KeHne 3.5.10. 

IlPEflJlOKEHHE 3.6.42 Ecau A uHeapuanmHuu ducf)(f)epeHv f uaji'bHuu onepa- 
mop e <C[Ki\G] q u A*- conpsiDtceHHUu AuneuHuu onepamop e C[K\\G]*, mo 

A* (C ® Uqh w U q g) C C ® Uqii w U q Q. (3.6.51) 

,ZJoKa3aTejibCTBO. KaK cjieflyeT H3 npefljiojKeHHH 3.5.10, BKjnoneHHe 
(3.6.51) paBHOCHjibHO BKjnoneHHio 

A* (C ® Uqh U q g w ) C C ® Uqh U q g w , 
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a oho, b cbok) onepe-flb, BbiTexaeT H3 oneBHflHoro BKjnoneHHH 

^ (C c C ® Uqli U q g 

h H3 Toro, hto jiHHeHHbiii onepaTop ^4 HBjineTCfl MopcpH3MOM [/^g-MOflyjieii. □ 

Hcnojib3y5i aHTnnofl S, HaflejiHM T)(D) q CTpyKTypoii npaBoro U ~ q g-M.opy jm, 
H30MopcpHoro C (g) a t C/ g 0: 

C ®^ U q g - D(D) ff , 1®1h4/ 0) 

cm. nyHKT 3.4.5. HeTpyznio nepeHecTH onncaHHbiH b npefljio^Kemra 3.6.42 jih- 
HeiiHbiH onepaTop c BeKTopHoro npocTpaHCTBa C ® Uqtl (woU q g) Ha BeKTopHoe 

npOCTpaHCTBO C (g)^ t U q Q H, HaKOHeiJ,, Ha D(B)) q . J\j\5i STOrO flOCTaTOHHO boc- 

nojib30BaTbC5i H30MopcpH3MOM npaBbix U q Q-MOj\yjieVi 

C <8>^ ( C/ g -> C ® Uqh {w U q g) , 1 <8> 1 ^ 1 <g> w . (3.6.52) 

(CyinecTBOBaHne roMOMopcpH3Ma (3.6.52) BbiTexaeT H3 U -HHBapnaHTHOCTH 
3jieMeHTa 1®wq G Ctg)^ cm. (3.6.50). EflHHCTBeHHOCTb Taxoro roMOMop- 
(pH3Ma oneBHflHa, a ero 6neKTHBHOCTb cjie^yeT H3 pe3yjibTaTOB nyHKTOB 3.3.6, 
3.5.2.) 

Mbi nojiynnjiH HHBapHaHTHbiii flHCpcpepeHnnajibHbiH onepaTop b D(B)) q , 
OTBeHaiOHj,HH HHBapnaHTHOMy flH(p(pepeHLi,HajibHOMy onepaTopy b C[Ki\G] q . 
Otmcthm, hto HeTpyflHO nepeftTH ot HHBapnaHTHoro jiHHeftHoro onepaTopa b 
npocTpaHCTBe D(D)g (Jjhhhthhx cpyHKUHft k HHBapnaHTHOMy jiHHeftHOMy one- 
paTopy b npocTpaHCTBe D(D)^ o6o6meHHbix (pyHKHHft b KBaHTOBoft orpaHH- 

HeHHOH CHMMeTpHHeCKOH o6jiacTH. 

3.6.7 HHBapnaHTHbie /jHcpcpepemniajikHbie onepaTopw Ha 6ojit>- 
moii KjieTKe o6o6m,eHHoro npocTpaHCTBa (pjiaroB. PaccMOTpnM g- 
MOflyjib L(pi ) co CTapuiHM BecoM UJi h CTapniHM BeKTopoM v(pi ). Kax H3- 
BecTHO, G-op6nTa tohkh Gu(uJ/ ) npoeKTHBHoro npocTpaHCTBa P(L(pi )) 5ib- 
jiaeTCH o6o6meHHbiM npocTpaHCTBOM (pjiaroB h o6jiaflaeT CTaHflapTHbiM pa36n- 
eHneM Ha kjictkh IIIy6epTa X w Kopa3MepHOCTH l(w), HyMepyeMbie sjieMeHTaMH 
w G VK S . ToHKa Cv(ui Q ) npHHafljie^KHT Gojibinoft KjieTKe X e SToro pa36neHH5b 
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IloBTopHM nocTpoeHHH nyHKTa 3.6.5, 3aMeH5ra t napaGojiHHecKoft noflaji- 
re6pofi J1h q + D £, nopo>KfleHHOH mhtokgctbom 

{Ei,Hi |* = 1,2,...,Z} U {Fj\j^l }. 

KBaHTOBbiM aHajioroM U Q-Mopjjibnom ajire6pbi C[X e ] peryjinpiibix (pyHKurra 
Ha X e 6yfleT cjiy>KHTb U q Q-MOffyjibH&R ajire6pa 

C[U] q = {fe Hom^ + (tf ff 0,C) | dim(Z7 g fj • /) < oo}, 

a KBaHTOBbiM aHajioroM ajire6pbi cpopMajibHbix phjj,ob - U q Q-Mopy jibn&si ajire6- 
pa Uom Uqq+ (U q Q,C) = (C® Uqq+ U qg y. 

riepeftfleM ot (pyHKinift Ha X 6 k ceneHHHM oflHopoflHbix BeKTopHbix pac- 

CJIOeHHH. 

Ka^Kflbiii KOHeMHOMepHbiii BecoBoii U q t-uoffyjib V HaflejiHM CTpyKTypoii 
t/ g q + -MOflyji5i c noMOHj,bio ecTecTBeHHoro 9nHMopcpH3Ma ajire6p U q q + — > U q t. 
KBaHTOBbiM aHajioroM npocTpaHCTBa ceneHHii oflHopoflHoro BeKTopHoro pac- 
cjioeHHH co cjioeM V Hajj, X e 6yjj,eT cjiy^KHTb BecoBoii (T^-MOjjyjib 

V = {/ G Kom Uqq+ (Us,V) | dim(^f) • /) < oo}, (3.6.53) 

a KBaHTOBbiM aHajioroM cooTBe-TCTByioiHero npocTpaHCTBa "cpopMajibHbix pn- 
AOb" - BeKTopHoe npocTpaHCTBO Hom^ ^ + (U q Q, V). 

OnHcaHHbiii noflxofl k nocTpoeHHio npocTpaHCTB ceneHHii oflHopoflHbix 
BeKTopHbix paccjioeHHii xoponio H3BecTeH b KjiaccHnecKOM cjiynae q = 1 [341, 
CTp. 52]. 

B flajibHeftnieM cyinecTBeHHO Hcnojib3yeTCH to, hto ecTecTBeHHoe cnapn- 
BaHne 

Hom^ q+ (U q g, V) x (V* ® Uqq+ U qQ ) -> C, / x (Z ® -> Z(/(0) 

flOCTaBJIHeT KaHOHHHeCKHH H30MOpCpH3M t/gg-MOflyjieft 

Hom„ ii+ (C/, B ,V)=S(V"® I;si+ f/ ( , g )*. 

3flecb q +^(?0 HBjineTCH npaBbiM U q Q-Mop,yjieM, nocKOjibKy, xax h b nyHKTe 

3.6.5, mm He Hcnojib3yeM aHTHnofl S npn nepexofle k conpnjKeHHbiM npocTpaH- 

CTBaM. 
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BBefleM KBaHTOBbie aHajiorn HHBapnaHTHbix flH(pcpepeHirHajibHbix onepa- 
TopoB Ha X e . PaccMOTpHM BecoBbie KOHenHOMepHbie U q t-MOffyjm Vi, V2, OTBe- 
naioirrHe hm L^q + -MOflyjiH Vi, Vi h npocTpaHCTBa "ceneHHH oflHopoflHbix BeK- 
TopHbix paccjioeHHii" Vi C Horn + (U q g, Vi), V 2 C Horn + (U q g, V2). 

Ecjih jiHHeHHbiii onepaTop A : V^* <S U q+ t^g — > T^* <S u q+ t^fl HBjineTCfl 
Mop(pH3M npaBbix U q Q-MOffyjieR } to conpa^KeHHbiii jiHHeimbiH onepaTop 

aBjiaeTca Mop(pH3MOM jieBbix t/gg-MOflyjieft h OToGpa^KaeT Vi b V2. Taxne one- 
paTopbi A* 6yfleM Ha3biBaTb KBaHTOBbiMH HHBapnaHTHbiMH flH(p(pepeHu,Hajib- 
hmmh onepaTopaMH Ha Gojibinoft KjieTKe X e . 

Ohh HyMepyiOTCH sjieMeHTaMH Hom^^* ® v q+ U q Q,Vi V q+ t^g), to 
ecTb sjieMeHTaMH Hom^ + (V 2 , V? ®^ + U qQ ) * ((V* ®^ + U q g) ®V 2 )^ + . 

3AMEMAHHE 3.6.43 1. B KjiaccH^ecKOM npe^ejie g = 1 Hani noflxofl k no- 
CTpoeHHio HHBapnaHTHbix flH(p(pepeHu,HajibHbix onepaTopoB corjiacyeTCH c hx 
onncaHHeM b pa6oTax XappncoHa h 5lKo6ceHa [169, 182]. 

2. HHBapnaHTHbie flHCpcpepeHHHajibHbie onepaTopbi Ha 6ojibiHoft KjieTKe 
X e ecTecTBeHHO B03HHKaiOT b 3aflanax TeopnH npeflCTaBjieHHii [140, 141], Ma- 
TeMaTHHecKoft (J)H3hkh [113] h ajire6paHHecKoii reoMeTpHH [156, 153, 152]. 
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4 3AKJHOHEHME 
4.1 rpamiu;i>i h ccJ^epHHecKHe ocHOBHbie cepHH 

IloflBefleM HTora: 

- b rjiaBe 3 bboahtch b paccMOTpeHne KBaHTOBbie orpaHHneHHbie chmmct- 
pH^ecKHe o6jiacTH o6inero BHfla h, TeM caMbiM, npejirbHBjiHeTCH cnncoK 

oG^eKTOB HCCJieflOBaHHH, 

- pe3yjibTaTbi rjiaBbi 2 o KBaHTOBOM Kpyre no3BOJiHiOT ccpopMHpoBaTb cnncoK 
HHTepecyioinirx Hac BonpocoB HeKOMMyTaTHBHoro KOMnjieKCHoro aHajiH3a 
h HeKOMMyTaTHBHoro rapMOHHnecKoro aHajiH3a. 

TnnHHHaH 3aflana coctoht b OTBeTe Ha oflHH H3 sthx BonpocoB npHMeHH- 

TeJIbHO K HeKOTOpOMy MHOJKeCTBy KBaHTOBblX OrpaHHHeHHblX CHMMeTpHHeCKHX 

oGjiacTeft. 

TaKoft noflxofl k nocTaHOBKe 3aflaH BecbMa HaHBeH, nocKOJibKy MHorne co- 
flep^KaTejibHbie pe3yjibTaTbi 06 orpaHHneHHbix CHMMeTpHnecKHx o6jiacT5ix Tpn- 
BnajiH3yiOTC5i b cjiynae BeinecTBeHHoro paHra 1. 9to 03HanaeT, hto cnncoK hh- 
TepecyioiHHx Hac BonpocoB flOji>KeH 6biTb cyinecTBeHHO flonojraeH. IlpHBefleM 
npHMepbi BonpocoB, He B03HHKaioiHHx b cjiynae KBaHTOBoro Kpyra. 

HanHeM c npeflBapHTejibHbix CBefleHHft o npocTeftnieH cepHH KBaHTOBbix 
orpaHHneHHbix CHMMeTpHHeCKHX o6jiacTeft Tpy6naToro THna. 

IlycTb n G N h N = 2n. HaflejiHM BeKTopHoe npocTpaHCTBO jiHHeftHbix 
onepaTopoB b C" h KaHOHHnecKH H30Mop(pHoe eMy BeKTopHoe npocTpaHCTBO 
Mat n KOMnjieKCHbix n x n-MaTpnu, onepaTopHbiMH HopMaMH. KaK H3BecTHO 
[85, CTp. 387], eflHHHHHbiii map D = {z G Mat n | zz* < 1} HBjineTCH orpaHH- 
HeHHoii CHMMeTpHHecKOH o6jiacTbio Benj,ecTBeHHoro paHra n. OTBenaiOHryio eit 
KBaHTOByio orpaHHHeHHyio CHMMeTpHnecKyio o6jiacTb Ha3biBaiOT KBaHTOBbiM 
MaTpHHHbiM niapoM. B 9TOM cjiynae 

l = N-l, l = n, U q Q = U q sl N , U q Z = U q s(Ql n x Ql n ), p = Mat n 
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h Hcnojib3yeTC5i o6o3HaneHHe U q su n , n = (U q siN, *), cm. (3.3.14). 

H3BecTHt.i onHcaHHH UqSlN-MORyjibKom ajire6pbi Cfp^j^ = C[Mat n ] g h 
n -MOflyjibHoft *-ajire6pt>i Pol(p ) q — Pol(Mat n )g c noMoiirbio mhtokcctb 
o6pa3yK)m,Hx 

{«}a,a=l,2,...,„ C C[p-] ? ,i, {*?, K)*}a,a=l,2,...,n C Cftr],,! C[p + ] 5 ,_! 

H KOMMyTaU,HOHHt>IX COOTHOHieHHH [309, 312]. 06pa3yiOIII,He 0" HBJIHIOTCH KBaH- 

TOBbiMH aHajioraMH MaTpnHHbix 9jieMeHTOB MaTpnubi z = (2"), paccMaTpn- 
BaeMbix KaK jiHHeftHbie cpyHKHHH Ha Mat n . KoMMyTauHOHHbie cooTHomeHHH 

MOKfly HHMH XOpOIHO H3BeCTHbi: 



z a z b 



P a 
z b z a 



a = b & a < (3 or a < b & a = (3 
a < b & a > (3 



z 



Izl + (q - q-^zgzg ,a<b&a<P 



IlpH n = 1, to ecTb b cjiynae KBaHTOBoro Kpyra D, HMeercH oflHa ccpepn- 
necKan ocHOBHaa yHHTapHan cepnn MOflyjieii Xapnin-MaHflpbi, cm. nyHKT 2.5.5. 
OHa flonycxaeT reoMeTpHnecKyio peajiH3airHio b npocTpaHCTBe nojiHHOMOB Jlo- 
paHa, to ecTb b npocTpaHCTBe cpyHKHHH Ha eflHHHHHoii OKpy^KHOCTH D \ D, a 
yHHTapH3yiOHiee CKajinpHoe npoH3BefleHHe bboahtch c noMoiirbio nojio^KHTejib- 
Horo HHsapHaHTHoro HHTerpajia Ha D\D, cm. nyHKT 2.6.3. 

IlpH nepexofle ot n = 1 k n > 1 CHTyannn KapflHHajibHO mchhctch y»ce 
b KJiaccHnecKOM cjiynae q = 1. Bo-nepBbix, pacTeT hhcjio ochobhbix ccpepn- 
necKHx yHHTapHbix cepHft. Bo-BTopbix, fleftcTBHe rpynnbi Aut(D) Ha D \ D 
nepecTaeT 6biTb TpaH3HTHBHbiM, hto npenHTCTByeT nocTpoeHHK) reoMeTpHne- 
ckhx peajiH3anHH ocHOBHbix ccpepHHecKHx yHHTapHbix cepnii b npocTpaHCTBax 
(pyHKUHH Ha TonojiorHHecKoii rpaHnne o6jiacTH B. Hy>KHbi flpyrne rpaHH- 
nbi, HanpHMep, rpaHHiia IIInjiOBa S'(D), jih6o MaKCHMajibHan rpaHnna CaTaKe- 
OepcTeH6epra [234, 233]. 

KBaHTOBbiii aHajior nocjieflHeii H3 hhx flocTaBjineT reoMerpHHecKyio pe- 

ajIH3aU,HK) HCBbI p OIK/^CHHOH OCHOBHOH CCpepHHeCKOH CGpHH yHHTapH3yMbIX 

UqSUn^n-MORyjiem. 3t& cepHH ynacTByeT b pa3Jio>KeHHH KBa3HperyjiHpHoro 
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npeflCTaBjieHHa *-ajire6pbi U q su n , n b npeflrHjib6epT0B0M npocTpaHCTBe D(D) q 
b np5iMoft HHTerpaji HenpnBOflHMbix *-npeflCTaBjieHHft. H3BecTeH HBHbift bh^ 
Mept»i rijiaHinepejiH. 

KBaHTOBbift aHajior rpaHnnbi IIlnjiOBa S(D) MaTpnnHoro niapa n coot- 
BeTCTByiomaH BbipoxfleHHax ocHOBHa^ ccpepnnecKafl cepna t/ g su n n -MOflyjieft 
H3ynajincb b pa6oTax [337] n [117]. B KjiaccnnecKOM cjiynae q = 1 rpaHnna IIIh- 

JIOBa S(D) 5IBJI5ieTC5T MHO^KeCTBOM yHHTapHblX MaTpHU, U n H, CJieflOBaTejIbHO, 

Bem,ecTBeHHbiM a(p(pHHHbiM ajireGpannecKHM MHoroo6pa3HeM, onncbiBaeMbiM 
MaTpHMHbiM ypaBHeHneM zz* = I. IlpHBefleM aHajiornnHoe onncaHHe rpaHnnbi 
IIImiOBa KBaHTOBoro MaTpHMHoro niapa. 

PaccMOTpHM flBycTopoHHHii Hfleaji J ajire6pbi Pol(Mat n ) g , nopo5K,a,eHHhift 
sjieivteHTaMH 

n 

q 2n - a - p zf(z^Y - 8 af >, a, (5 = 1, 2, . . . , n. 

3=1 

OneBHflHO, J = J* H, KaK M02KHO nOKa3aTb, 9TOT flByCTOpOHHHH Hfleajl UqSiN- 

HHBapnaHTeH. CjieflOBaTejibHO, (paKTop-ajire6pa C[S'(D)] g = Pol(Mat n ) g / J 5ib- 
jiaeTca [/ g 5U njn -M0flyjibH0ii *-ajire6poH. Ee Ha3biBaiOT ajire6poii peryjinpHbix 
(pyHKD,HH Ha rpaHnne IIlnjiOBa KBaHTOBoro MaTpHHHoro niapa. KaHOHHHecKHii 
roMOMopcpH3M Pol(Mat n ) 9 — > C[S(P)] 9 HBjineTCfl KBaHTOBbiM aHajioroM tomo- 
Mop(pH3Ma, conocTaBji5nom,ero nojiHHOMHajibHbiM (pyHKHMM hx cy>KeHH5i Ha 
rpaHHuy IIlnjiOBa. 

3AMEHAHHE 4.1.1 TeoMeTpHnecKHe MeTOflbi HccjieflOBaHHH npeflCTaBjieHHft 
Benj,ecTBeHHbix nojiynpocTbix rpynn J1h hmciot 6oraTyio hctophk). OrpaHH- 
hhmch ccbijiKaMH Ha pa6oTbi M. TpaeBa [38], Xapnui-MaHflpbi [168], M. Ha- 
pacHMxaHa h K. OxaMOTO [65], A. KHanna h H. YojuiaKa [215], JJjk. Bojib- 
(pa [347, 348, 349], Y. UlMHfla [300, 301], Jl. BapnHHH [109, 110], P. >Knpo 
[360, 361], Rtk. Apasn h T. YnMaftepa [102], T. BoHra [350], Rtk.-T. Ma H - 
ra [133, 134]. P. BacTOHa h M. HcTByfla [113], Jl. BapHHHH, M. HcTByfla h 
A. ToBepa [111], Jl. BapnHHH, A. KHanna n P. >Knpo [112, 361], Rtk. Bojib- 
(pa n P. >Knpo [346]. KaK npaBnjio, ncnojib3yeMbie b sthx pa6oTax pe3yjibTa- 
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TbI O BeiU,eCTBeHHbIX H KOMnjieKCHblX MH0r006pa3H5IX 6bIJIH H3BeCTHbI 3aflOJirO 

flo Toro, KaK HainjiH npHjio)KeHHH k nocTpoeHHio re-OMC-TpHHecKHx peajiH3anHH 
npeflCTaBjieHHft BeinecTBeHHbix nojiynpocTbix rpynn JIh. B Teoprai KBaHTOBbix 
orpaHHMeHHbix chmmc-tphhcckhx o6jiacTeii cjio>KHjiacb npHHUHnnajibHO HHasr 
CHTyanira. B jiHTepaType o HeKOMMyTaTHBHoii reoMeTpnH npaKTHnecKH OTcyT- 
CTByiOT pe3yjibTaTbi, Heo6xoflHMbie fljia nocTpoeHM reoMC-TpHHecKHx peajin- 
3au,HH MOflyjieii Xapnin-HaHflpbi Hafl ajire6poii U q g, cm. naparpa(p 3.3. 3to 
Bbmy^KflaeT BBOflHTb Heo6xoflHMbie reoMeTpHHecKHe noH5iTH5T napajuiejibHO c 
nocTpoGHHeM reoMeTpH^ecKHx peajiH3au,Hft MOflyjieft XapniH-HaHflpbi. 

Hcnojib3y5i H30MopcpH3M U q s(g[ n x 0[ n )-MOflyjibHbix ajire6p 

C[S(B)] q ^C[U n ] qi z^q"z^ a,a = l,2,...,n, 

jierKO flOKa3aTb cymecTBOBaHne h e-flHHCTBeHHOCTb U q $(Qi n x 0[ n )-HHBapnaHT- 
Horo HHTerpajia 

v : C[5(D] 5 -j. C, v : / ^ J fdv, 

S(p) q 

fljiH KOToporo J \dv = 1. 3tot HHTerpaji nojio:>KHTejieH h Hcnojib3yeTC5i npn 
nocTpoeHHH HHTerpajibHbix onepaTopoB H3 C[5(D)] 5 b D(D)^. 

B KjraccHHecKOM cjiy^ae g = 1 HflpoM IlyaccoHa Ha3biBaiOT cpyHKunio 

det(l - zz*) ? 
|det(l-C*z)| : 

Ha flexapTOBOM npoH3Be,a,eHira D x 5(D), cm. [89, CTp. 98]. 

Onpeflejifliomee cbohctbo flflpa IlyaccoHa coctoht b tom, hto HHTerpajib- 
Hbiii onepaTop c sthm a^poM OTo6pa>KaeT e-flHHHuy b e-flHHHiiy h 5TBji5ieTC5i 

MOp(|)H3MOM SUn^n-MOpjJlft CpyHKUHH Ha 5(D) B SU n , n -MOffyjlb CpyHKUHH B D. 

Taxoe onpeflejreHHe n^pa IlyaccoHa 6e3 H3MeHeHHft nepeHOCHTCH Ha KBaHTOBbift 
cjiynaft. HanpHMep, fljin KBaHTOBoro xpyra Hflpo IlyaccoHa HecyinecTBeHHO ot- 
jiHnaeTCH ot HHBapnaHTHoro Hflpa ^fi 1 , cm. nyHKT 2.7.3, h paBHO 

p = a - z'cr 1 a - z'z) (i - zct 1 . 
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AHajiorHMHbie paccy>KfleHH5i no3BOJi5noT bbccth b paccMOTpemie flflpo Ilyacco- 
Ha fljiH KBaHTOBoro MaTpHMHoro niapa. H3 onpeflejieHHft cjieflyeT, hto, Kax b 
KjiaccHnecKOM, Tax h b KsaHTOBOM ony^ae, o6pa3 HHTerpajibHoro onepaTopa c 
flflpoM IlyaccoHa coctoht H3 penreHHii ypaBHeHHH U\u = 0, r^e □ - HHBapn- 
aHTHbiii JlanjiacnaH. 

B KjiaccHMecKOM cjiynae q = 1 npn nepexo^e ot Kpyra k nxn-MaTpHHHOMy 
niapy c n > 1 B03HHKaeT HecoKHflaHHbiii acpcpeKT, o6Hapy>KeHHbiH Xya. Hmch- 
ho, HHTerpajibi IlyaccoHa yflOBjieTBopniOT HHBapnaHTHOH CHCTeMe flncpcpepeH- 
u,HajibHbix ypaBHeHHii- CHCTeMe Xya 



cm. [243]. YpaBHeHne \3u = HBjineTCfl cjieflCTBneM CHCTeMbi Xya. AHajiorHH- 
Hbie pe3yjibTaTbi hmciot MecTO fljia KBaHTOBoro n x n-MaTpHHHoro niapa. 

BecbMa o6ihhh noflxofl k nocTpoeHHK) HHBapnaHTHbix chctcm flncpcpepeH- 
nnajibHbix ypaBHeHHii, peineHHHMH KOTopbix hbjihiotch Bee HHTerpajibi Ilyacco- 
Ha, npe-fljicoKeH b [114, npefljicoKeHne 4.2]. 9tot noflxofl nepeHOCHTca Ha KBaH- 
TOBbiii cjiynaii, xax cjie-flyeT H3 pe3yjibTaTOB nyHKTa 3.6.6, r^e o6cy>KflaeTC5i 
noH5iTHe HHBapHaHTHoii CHCTeMbi flHCpcpepeHHHajibHbix ypaBHeHHii b D(D)' . 

4.2 AHajiHTHHecKoe npo^oji^ceHne rojiOMop(J)HOH A HC_ 
KpeTHOH cep™ h npeo6pa30BaHne IIeHpoy3a 

IlycTb A 6 C. KaHOHHHecKoe bjicokchhc, onncaHHoe b naparpacpe 3.5, 
no3BOjiHeT BBecTH b paccMOTpeHne npeflCTaBjieHne tt\ ajire6pbi U q su n ^ n b Bex- 
tophom npocTpaHCTBe C[Mat n ] g . IlpHBefleM ABHbiii bha onepaTopoB npeflCTaB- 
jieHHH o6pa3yK)Hj,Hx Ej, Fj, : 





n 



Ejf, 

E n f - q 1 '^ 



{K n f)z%, j = n, 
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n. 

IloKa>KeM, hto 9tot U q su n ^ n -MOj\yji±> yHHTapH3yeM npn A > N—1. B 
flajibHeftineM 6yfleT ccpopMyjinpc-BaH pe3yjibTaT, no3BOJi5Hom,HH ocjia6HTb Tpe- 
6oBaHne Ha A, cm. npefljicoKemie 4.2.2. 

B nyHKTe 3.4.4 HaiifleH HBHbiii bha nojicoKHTejibHoro L^j-HHBapHaHTHoro 
HHTerpajia Ha D(D) q . B cjiynae KBaHTOBoro n x n-MaTpnHHoro niapa 



/ 



_ jdv = (1 - q 2 ) n ti(T F (f)T(K_ 2p )). 

U) q 

3flecb 



= n K . 



N-l 

j(N-j) 
3 

3 = 1 



KaK oG^flCHfljiocb b nyHKTe 3.4.4, cjiefl b npaBoft nacTH paBeHCTBa (4.2) xop- 
peKTHO onpeflejieH. HeTpyznro flOKa3aTb 

IlPEflJlOKEHHE 4.2.1 nycmt A > N — 1. JIuneuHuu ^ynKi^uonaA 
v x : D(D) 9 -> C, i/ A : / -> C(A)tr(r F (/)r F (y) A r(^_ 2p )), 

n—1 n—1 

2<9e C(A) = J] (1 — g 2 ( A+1_Ar ) q 2<y i +k ^), donycKaem npodoAQtcenue no nenpe- 

j=0 k=0 

puenocmu na Pol(Mat n ) g; u 



J fdu x = C(\)tr(T F (f)T F (y) x r(K_ 2p )), f G Pol(Mat n ) 



18 

q- 



IlpH A > N — 1 npeflCTaBjieHne tt\ ajire6pbi U q su n , m b npeflrnjibGepTOBOM 
npocTpaHCTBe C[Mat n ] g co cxajinpHbiM npoH3BefleHneM 

(/i, / 2 )a = J Kfidvx, fh h € C[Mat n ] ff (4.2.1) 

HBjineTCH *-npeflCTaBjieHneM. 3to Tax Ha3biBaeMaH rojiOMopcpHan flHCKpe-THan 
cepHH. 



18 Hcnojib3yeTCH TonanoriiH npocTpaHCTBa C(D) g , cm. nyHKT 3.4.6. 
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B Teopnn orpaHHMeHHbix cnMMeTpnnecKnx o6jiacTeft xoponio H3BecTeH pe- 
3yjibTaT OpcTefla [276] 06 aHajinTnnecKOM npoiJ,oji:>KeHHH HHTerpajia (4.2.1) 
no napaMeTpy A. IIpHBefleM g-aHajior 9Toro pe3yjibTaTa. Hcnojib3y5i pa3Jio- 
^KeHne Xya-IIlMHfla, cm. nyHKT 3.5.9, HeTpyzrno noxasaTb, hto U q s(gl n x Ql n )- 
MOflyjib C[Mat n ] g hbjihctch cyMMoii nonapHO Hen30MopcpHbix npocTbix Beco- 
bmx U q $(Ql n x 0[ n )-noflMOflyjieii C[Mat n ]g k \ rfle k = (/ci, k 2 , . . . , k n ) G Z™ h 
h > k 2 > . . . > k n . 

3pMHTOBbI (J)OpMbI 

(/l, /2)A = J fZfldfX, (/l, /2)S(D), = y / 2 */l^ 

D 9 S(B) q 

b C[Mat n ] g nojio^KHTejibHO onpeflejieHbi h U q s(u n x u n )-HHBapnaHTHbi. 3HannT, 
Ha Ka^KflOM H3 noflnpocTpaHCTB C[Mat n ]g k ^ ohh OTjinnaiOTCH jinnib nncjiOBbiM 
MHO>KHTejieM. 19 /JpyrHMH cjiOBaMH, npn A > N — 1 

J r 2 hdv x = c(k, A) y /*/i^, /1, / 2 G C[Mat m , n ]^. (4.2.2) 

io g s*(©) 9 

KBaHTOBbiii aHajior pe3yjibTaTa OpcTe^a coctoht b tom, hto Ka^Kflaa H3 
(pyHKirnn c(k, A) nepeMeHHoii A flonycxaeT aHajinTnnecKoe npojj,oji;>KeHHe jj,o 
MepoMopcpHoii (pyHKirnn. ToHHee, b [314] jj,OKa3aHO 

IiPEflJlOKEHHE 4.2.2 fljix ecex k = (hi, k 2 , . . . , fc„) 

n 

n(g 2(n + l-i) ;g2) ^ 

c(k,A) = ^ . 

3=1 

^OKasaTejibCTBO cymecTBeHHO ncnojib3yeT pe3yjibTaT Mnjraa [266], hbjih- 
lOinnncH nacTHbiM cjiynaeM 6nHOMnajibHOH (popMyjibi OKyHbKOBa fljiH nojinHO- 
mob MaKflOHajibfla. 

riepeiifleM k npeo6pa30BaHHK) IieHpoy3a. BBefleM o6o3HaneHne (/i,/2)a 
jj,ji5t aHajiHTHnecKoro npojj,oji;>KeHH5i HHTerpajia J fZfidvx no napaMeTpy A n 

19 9to cjie^CTBHe jieMMbi fflypa, a Tcraiee, TeopeMbi BepHcaii^a [62, erp. 177]. 
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o6paTHMC5i k ^acTHOMy cjiynaio 2 x 2-MaTpn x iHoro inapa. B stom cjiynae 

c ( k > A ) = r^4¥^P\ ' h>k 2 > 0, (4.2.3) 

h (pyHKD,H5i (/i, /2)a nepeMeHHoii A aHajiHTHHHa npn A > 1. Kax cjie^yeT H3 
(4.2.3), aflpo L nojiyTopajiHHeiiHOH (popMbi linr\->i+o(l — <7 2 ^ A_1 ^)(/i, /2)a paBHO 

oo 

L= ©C[Mat 2 ]<*' 0) . 

Pa3yMeeTC5i, L iiBjiaeTca noflnpeflCTaBjieHHeM npe,i],CTaBjieHH5T 7Ti, h Ha L xop- 
peKTHO onpeflejieHa [/gSU^-HHBapHaHTHasr spMHTOBa cpopMa 

(/i,/ 2 )= lim (/i,/ 2 )a, 

A — >1+L) 

Haflejifliomafl L CTpyKTypoft npeflrHjib6epTOBa npocTpaHCTBa. 

IlojiyMeHO *-npeflCTaBjieHne ajire6pbi U q &U2 ] 2 B L- t^k Ha3biBaeMoe Jiecr- 
HH^Hoe npeflCTaBjieHHe. HeTpyznro noKa3aTb, mto L 5iBji5ieTC5i HflpoM HHBapn- 
aHTHoro flHcpcpepeHUHajibHoro onepaTopa, TOMHee, flHcpcpepeHHHajibHoro one- 
paTopa, cnjieTaiomero npeflCTaBjieHH^ 7Ti h tt^ ajire6pbi U q 5U2 j 2- 

B KjiaccH^ecKOM npe^ejie q — ► 1 nojiynaeM H3BecTHyio peajiH3auHio jiecT- 
HHHHoro npeflCTaBjieHM ajire6pbi [/s^b npocTpaHCTBe 

W €C[z] | 

B KjiaccHnecKOM cjiynae H3BecTHa eme oflHa peajiH3auH5T SToro npe,i],CTaBjieHH5T. 
HivteHHO, paccMOTpHM KoreppeHTHbiii nynoK 0(— 2) Ha CP 3 h OTKpbiToe no 

3apHCCKOMy MH(»KeCTBO 

U = {(ui :u 2 :u 3 : u A ) G CP 3 | u 3 ^ hjih u a ^ 0}. 

^eftcTBHe ajire6pbi Usi^ b KoroMOJTorH5ix H l {U,0(—2)) onpeflejiaeT ee npefl- 
CTaBjieHHe, SKBHBajieHTHoe jiecTHHHHOMy npeflCTaBjieHHio. 
H30MOp(pH3M [/s^-MOflyjieft 

^, O (-2))^ W€ CW| 5 |^- 5 J^ = 0} 

eflHHCTBeH C TOHHOCTbK) flO HHCJIOBOrO MHCC-KHTejIfl H C TOHHOCTbK) flO HHCJIOBOrO 

MHO>KHTeji5i paBeH npeo6pa30BaHHK) IleHpoysa [113]. OnHcaHHbie nocTpoGHHs 



381 



nepeHOCHTCH Ha kb&htobmh cjiynaft h flocTaBjiaiOT KBaHTOBbift aHajior npeo6- 
pa30BaHH5i rieHpoy3a [306]. 

B KHHre BacTOHa h HcTByfla [113] b cb5T3h c npeo6pa30BaHHeM neirpoy3a 
paccMaTpHBaeTCH p^fl 6ojiee cjicokhmx npHMepoB, HeM onncaHHbiH Bbiine npn- 
Mep jiecTHHMHoro npeflCTaBjieHHH ajire6pbi Usl^. K co>KajieHHK), b sthx 6ojiee 
cjicokhmx CHTyau,H5ix MeTOflbi CTaTbH [306] npnivteHHTb He yflaeTCH. J\ejio b tom, 

HTO B [306] HMHTHpyiOTCH KOTOMOJIOrHH Hexa, TO eCTb HeHBHO HCnOJIb3yK)TCH 
HeflOCTaTOHHO pa3BHTbie K HaCTOHHJ,eMy BpeMeHH MeTOflbl HeKOMMyTaTHBHOH 

ajire6paHHecKoft reoMeTpHH. 

AjibTepHaTHBHbiii noflxofl coctoht b 3aMeHe KoroMOJiorHft Hexa KoroMOJio- 
mhmh ^ojibGo, TOHHee, b Hcnojib30BaHHH KBaHTOBoro aHajiora MeTOfla KoroMO- 
jiorHHecKoft HHflyKD,HH BoraHa-l^aKepMaHa [216]. rio-BHflHMOMy, TaKoft KBaHTO- 
Bbm aHajior mwkho pa3BHTb, earn He CTpeMHTbCH k Hpe3MepHoft o6ihhocth no- 
CTpoeHHfi, orpaHHHHBHiHCb TOJibKO TeM, hto Heo6xoflHMO fljiH nojiyneHHH KBaH- 
tobmx aHajioroB pe3yjibTaTOB khh™ [113]. riepBbiii mar cflejiaH b [316]. 

3AMEHAHHE 4.2.3 /^onojiHHTejibHbiM hctohhhkom 3aflan HeKOMMyTaTHBHoro 
aHajiH3a b KBaHTOBbix orpaHHneHHbix CHMMeTpHnecKHx o6jiacT5ix MoryT cjry- 

}KHTb CTaTbH H MOHOrpa(J)HH, nOCBHIHeHHbie 06bIHHbIM OrpaHHHeHHbIM CHMMeT- 

pHnecKHM o6jiacTHM, HanpHMep, pa6oTbi Apa3H, >Ky, KopaHbH h YnMaftepa 
[98, 99, 100, 97, 102, 103, 358, 359, 235, 234, 233, 336, 331, 332, 333, 334, 335]. 
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